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CONHARMONIC TRANSFORMATION
AND CRITICAL RIEMANNIAN METRICS

ByunG Hak KiM, IN-BAE KIM AND SUN MI LEE

ABSTRACT. The conharmonic transformation is a conformal transfor-
mation which satisfies a specified differential equation. Such a trans-
formation was defined by Y. Ishi and we generalize his results. In
particular , we obtain a necessary and sufficient condition for the in-
variance of critical Riemannian metrics under the conharmonic trans-
formation.

1. Introduction

It is well known that conformal transformation on the Riemannian
manifold does not change the angle between two vectors at a point.
But, in general, the harmonicity of functions, vectors and forms are not
preserved by the conformal transformation. Related this fact, Y.Ishi
[3] have studied conharmonic transformation. In this paper, we are to
study the sufficient and necessary conditions of the invariance of the har-
monicity for the geometric objects. Moreover, another properties of the
conharmonic transformation are investigated. Finally, we are to study
the conharmonic transformation which preserve the critical Riemannian
metrics.

2. Conformal transformation

Let M be an n-dimensional Riemannian manifold with metric tensor
g and p a positive function on M. Then (M, g = €?g) is conformally dif-
feomorphic to (M, g) and the conformal diffeomorphism ¢ : (M,g) —
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(M, g) is called a conformal transformatign. When p is constant, ¢ is
called a homothety. Let V(respectively V) denote the operator of co-
variant differentiation with respect to g (respectively g) and let {?]} and

{ z} be Christoffel symbols formed by g and g. Then we get ([2],(3],[6]).
(2.1) B =5} + b + 08 — o9,

(2.2) Riji" = Rygi" + prads” — pjidk™ + grans™ — gjipe”,

(23) Sji = Sji — (TL - 2)pji - paagji»

(2.4) K =e (K - 2(n—1)pa*),

where Rkﬁh, S;; and K (respectively Rkjih,gﬁ and K ) are Riemannian
-Christoffel curvature tensor, Ricci curvature tensor and scalar curvature
of the Riemannian metric g(respectively g), and where we have put

1
(2.5) pji = Vj pi = pipi + ‘2‘||ch“29:‘1‘»
(2.6) pr* = 9" pji,
(2.7) pi = O;p.

3. Harmonic function and tensors
A harmonic function f is a function whose Laplacian
Af =g"V;V,f
vanishes.
It is easily seen that
Af =g'V;Vif = e #¢""V,;Vif + (n — 2)e” % p" (9 f).

Therefore, we can state
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PRrROPOSITION 3.1. Let f be a harmonic function on (M,g) with
dimM = n > 2. Then f is a hamonic function on (M,g) if and only

if p"(Bnf) = 0.

A skew-symmetric tensor w which satisfies

(3.1) Rotw =0 and Divw =0
is called a harmonic tensor,that is
(3.2) dw=10 and dw =0,

where d and § are operators of exterior differential and codifferential
with respect to V. Then we see that

(3.3) dw = dw,
and
(3.4) Sw = 6w + (n — 2p)€‘2p,0awi1..“ip7

where w;,;,....i, 15 a component of a p-form w. Hence we have

PROPOSITION 3.2. Let w be a harmonic p-form on (M, g) and dim M
# 2p. Then w is a harmonic on (M, g) if and only if p*waq4,...s, = 0.

4. Conharmonic transformation

From the proposition 3.1 , we see that a harmonic function is not in
general transformed into a harmonic function by the conformal transfor-
mation. Y.Ishi[3] have studied the condition upon p in order that the
function defined by

(4.1) f=e%rf

may become a harmonic function to the Riemannian metric g for a suit-
able constant a. Then we obtain ([3]),

(4.2)

Af = VP (A f+20(Ap) f+(dat+n—2)p"(8; f)+2a(2a+n—2)| p:]|* f)

by use of (2.1). From which we have (3]
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PROPOSITION 4.1. Let f be a harmonic function on (M, g) and o =

Q—ﬁ Then the function f defined by (4.1 ) is harmonic for § if and only
Jf

(4.3) ap+ =Dy 2o,

where n = dim M > 2.
If we consider proposition 3.1 and (4.2), then we can state

COROLLARY 4.2. Let f be a harmonic function on M with respect to

g and g, and n > 2. Then f is a harmonic function for g if and only if
Ap+CF i) = 0.

