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A NOTE ON CONVERTIBLE {0,1} MATRICES

S1-Ju KiM AND TAEG-YOUNG CHOI

ABSTRACT. A square matrix A with perA = 0 is called convertible if
there exists a {1, ~1} matrix H such that perA = det(H o A) where
H o A denote the Hadamard product of H and A. In this paper,
ranks of convertible {0, 1} matrices are investigated and the existence
of maximal convertible matrices with its rank + for each integer r with
[5] <7 < nis proved.

1. Introduction

Let A = [a;;] be any real matrix of order n. The permanent of A4 is
defined by

perA = Z 15(1)Q20(2) * * * Cno(n)
geS,

where S, denotes the set of permutations of 1,2,3,--- ,n. An n x n ma-
trix A with per A # 0 is called convertible if there exists a {1, —1} matrix
H such that per A = det(H o A) where Ho A denotes the Hadamard prod-
uct of H and A. In this case, H o A is called a conversion of A. A square
convertible {0,1} matrix is called mazimal if replacing any zero entry
with a 1 results in a non-convertible matrix.

For matrices A, B of the same size, A is said to be permutation
equivalent to B, denoted by A ~ B, if there are permutation matrices
P, @ such that PAQ = B. If both A and B are real, we use A < B to
denote that every entry of A is less than or equal to the corresponding
entry of B. An n x n matrix is called partly decomposable if it contains
at x (n — t) zero submatrix for some ¢ > 0. Square matrices which are
not partly decomposable are called fully indecomposable.
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Let T, = [t;;] denote the {0,1} matrix of size n x n with t;; = 0 if
and only if j > i+ 1. For a matrix A, square or not, let m(A) denote
the number of positive entries of A. In [2], it was shown that for any
n x n convertible {0,1} matrix A with perA > 0, n(A) < =(T},) =
(n? + 3n — 2)/2 with equality if and only if A ~ T,,. In [3,4,5 and 6], the
authors investigated some properties of maximal convertible matrices.
In this paper, ranks of convertible {0,1} matrices are investigated and
the existence of maximal convertible matrices with its rank = for each
integer r with [§] < r < n is proved. For an n x n matrix 4 and for
a, B C {1,2,---,n}, let A(a)B) denote the submatrix obtained from
A by deleting rows o and columns 3 and let Ala|G] denote the matrix
complementary to A(a|B) in A. Let J, ., denote the n x m matrix all
of whose entries are 1 and let E;; denote the n x n matrix all of whose
entries are 0 except for the (4, 7) entry which is 1.

2. Ranks of Convertible {0,1} Matrices
Let Uy = T5 and let

for n > 3 where

—1\7 — (=1)"
1+(2 1) 70,""0)ab=(171 ( ')_70?""0)71‘

a=(1,

Then U, is convertible and it is easy to show that the rank of U, is
[%2] where [z] denotes the smallest integer not less than z. Hence the
minimum rank of n x n convertible {0, 1} matrices is not more than [2].
If {0, 1} matrix A of size n x n with per A > 0is of rank 1, then 4 = Inn-
However J,, ,, is not convertible for n > 3. Thus we ask a question about
the minimum rank of square convertible {0,1} matrices with positive
permanents. Let r(A) denote the rank of a matrix A.

PROBLEM. If A is a n x n convertible {0,1} matrix with perA > 0,
then r(A) > [2]?
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Let A = [a;,---,an] be a convertible {0,1} matrix of order n. Then
for k € {1,2,..- ,n},

B—(l 0o .- 0 1 0 0>

o \ay ar - Akl ap Ak - ag

1s a convertible matrix of order n + 1. A convertible matrix C is called
a column expansion of convertible matirx A if C = PBQ for some per-
mutation matrices P, (). A row expansion of a convertible matrix is
similarly defined. A matrix is called an ezpansion of convertible matrix
A if it is a row expansion or a column expansion of A. Let .4,, be the set

of all n X n convertible {0,1} matrices A with the minimum rank and
perA > 0.

THEOREM 2.1. Let A € A, and B € A,11. Then r(B) = r(A) or
r(B) =r(A) + 1.

