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ON THE BEREZIN TRANSFORM ON D~

JAESUNG LEE

ABSTRACT. We show that if f € L°°(D") satisfies Sf = rf for some r
in the unit circle , where S is any convex combinatiom of the iterations
of Berezin operator , then f is n— harmonic. And we give some
remarks and a conjecture on the space

M = {f € L*(D*,m x m)|Bf = f}.

1. Introduction

Let m be the Lebesque measure on C normalized to m(D) = 1 for the
unit disc D, and B be the Berezin operator on the polydisc D™ defined
by
For f € LY(D™",m x - -- x m)

(Bf)erzm) = [ [ f(gozl(zo,---,sozn(mn)) dm(z)-+dm(z)

where
a—w

Pa(w) = 1—aw’
In [5], the author showed that if f € L>°(D") satisfies Bf = f , then f
is n— harmonic (Theorem 3.1). In this paper we extend that result to
more generalized cases (Theorem 2.5).

Also in [5], the author showed that for 1 < p < oo there are joint eigen-
functions of invariant Laplacians with uncountably many eigenvalues
which are invariant under the Berizin transform in LP(D™ m x --- x m).
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In this paper , we try to characterize f € L?(D?,m x - - - x m) which
satisfy Bf = f by proposing a conjecture and support that conjecture
in some special cases.

2. Functions fixed by Berezin transform

Here we generalize the Theorem 3.1 of [5]. Following definitions coin-
cide with those of [5].

DEFINITION 2.1. The invariant measure p on D is defined by du(z) =
(1 —|z|2)~2 dm(z), which satisfies
/ uop dyu = / udy, forallue LI(D,u), and for all ¢ € Aut(D).
D D

Then we define L = L%,(D™) the subspace of LP(D", 1 --- X 1) consists
of radial functions i.e

L% = {fELp(DnaMXXM)'f( |21,,"',|Z.nl):f(zl,"',zn) }

For f € LP(D™,ux -+ x p),g € LI(D™, pu x - - - x u) we denote

o= [ e

By the same methods as Lemma 3.3 of [5], we immediately get the
following

LEMMA 2.2. For 1< p < oo, %—}——(1; = 1 (p =00 means g =1)

(a) B is a bounded linear operator on LP(D™ u x - - - x pu) with
1Bl < 1.

(b) For f € LP(D", px ---xp), g€ LY(D™ px ---x u) we have
(Bf,9) = (f,Bg).

LEMMA 2.3. For f € LL(D")

lim ||[B"f|li = 0 ifand only if // fdu---du = 0.
n-—00 D D
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PRrOOF. (=) Obvious from the fact that

// B "fdu- dy = // fdu---du foralln 0.
D D D D

(<) The proof is very similar to that of Lemma 3.5 of [5]. We give an
outline. B is the linear contraction on L% (D™) with the spectrum.

o(B) = {h(an)---h{an) |0< Rea; <1,i=1,---n}

where

Hence by 2.7 of [5], o(B) intersects the unit circle only at a point z = 1.
Thus by Theorem 1 of [4]

lim [|B"flly = 0, forallfe (I — B)L%.

Now define

X = {feL}”/D---/D fdu---du:O}.

Then we immediately get (I — B)L}, ¢ X. But from Theorem 3.1 of [5]
we know if g € L% (D") satisfies Bg = g then g is a constant.
Combine this and Lemma 2.2 , then using the Hahn-Banach theorem we
get that (I — B)L}, is dense in X.
Hence

lim ||B"f|l; = 0, forall fe X.

n—soo

O

PROPOSITION 2.4. If f € L*°(D™), f # 0 satisfies B™f = rf for
some r with |r| = 1 and for some m € N, then f is n—harmonic and
r=1.
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PROOF. First assume that f is radial. Suppose f € L%"(D") satisfy
B™f =rf for some m € N and |r| = 1.
Pick any g € LL(D") satisfying

D D

Then by Lemma 2.3, we get
lim || Bmkg lh =0
k— 00
Hence
Jim [ (B™g, )] < |fle lim || B™*g|; =
—00 k— oo

But for all £ > 0
(B™g,f)= (g, B™f) by22(b)
r™*(g, f)

Hence (g, f) = 0. This implies that f is a constant , which implies r = 1
since f # 0. For a general f € L>°(D"), the radialization Rf satisfies

B(Rf) = R(Bf) = rRf.

