Comm. Korean Math. Soc. 12 (1997), No. 4, pp. 905-909

A SIX-POINT CHARACTERIZATION
OF HILBERT SPACES

JINSIK MoK

ABSTRACT. A characterization of Hilbert spaces is given in terms of
four boundary points and two interior points of the unit sphere.

1. Introduction

The goal of this paper is to present a characterization of Hilbert spaces
in terms of four boundary points and two interior points of the unit
sphere.

Suppose that X is a Banach space with norm || - |. Then we obtain
the following characterization of Hilbert spaces:

THEOREM. A Banach space X is a Hilbert space if and only if

Us — u vy —x
9< | l us + 9]+ | | l
vz — vy

—z
< |lug + y| +
Jug — uy| lug — uq]

v — y| + |U1: id

|’U2 _yl’
vz — v1]
for any z, y in X with |z| < 1, ly| < 1, and any u;, ug, 1, V2 In the unit
sphere Sx of X so that

{z} = [u1,u2] N [v1,v2).

Here [u,v] denotes the line segment joining u and v.

2. Lemmas

To prove the theorem, we will use the following geometrical charac-
terization of Hilbert spaces given by Burkholder [2, 3]:
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LEMMA 1. A Banach space X is a Hilbert space if and only if there
is a biconvex function ¢ : X x X — R such that {(0,0) = 1 and

(1) Cz,y) <z +yl if |z|VIy| > 1.

For a Hilbert space H, Burkholder (3] showed that the function (g
given below satisfies all the conditions imposed in Lemma 1:

1 .
Ca(e,y) = (1+2(z,9) + [2Py?)7 if ||V ]y <1,
=lz+yl if |z|V|yl >1.

Here (z,y) is the real part of the inner product of = and y.

Replacing ¢(z,y) by the maximum of ¢(z,3), ¢(y, ), ((~=, ~y), and
¢(~y,—z), we can assume that the function ( satisfies the symmetry
property:

(2) ¢(@,9) = {(y,2) = ¢(—z, —y).

We also need the following lemmas from the theory of convex bodies.
See [1] or [4].

LEMMA 2. Suppose that X is a two-dimensional real Banach space.
Then the norm of X is generated by an inner product if and only if the
unit sphere of X is an ellipse.

LEMMA 3. IfC is a symmetric (about the origin) closed convex curve
in the plane, then there exists a unique ellipse of maximal area inscribed
in C. The maximal inscribed ellipse touches C in at least four points
which are symmetric pairwise.

LEMMA 4. A Banach space X is a Hilbert space if and only if every
two dimensional subspace of X is a Hilbert space.

3. Proof of Theorem

Suppose that X is a Hilbert space with norm | -|. Take z and y in X
with |z| < 1 and |y| < 1, and uy, uz, v, and v, in the unit sphere Sx of
X so that

{z} = [u1,u2) N [v1,v2).
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By the convexity of {x(-,0) and (2), we have

1
1= CX(()’O) < E{CX(:L" 0) + CX(_:L',O)} = CX(:C’O)‘
By the biconvexity of (x and (1), we obtain a string of inequalities:

Cx(@,0) < 3 {¢x(@9) + Cx(z, ~v)

1 )
< 5 ledx(un,y) + (1 — ) ¢x(u2,9) + aCx (vi, —y) + (1 — &) x (v2, ~y)}
<5 lalur +ul+ (1= a) iz 4 9l + &l 3l + (1 - @) oz — o}
Here, we have chosen a = M and & = [v2 — 2 so that
lup — 1] lva — v1]

au;+(l—a)us =z and avi+ (1 —a)ve = z.

U — T - Vg — X . .
Replace a by | | and & by |—2 | to obtain the desired result:
|U2°"’u1| |’Uz —v1|
Us — uy —x v — X v —
e U L e VI Y P e )
luz — uy] luz — ui] lva — 1] lva — 1]

For the converse, suppose that X is not a Hilbert space. Then we will
find z, y in X with |z] < 1, |y| < 1 and uy, us, v1, v2 in the unit sphere
of X with {z} = [u1,u2] N [v1,vs] for which the inequality in Theorem
fails.

By Lemma 4, we can assume that the dimension of X is equal to two.
Denote the norm of X by |-|. Let Sx be the unit sphere of X with
respect to | - |, that is, Sx = {z € X : |z| = 1}.

By Lemma 3 due to Loewner, there is an ellipse Sy of maximal area
inscribed in Sx with at least four contact points which are symmetric
pairwise. Denote by || - || the norm induced by Sp so that Sy = {z € X :
|zl = 1}. After some affine transformations, we can assume that Sy is
the unit circle. Let £A4 and £C be four distinct contact points with no

contact points in the interior of the arc AC.
Let 6 = %ZAOC, one half of the angle determined by the line seg-

ments OA and OC. Here O denotes the origin of X. We can assume
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that 0 < 20 < 7/2, A = (1,0), and C' = (cos 26,sin28). Observe that
the point (cos#,siné) belongs to Sp, and so it lies inside of Sx. Thus
there is a real number s > 1 satisfying |s (cos 8,sin8)| = 1.

Let

5 =cos 0 (cos 8,sin ),

y=y(t) =t(cos f,sin ), te (-s,s).

Let
u1 = s(cos ,sin 6), uy = —s(cos 6,sin 9),
and
v = (1,0), v = (cos 26, sin 20).

Let
|lug — x| s+ cosf . Jue—2z] 1
= = and § = — = .
|’U.2 - Ull 2s |’U;} - ’U1| 2

Clearly we have |z| < 1, |y| < 1, and |u;| = |v;| = 1, for ¢ = 1,2.
Since yu; + (1 —y)uz = z and Fu; + (1 — F)ve = z, we also have
{z} = [u1,u2] N [v1,v2]. Let X and Y be simple functions defined on
[0,1) by

X = (751 I[O,g—) -+ sz[%’%) + vy I[%’j_;_l) + vg 1[5#71),
Y =Y(t) =y(t) Ip,1) —y(t) I3 1)-

Let f and g be functions defined on an interval (—s, s) by

F6) = 21X +Y(2)

= 1+£§ cos @+ |(1 —t cos 8, —t sin 6)| 7

+ |(cos 20 — t cos 6,sin 26 — t sin 6)|(1 — 7),
gty =1+ S% cos 0+ |[(1 — ¢ cos 8, —t sin 8)|| ¥

+ ||(cos 26 — t cos 8,sin 26 — ¢ sin 9)|| (1 — 7).
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Then, for ¢t € (—s, s),

f(t) < g(t) with f(0) = g(0) =2,
g(t) =1+ Siz cos 6+ (1 — 2t cos§ + t2)1/2

cos9+ —cos 0+t
52 (1 -2t cos 0 + t2)1/2°

g'(t) =

In particular,

0
g (0) = C(;Sz —cos § <0 sinces>1,w/4>8>0.

So there is an € > 0 so that f(t) t) < 2 for t € (0,¢); therefore

< ¢(
E|X +Y (@) =7lur +y(@t)| + (1 — ) Juz + y(t)|
+ o1 —y@)] + (1 =7) vz —y(t)] < 2.

. Uz — o Vo — X .
Replacing v by '———l— and ¥ by -!-—l, we obtain
|U2 ~ uq| |vo —vll
U —x uy — v — vy~
e N PRI - SO B . B W)
lug — us] lug — uy lvz — 1] vz — v1]

This completes the proof of Theorem.
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