PROOF. Since B is a {0,1} matrix with perB > 0, we may assume

that
1 *

B =
* C

where perC' > 0. Then C is a n x n convertible matrix. Hence r(B) >
r(C) 2 r(A). Consider an expansion A° of A. Then A is also (n +
1) x (n + 1) convertible matrix. Thus r7(A°) > r(B) but r(4°) = r(A)
or r(A°) = r(A) + 1. Hence r(B) = r(A) or r(B) = r(A) + 1. O

Two vectors x = (z1,--- ,%,),y = (y1,- -+ ,Yn) are said to have same
zero patterns if x; = 0 implies y; = 0, and vice versa. Otherwise the two
vectors X and y are said to have different zero patterns.

LEMMA 2.2. Let A be an n x n {0,1} matrix with perA > 0. If the
number of rows of different zero patterns in A is less than [5], then A
is not convertible.

PROOF. Suppose that A is convertible. Let AT = [a,--. aT].
Without loss of generality, we may assume that a;,--- ,a, are the rows
of different zero patterns in A. Then 7(A) < r < [2]. This implies that

A has at least three identical rows, say, aj,a,,a;. Since perA > 0,
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there exists ¢ € S,, such that H:;l Gio(;) > 0 and the number of
nonzero entries in a, is not less than 3. Since per A(1, s, t|o (1), 0(s), o (t))
>0, All,s,t|lo(1),0(s),0(t)] = J3 is convertible, which is impossible. []

Two vectors x = (z1,---,z,) and y = (y1,--- ,yn) are said to be
disjoint if z; # 0 implies y; = 0 and vice versa for all i = 1,2,.-- n.

THEOREM 2.3. Let A be annxn {0,1} matrix having identity matrix

It of order k as a submatrix and perA > 0. If A is convertible with
r(A) =k, then k > [2].

PROOF. Without loss of generality, we may assume that A is of the

form
_(Ix B
A_(Cl 02).

Suppose that that k < [2]. Since r(A) = k, any row of C = [C1,Cs] is
a linear combination of the first & rows of A. Since the first k¥ rows
of A contains Ij, any row of C is a linear combination of the first
k rows of A such that each component scalar is 1. That is, a; =

a;, +ta, +---+a, wherel < §) < 45 < .- < 1, < k for all
t = k+1,---,n Since A is {0,1} matrix, the corresponding rows
a;,, - ,a;, are disjoint. Let D be an n x n {0,1} matrix such that

D[1,2,--- ,k|1,2,--- ,n] = A[L,2,--- ,k|1,2,--- ,n] and choose i-th row
d; of D asone of a;,, - -- ya;, forall¢ = k+1,--.  n such that perD > 0.
Then D < A and the number of rows of different zero patterns in D is
k < [%]. By Lemma 2.2, D is not convertible. Hence A is not convert-
ible. a

Let P,, = [p;;] be the permutation matrix of order n such that pij =1
if and only if (3, 7) € {(1,2),(2,3), -+ ,(n — 1,7n),(n,1)}. Recall that an
n X n nonnegative matrix A is doubly indecomposable if per A(i, jlk,1) > 0
for all ¢, 7, k and {.

Jn-11 Lno1+ Proy
0 Jl,'n.~1
convertible matrix and perW,, = (n — 1)2.

LEMMA 2.4. Forn >3, W,, = ) Is a maximal
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PROOF. Let

( n/2-1 n/2
Inn — 2( Z Ea 1 + ZEn,gk + E;2) if n is even
J k=1 k=2

H =
(n—1)/2 (n-1)/2

Jomn =20 Y B+ Y. Engx)  ifnis odd.
k=1 k=1

\

It is easy to prove that perW,, = det(HoW,,) = (n — 1)2. Maximality of
Wi, comes from the fact that a doubly indecomposable convertible {0,1}
matrix doesn’t have a Ja 3 or J32 as its submatrix. O

Notice that in Lemma 2.4,

n—1 if n is even

det(A) =
ct(4) {0 if n is odd.

For {0,1} matrices

_ A]_ as _ 1 b2
A-—(a1 1) and B—(bl Bl)’

let
A1 ag O
AxB = ai 1 b2
b1a1 b1 Bl

LEMMA 2.5. Let A and B be maximal convertible matrices. Then
A * B is a maximal convertible matrix.

PROOF. Let the sizes of A and B be k x k and [ x { respectively.
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Expanding the permanent of A x B = C = [¢;;] by k-th row, we have

k+1-1 k
perC = ckjperC(klj) =) crjperC(kls)
j=1 j—l
k+1-1
+ Z ckjperC(k|j) = ZakjperA(kIJ)perB(Hl)
j=k+1 Jj=1

k+l-1  k+i-1
+ perA Z Ckj z cpkperB(L,p—k +1|1,5 — k + 1)
j=k+1  p=k+1
! !