Hence Rf is a constant and r = 1.
The remaining part of the proof is identical to the step (ii) of 3.6 in [5].
a

THEOREM 2.5. Let 0 < ay, < 1 satisfy
¢
=1
and my, be positive integers for k =1,2,-- -, £.
If f € L*°(D") satisfies

£
( > ayB™ )f =rf
k=1

for some |r| = 1, then f is n—harmonic.
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PROOF. Let

£
S => oxB™ and X = {fe L®(D")|Sf=rf}.
k=1

Now fix j (1 < j < £) and define U on L*°(D™) by

Pick any f € X, then
SB™if = B™iSf = rB™if.
Hence B™i f € X.
By the same way, Uf € X. Then by Lemma 2.1, B™ and U are
contractions on the Banach Space X.
And on L*°(D"),
(1) S = Oéijj + (1 - O{j)U
If we show that B™ = rI on X, then by the previous proposition, X

consists of n— harmonic functions and » = 1, which completes the proof.
a

Now let P be an operator on X defined by
P=qa;B™ — a;rl (onX)

Let X* be the dual space of X, and (B™)*,U*, P* be the adjoints of
B™i U P on X* | respectively. For g € X*, we denote

(B™)*q = q1 and U'q = go.
Since B™i, U are contractions on X, we get

el < llgl and [lg2 |l < llglf on X"
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Now let A* be the closed unit ball of X*. Assume that ¢ is an extreme
point of A*. From(1),

rl = o;B™ 4+ (1—oa;)U on X.
hence we get
rq =ao;q1 + (11— ay)ge.

Since ¢ is an extreme point, this forces

Therefore on X*,
P*q = a;(B™)'q — a;rq = a;q --a;jrg = 0.

But by Krein-Milman , A* is the closed convex hull of the set of its
extreme points. It follows that P* = 0 on A*.
Hence P = Oon X. From (2), it is equivalent to saying that B™ = rJ
on X.

This completes the proof.

3. On the space My ={ f € L} (D?,mxm) | Bf = f }
In [5], the author showed that the space
M, = { feL’(D*mxm)|Bf=f}

has eigenfunctions with uncountably many joint eigenvalues of invariant
Laplacians A; and As , when 1 < p < co.
In [1], the author showed that when n > 12 the space

M = {feL' By |Tof="1}

is the direct sum of finitely many eigensapces of invariant Laplacian.
(Here T is the Berezin transform on the n— dimensional unit ball B,,)
Our attempt to characterize the space My, like [1] did in the unit ball,
was not successful. Instead, we have the following.
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3.1 Conjecture

“The space M is generated by the point eigenfunctions of A; and A,
in M>.” (i.e the set of all finite sum of the joint eigenfunctions in M is
dense in M.

We will be back to mention about the conjecture later. Here like [5], we
will write T' as the Berezin transform on D. i.e for u € L'(D, m)

(Tu)(2) = /Du(c,oz(z)) dm(z)
:/ u(z)K(z,x) dm(z)
D

where ( | |2)2

1-|z

K = -— .
(22) = Tz

Next proposition shows that B is bounded on L?, which leads the bound-
edness of invariant Laplacian on Ma, in the proof we use similar technique
to that of [3].

PROPOSITION 3.2. B is a bounded operator on LP(D? m x m) when
p > 1, but not bounded on L'(D? m x m).

PROOF. Step (i) : First we will prove that the operator T is bounded
on LP(D,m) whenp > 1. Forp > 1,1let ¢ = p/(p—1) so that 1/p+1/q =
1.

By 1.4.10 of [6] and simple calculation , there exist c1,cy > 0 such that

@) /D K(zz) (1-[2?)"F dm(z) <1 (1 |2?)3
and
(3) /D K(z,z) (1- |7)"% dm(z) < e (1 - [2f?)" 3.