In this point of view, Y.Ishi [3] called a conharmonic transformation
which is the conformal transformation ¢ : (M,g) — (M, g) satisfying
(4.3).If we put

(4.4) Trji" = Ry + [Siké? + S gix - Si;6% — Sk" 9451,

1
(n—2)
then, by means of the equations (2.2)-(2.6) and (4.4), we have

PROPOSITION 4.3. Let ¢ : (M, g) — (M, §) be a conformal trans-

formation . Then the following conditions are equivalent :

(1) ¢ is a conharmonic transformation .
(2) pe* =0. B

(3) K= eng.

(4) glg = gzjK-

(5) i S’LJ - ( 2)pl]

(6) Tkﬂ is invariant under ¢.

If we consider (2.2) and (2.6), then we easily get

PROPOSITION 4.4. Let ¢ : (M, g) — (M, §) be a conformal trans-
formation with dimM > 2 . The Riemannian - Christoffe] curvature
tensor is invariant under ¢ if and only if p;; = 0.

In the case of an Einstein space , Y.Ishi[3] have showed that
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PROPOSITION 4.5. The Einstein space is transformed into an Einstein
space by the conharmonic transformation if and only if p;; = 0.

As an extension of proposition 4.5, if we consider (2.2) and proposi-
tions 4.3 and 4.4 , then we have

PROPOSITION 4.6. A necessary and sufficient condition for the in-
variance of the space of constant curvature by the conharmonic trans-
formation is p;; = 0.

If we assume that M is compact and applying the Green’s theorem |,
then we have

PROPOSITION 4.7. Let M be a compact Riemannian manifold and
¢ : (M,g) — (M,g) be a conharmonic transformation . Then ¢ is a
homothety.

ProOOF. By the Green’s theorem,

/M (Vip)do =0 .

for the volume element do. Then the equation (4.3) reduces pp = 0, that
is p is constant. O
In [6], the following fact was suggested as an exercise.
LEMMA 4.8. The homothety on the compact manifold is an isometry.
If we consider proposition 4.7 and lemma 4.8, then we get

PRrROPOSITION 4.9. The conharmonic transformation on the compact
manifold is an isometry.

5. Critical Riemannian metrics

M.Berger|[1] and Y.Muto[5] have studied the critical Riemannian met-
rics of the Riemannian functionals

(5.1) Alg) = /M Kdv,
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and
(5.2) B(g) = / K24V,
M

on the compact manifold M and ¢ is a Riemannian metric on M sat-
isfying [ m @V = 1,where dV, is the volume element measured by g.
Although critical Riemannian metrics were first defined on a compact
manifold, it is easy to generalize the definition when M is not compact.
It is well known that g is a critical Riemannian metric for the function
A defined by (5.1) if and only if ¢ is an Einstein metric. By this fact and
proposition 4.5 , we can state

PROPOSITION 5.1. The critical Riemannian metric of a function A is
preserved by the conharmonic transformation if and only if p;; = 0.

One of the present authors [4] proved

LEMMA 5.2. The Riemannian metric g on M is a critical Riemannian
metric for the function B defined by (5.2) if and only if

(5.3) anViK — nKSij — (AK)gij + Kzgij =0,

where AK is the Laplacian of K.

Assume that g is the critical Riemannian metric of the function B and
if we consider the object on the left hand side of (5.3) with respect to
G = €%’g , then we get

(5.4) ViK = e (8, K — 2p,K),

vj?zf( = e_zp[——Q(Vjpi)K + VJV«LK - 3/)@(5]K) - 3p]((91K)
(5.5) +8p;p:K — 2| pi|* K gji + p" (9K g5],

(5:6) AK = e ™ [-2KAp+ (n— 6)p" (04 K) + AK — 2(n — 4)||pi||*K],
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(57) Kgﬂ = €~2p[KSji — (Tl — 2)93‘1'](],

(5.8) K25, = e ¥ K3g,,.
Henceforth we obtain
?]\_711_( — TLKSji — Akgﬂ + K2§ji
=n(n — 4)K pj; + 6np;piK — 6]|p||” K g4
~ 3npi(0;K) — 3np;(:K) + 6p" (nK)gji.

Therefore we have

PROPOSITION 5.3. Let g be a critical Riemannian metric for the func-
tion B and let ¢ : (M,g) — (M, g) be a conharmonic transformation.
Then g is a critical Riemannian metric for B if and only if

n(n — 9K pji + 6np;pi K — 6] p || K g
— 3npi(0;K) — 3np;(0:K) + 6p"(0nK)g;: = 0.
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