= per A{per B(1]1) + zblj prlperlﬁ?(l,pu,j)}
i=2 p=2

!
= per A{per B(1]1) + ZbljperB(Hj)}
j=2
= perA - perB.

Let H = [h;;] and K = [k;j] be converters of A and B with hx, =
k11 = ko1 = --- = ki1 = 1 respectively and let L = H x K. We write
A*=la;]=HoA,B*=[bj]=KoBand C*=[c};] = Lo C.

For j with k +1 < 5 < k+1 -1, expanding detC*(k|7) by the first k
columns, we have

k+1-1
detC* (k|j) = detA* Y (=1)¥"PchdetB*(1,p—k+ 1|1, — k + 1)
p=k+1

l
= detA™ > (—1)*T1b} detB*(1,s/1,5 — k + 1)
8=2

= detA* - detB*(1]j — k + 1).
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Thus
k+1 k
detC* =Y (=1)**ict detC* (k|j) = D (=1)F*icy detC* (klj)
Jj=1 Jj=1
k+l-1 k
+ Y (~1)*Het detC* (k|j) = > (—1)**a},det A* (k|j)det B*(1]1)
j=k+1 J=1
k+l-1
+ 3 (-1)*Hc; (detA* - detB*(1]j — k + 1))
j=k+1

l
= detA*(detB*(1|1) + > (-1)"'b},detB*(1]t))
t=2
= detA™ - detB* = per A - per B = perC.

Hence C is a convertible matrix. To prove the maximality of C, it is
sufficient to show that C + E;; is not convertible for 1 <i < k, k < 71<n
since A and B are maximal convertible matrices. Suppose that C -+ E;;
is convertible for some ¢ ,j with 1 < i < k, k < j < n. Without loss
of generality, we may assume that i = 1 and j = n. Since C is fully
indecomposable, perC(1|n) > 0. Hence there exists o € S,,_; such that
C20(2)C30(3) " * * Cno(n) = 1 and Ci, jlo(t),0(j)] = Jo for some i, j with
k<i, j<nand 1< o(i), o(j) < k. Also we have a converter L’ of
C+Eyy, satisfying L'[4, jlo(¢),0(7)] = Jo. This means L'[3, jlo(i),0(5)] =
J2 is a converter of the convertible matrix C[i, j|o(3), o(j)] = J, which
is impossible. Hence C + E;,, is not convertible. O

THEOREM 2.6. There exists a maximal convertible matrix A such
that r(A) =n if n > 4(n # 5).

PROOF. If n is even, take the matrix W,, in Lemma 2.4. Then
r(Wn) =n. If nisodd, let A = W,,_5 % (Jaq — zz_ E;5_:). Then
A is a maximal convertible matrix by Lemma 2.5 and

1 1 10
det(A) = det(W,_3)det( i (1) ? i )
0111

=(n—4) (=3) #0.
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Hence r(A) = n. O

It is easy to show that every 3 x 3 maximal convertible matrix is
permutation equivalent to T3 whose rank is 2. By using the well-known
fact([1]) that 3n < w(A) < (n? + 3n — 2)/2 for any maximal convertible
n x n matrix A, we can show that every 5x 5 maximal convertible matrix
which has no two identical rows (or columns) is permutation equivalent
to Wy in Lemma 2.4. In fact r(W5) # 5. Hence there are no maximal
convertible n x n matrices A with r(A) = n for n = 3, 5.

THEOREM 2.7. For any integer s with [5] < s < n, there exists an
n X n maximal convertible matrix A such that 7(A) =s, n > 4(n # 5).

PROOF. Let T} = [t;;] be the lower Hessenberg matrix of order k, i.e.,
t;j = 0 if and only if ¢ + j > k. Then r(Tx) = k — 1. Inductively define
a sequence of maximal convertible matrices My, --- , M,, as follows: Let

Mk = Tk and
1 a
Mk+t - (b Mk-l—t—l)

where a = (1, 1—(2—1)2,0,~- ,0) and b = (1, 1+(2‘1—£,0,--- ,0). Notice
that M, is an n X n maximal convertible matrix such that r(M,) =
k—1+ |25%|. For any integer s with [2] < s <n,let k=25s—n+2
or k = 2s —n+ 3. Then r(M,) = s. Hence the result comes from this

fact and Theorem 2.6. O
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