Now for u € L(D,m), we have
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|Tu(z)] </ K(z, z)|u(z)| dm(z)

/K”%1_|m|2)~p—zK(z,x>%<1_,x; )7 u(z)| dm(z)
)b (e VY
s{/DK(z,wxl 22) dm(>}

{ [ Kool an(z)|’
< ef (1—|2?) % |

{/ K (e, 2)(1 = o (@) Pdmiz) ) by (2

Hence

/ |Tu(2)|P dm(z)

D

< [efa-1:Pt [ K@) - b)) dm() ant)
=< [ -l iuer
/DK(z,x)(l - |z|2)"5 dm(z) dm(z) by Fubini

< c?_/D(l—lez)ﬂu(:p)P ca(1 - |z|*)~7 dm(z) by (3)
— ¢ e /D lu(e)[P dm(z)

11
Hence if we let ¢ = ¢{ ¢} , then we have

(4) 1Tullp < cllullp-
Step (ii) : Let f € LY(D?,m x m), then

(Bf)(z,w) // f(2,9) K(2,2) K(w,y) dm(z) dm(y).
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Thus

.//Dz |Bf(z,w)|P dm(z) dm(w)

<[ A [ L, e Kea) Ko dne) dmt) ) dmz) dmew)
~[ [ AL xwa( [ 1760l K) dni@) dmw)} anz)dmw)

S//D2 cP ( -/D |f(z,y)| K(z,z) dm(z) )p dm(z) dm(w) by (4)
< 2p , r dm d
—//D ¥ 1z w)l? dm(z) dm(w)
This proves that B is a bounded operator on LP(D? m xm) , for p > 1.

When p = 1.
From its definition, the norm of B on L!(D?,m x m) is

IBli= sup / K(z ) K(w,y) dm(z)dm(w)
(z,y)EDXD D2

(1—1[2%)?2 / (1—|w|?)?
= sup -———— dm(z g dm(y
Lo | e am) [ i dmG)

But by 1.4.10 of [6], we get

(1—z)?)? 1
Ly ~ log ———
/D 11— 2z m(z) ~ log— EE

which is unbounded on D). Hence B is not bounded on L}(D% m x m)
and this completes the proof of proposition. O

DEFINITION 3.3. For f € LY(D?,m x m) and k,£ = 0,1,2,- -, we
define the operator Tk on L1(D? m x m) by

(Tkgf (zw (k+1>£+1)

/ / PR — 1P F (s (), () dm(z) dmi(y)
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and by replacing z,y by ¢.(z) and ¢, (y) we get
(Thef)(zw) = (k+1) (£+1) -

(1~ [z (1 = [2)F2 (1= [y2)2(1 — |w]?)t+2
//m ( |1 — 27| 2k+4 ' 11— wy|2+4 >
f(z,y) dm(z) dm(y)

In our definition we can see Tp o = B .
Using the same method as Proposition 3.2 we get the following corollary.

COROLLARY 3.4. For k,¢ > 0,T%,¢ is a bounded operator on LP(D?,
m x m) when p > 1.

The following properties of Ty ¢ can be obtained using methods of [1],
[5] and some straightforward calculations.

3.5 Properties of Ty ;.

(a) For k,£ > 0,9 € Aut(D?), f € L}(D? m x m)

(Tref) otb = Tre(f o).
(b) For k,£ > 0,T% , is a bounded linear operator on LY(D? m x m).
(¢) For f € LY(D? m x m)

ATeef = 4(k+ D(k+2)( Tref — Trir,ef )

DoTef = 4 +1)(€+2)( Teef — Thesaf)

And _ _
Tref = Gr(A1)Ge(A2)Bf
Where .
Ge(2) = [ (1—4i(++1) ).
=1

(d) On L'(D? mxm) , the operators B and Ty » commute for all &, £ > 0.
(e) For all f € LY(D?,m x m) ,

lim || f = Tof [ = 0.
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3.6 On the space M = {f € L2(D% m x m)|Bf = f}

In an attempt to characterize My as [1] did in the unit ball B, , we
use the following approach.
The space M; is a closed Hilbert space which consists of real analytic
functions. For convenience , we denote A; (Agz) as the restriction of
A; (A) to My. Then by 3.5 (c), for f € My we get

Arf=AMBf =8(f —Tiof)
and T3 o is bounded on L?(D?) (corollary 3.4) , and by 3.5(d) ,

B(A1f) =8(Bf — BTiof )
= 8(f — T1,0Bf)
=8(f —Tiof) = Asf

Hence
Ay is a bounded operator on Ms.

