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ON THE SUPERSTABILITY OF SOME FUNCTIONAL
INEQUALITIES WITH THE UNBOUNDED
CAUCHY DIFFERENCE f(z +y) — f(z)f(y)

Soon-Mo JunG

ABSTRACT. Assume H; : Ry x Ry — Ry (¢ = 1,2) are monotoni-
cally increasing (in both variables), homogeneous mappings for which
Hi(tu,tv) = tPHy(u,v) (p > 0) and Ha(tu,tv) = Ha(u,v)t* (g < 1)
hold for ¢,u,v > 0. Using an idea from the paper of Baker, Lawrence
and Zorzitto [2], the superstability problems of the functional inequal-
ities ||f(z + y) — f() F(y)|| < Hi(||lz]|, lly|]) shall be investigated.

1. Introduction and main results

Baker, Lawrence and Zorzitto [2] and Baker [1] proved the Hyers-Ulam
stability of the functional equation

fla+y) = fe)f(y),

i.e., if the Cauchy difference f(z + y) — f(z)f(y) of a complex-valued
mapping f defined on a normed space is bounded for all z, y then either
f is bounded or f(z +y) = f(z)f(y) for all z,y. In particular, such a
phenomenon for some functional equation is called superstability.

In this paper, we shall investigate the superstability problems for the
case when the Cauchy difference f(z + y) — f(z)f(y) is not bounded.

Throughout the paper, let X be a normed space over the complex
numbers. Assume that (Y,+,-) is a field and (Y, +,]-||) is a normed
space such that ||yay2] = llyillllv2) for any y1,y2 € Y, i.e., the norm
on Y is multiplicative. Suppose H; : Ry x Ry — Ry (i = 1,2) to
be monotonically increasing (in both variables), homogeneous mappings
for which H;(tu,tv) = tPHy(u,v) and Ha(tu,tv) = Ha(u,v)* hold for
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some p > 0, ¢ < 1 and for all t,u,v € R,.. For a,b,c > 0, au? +
buP and cuP/?vP/? are examples for Hy(u,v), and exp(au? + bv?) and
exp(cu?/?v/2) are examples for Hjy(u,v). Let f: X — Y be a mapping
such that

1) IF(z+y) = Fl) fWI < Hi(llzll, 1y

for all z,y € X. The following theorems are main results of this note.

THEOREM 1. If f satisfies the functional inequality (1) fori = 1 then
it holds either || f(z)|| = o (||z||?) as ||z|| — oo or else f(z+y) = f(x)f(y)
for every x,y € X.

THEOREM 2. If f satisfies the functional inequality (1) for i = 2
then it holds either ||f(z)|| < Ha (||z||,||z||) + 1 for all z € X or else
f(z+y) = f(x)f(y) for every z,y € X.

2. Proofs of Theorems

PrOOF OF THEOREM 1. By induction on n we first prove that

(2) [f(nz) = f(z)"] < Zﬂl Gllzll, NI ()"

for all n > 2. In view of (1), it is trivial for n = 2. If we assume that (2)
is true for some n > 2 then we get for n + 1

1£((n + 1)z) = f2)" ]| <
< [ F((n+ Dz) = flnz) f ()] + 11 £ (@) f(nx) = f(z)"|
< Hy(nllz], ll2ll) + D Hi Glll, 2] [1f ()"

LESH]

< > Hi(illzll, i) I1.f @)+

i=1
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by using (1) and (2). By multiplying ||f(z)™"|| = || f(z)||”™ (remind

that f(z)~™ is the inverse element of f(z)™ and |le| = 1 where e is the
multiplicatively neutral element of Y') on both sides in (2), we get

n—1
1f(ne)f(e)™ —el < D Hi(illell, izl 1/ ()]
i=1

(3) < Zi”Hl (lll, Nl 1 @)1=
< (H1(IvaH,IIwH)/IIf(x)II)Zip/Ilf(xi'lli

for all n > 2. Assume that || f(2)|| # o(||z||?) as ||z|| — oo, i.e., there
exist some ¢ > 0 and a sequence (zx) in X such that ||zx|| — oo as
k — oo and | f(zk)|| > cllzk]||? > 1 for sufficiently large k. We can
then let the series Y, i/|f(zx)|| converge to a value < ¢/2 by taking
k sufficiently large, since ||zx||? — oo as kK — oo. Hence, it follows from
(3) and the above consideration that

(4) 1f (nex) fze)™™ —el| < 1/2
for some sufficiently large k and any n > 2. Since the fact ||f(zg)|| > 1
implies
nPHy (||lzkll, [lzxl)) = o (I f(zx)[]") as n — oo,
we can easily show
(5) n?Hy (||zill, lzkll) = o (Il f (nzk)|]) as n — oo

by (4). Now let z,y € X be arbitrarily given. If k is sufficiently large
then we have

[ f(nze)llll f(z +y) — f(2) fFW)l
<|If(z +y)f(nzx) — f(z +y + nzi)|
+ | f(z +y +nz) — f(@)f(y + na)|
+ £ @ f (v + nax) — fy) f(nai)ll
< Hy (||z + yll, nllzkl)
+ Hi([[z; ly + nael]) + [ f(@) | Ha (lyll, nllzk])
< CHy (nllzkll, nllzl)
< CnPHy (|||, Iz )

(6)
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for some C' > 0 and all sufficiently large n. It then follows from (5) and

(6) that f(z +y) = f(z)f(y). O

PROOF OF THEOREM 2. Assume that there exists an o € X such
that

1f {zo)ll > Hz (Jloll, f|zoll) + L.

As in the proof of Theorem 1 we can verify that for all n > 2

I/ (nzo) f (zo) ™ — €]
< Z (Ellzoll, llzoll) I1.f (o) ||~

™ < 3t (ol ol 1 o)l =+

=1

< If (o)~ Z(H2 (izoll, llzoll) /117 (o))"
< Hy ([lzoll, lzoll) / (I1f (wo)I* — || f (wo) | Ha ([|zoll, l|zol}))

<ec <1

by the hypothesis. As in the proof of Theorem 1, on account of (7) and
the hypothesis, we get

(8) Hy (|zoll, llzol)™ = o ([l f (nzo)]]) as n — oo.

Now let z,y € X be arbitrarily given. By (1) we Lave

1f (nzo) ||| f(z +y) — f(z)f ()]
< [[f(z +y)f(nzo) — f(z +y + nao)||
+[[f(z +y+nzo) — f(2) f(y + nzo)|
@) f(y + nzo) — f(y)f(nao)||
< Hy ([[z + yll, nijzol))
+ Hy (l|zl], [ly + naoll) + || £ ()| Ha (lyl, nllxol])
< CHa (n|zo||, nllzof)
< CH; (flzoll, lzoll)”
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for some C > 0 and all sufficiently large n. Finally, by (8) and (9), we
conclude that f(z +y) = f(z)f(y). O

REMARK. More precisely, we can replace Hy (||z]|,||z||) + 1 in Theo-
rem 2 by

1

5 (e 1ell )+ 2 el el + a8 () el
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