Furthermore, for f € M,

Tonf = Gn(A1)Gn(A2)f by 3.5 (c)

If we define an entire function

l;[ n+1))

then G,(A;) — G(A;) in the operator norm since G,, — G uniformly
on compact set of C.
Now take n — oo , by 3.5 (e) we get

= G(A1)G(Ag)f.

Therefore,

G(A1)G(Ag)is the identity operator onMs,.
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On the other hand, from 3.5 (¢) and 3.6 (3) of [5], we get

ooy - e

where A = —4a(1 — a).
Hence, if we define

1
Q = { A= —da(l-a) | —§<Rea<g}.

Then by 2.4 of [5] we can see
The set
E = {(\p) € Q2 x Q|G(A)G(u) = 1}

1s the set of all joint eigenvalues of A1 andAs.

Since

G(Al)G(Ag) =1 on M2
by the holomorphic functional calculus (3.11 of [2]) ,

1= 0( G(AG(A2) = { CAG() | (A ) € 0(A1,As) }.
Hence, the joint spectrum of A; and A, is
U(Al,Az) = { ()\,LL) S Qz X Qz I G(/\)G(/L) =1 }

But since the operators A;, As are not normal (they have uncountably
many eigenvalues) , no type of spectral decomposition of M, with respect
to A; and A, is available.

Another way to state the conjecture 3.1 is that

If f € M is orthogonal to all the joint eigenfunctions in M , then f == 0.

If the conjecture is right , then any ¢ € M5 can be written as

g z/E gv d7(v)

for some finite measure 7 on E and g, the corresponding jointeigenfunc-
tion.
The author hope to return to this problem in the future work.
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3.7

Herewe will show that if f € L'(D?,m x m) is of the form f(z,w) =
u(z)v(w), then f can be written as a finite sum of joint eigenfunctions.
Now let f(z,w) = u(z)v(w) for some u,v € L'(D,m) . Then

ENEw = [ [ o) o) dn(e) dmiy)

:/ u(p.(z)) dm(zx) / v(vw(y)) dm(y)
D D
=f(z,w) = u(z) v(w)

Hence there exists a € C, such that

/ u(pa(2)) dm(z) = a u(2)
D

and

é v(w).

[ vtoutw) dmiy) =

D

Now let’s define the space M, (C L'(D,dm)) by
M, ={u e LY(D,dm) | Tu = au.}

and denote A as the operator A restricted to M, .
Define
M) = [ G+ D= e ul(2) dm(z)

then for k > 0, T} is bounded on L'(D,dm).
Hence for u € M,, by the same way as 3.5 , Au = é 8 (au — Thu) and
T is bounded on L'(D,dm).

Thus we get, just as 3.6

(i) A is a bounded operator on M,,.

(ii) «G(A) is the identity operator on M,.

(i) The set E, = {X € 4|G(A) = 1} is the set of all eigenvalues of A
on M,.
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(iv) f Eq = {A1,---,An} and

N

Q) = [tz »)

i=1

then Q(A) =0 on M,.
Hence by lemma 4.1 of [1] we can write

U = Uy + o FUNy

for uy, € L*(D,dm), where Auy, = \u .
By the same way we can write

Vo= Yyt oo v,y Avy, = pju, 1<5<m

where
{pr,  wm}t ={peM|Gu = a}

Hence we can write f as

flr,w) = (ua(z) + -0 4+ wy(2)) (v (@) + - + v, (w))

which is a finite sum of joint eigenfunctions.
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