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ON THE FUNCTIONAL CENTRAL
LIMIT THEOREM FOR A CLASS OF
NONLINEAR AUTOREGRESSIVE PROCESSES

CHANHO LEE

ABSTRACT. A functional central limit theorem for a class of nonlinear
stationary Markov processes which are geometrically Harris ergodic
is derived.

1. Introduction

Consider a k-dimensional Markov process {Y., : n > 0} on R* defined
by

(11) Yoi1 = f(Yn) + €n+t1 (n > 0),

where f is R*-valued Borel measurable function on R*, and Y, is an
arbitrarily specified random vector with values in R, independent of
the random forcing terms, {e, : n > 1}.

We are mainly interested in the case k > 1. {€n : n > 1} are assumed
to be of the following form:

0
1.2 Ep 1= :
(12 ;
N

where {n, : n > 1} is a sequence of i.i.d. real-valued random variables.

Received July 19, 1997. Revised September 18, 1997.

1991 Mathematics Subject Classification: Primary 60G10, 60J05.

Key words and phrases: Invariant probability, functional central limit theorem.
Research supported by Hannam University Research Grant, 1997.



1034 Chanho Lee

In this article, we are interested in a nonlinear kth-order autoregres-
sive process {X,, : n > 0} defined by

(1-3) Xnt1 = h(Xn+l——k’ T aXn) + 77n+1(n > k- 1),

where h is a real-valued Borel measurable function on R, {mp:n> 1} is
a sequence of i.i.d. real-valued random variables, and { Xy, X1,--- , X, k—1}
are arbitrarily prescribable real-valued random variables independent of

{nn:n>1}.

The equation (1.1) can be thought of as obtained by vectorization of
the process (1.3) with {e, : n > 1} of the form (1.2) and f(y) defined by

Y2
(1.4) fy)=1| -
Yk
h(y)
Here y = (y1,¥2, - ,yx)’ € RF. So we limit ourselves to the k-

dimensional Markov process (1.1) throughout this paper.

Let p(™(x,dy) denote the n-step transition probability of ¥, (n > 1)
and p(z,dy) = pM (z, dy).

A probability measure 7 on (R*, B*) is said to be invariant for {Y,, :
n > 0}, or for p(z, dy), if

(1.5) / p(z, A)r(dz) = w(A), VA ¢ B
Rk

A ¢-irreducible aperiodic Markov process with transition probability
p(z, dy) is said to be (Harris) ergodic if there exists a probability measure
7 such that

(1.6) 19" (z,dy) — n(dy)|| — 0 as n— oo,¥z € R

Here || - || denotes the variation norm on the Banach space of finite
signed measure on (R*, B).



On the FCLT for a class of nonlinear autoregressive processes 1035

If the convergence in (1.6) is exponentially fast then the process is
said to be geometrically (Harris) ergodic.

Recently there have been considerable works on kth-order nonlinear
autoregressive models, most of which provide some verifiable criteria
for geometric ergodicity (see, e.g., Chan and Tong (1985), T'j¢stheim
(1990), Bhattacharya and Lee (1995), (1995), Lee (1996)).

If (1.6) holds, then 7 is necessarily the unique invariant probability for
p(z, dy), and the process having 7 as the initial distribution is stationary.

We assume that the process {Y, : n > 0} is geometrically (Harris)
ergodic and that Yy has the unique invariant 7 as its distribution. In this
article, by identifying a subset of the range of the infinitesimal generator
on L*(R*¥,7), we have derived a functional central limit theorem for the
process {Y,}.

3. Main result
Con§ider a real-valued function 3 on R* such that Ev?(Yy) < oo.
Write ¢ = ¢ — ), where ¢ = [ ¢dn.

In L?(R*, ), consider the identity operator I and the transition op-
erator T,

(Tg)(z) == / o(v)p(z, dy).

Then (T™$)(z) = (T™)(x) — ¢ for all m > 0. Also, E4(Xo) = 0.

The ergodicity of the process {Y,, : n > 0} implies that the kernel of
the operator I — T is one dimensional.

We shall need the following results of Gordin and Lifsic (1978).

PROPOSITION 1. Assume p(x,dy) admits an invariant probability m
and, under the initial distribution w, {Y,} is ergodic. Assume also that
¥ =1 — ) is in the range of I — T. Then

[nt]

(21) a7V 1Y () = ) + (0t — [nt])) (@ (Yuys1) — ) | (¢ > 0)

=0
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converges weakly to a Brownian motion with mean zero and variance
parameter ||h||3 — ||Th||3, where (I — T)h = ¢ and [nt] is the integer
part of nt.

LEMMA 1. Let p(n) denote the maximal correlation coeficient of the
process {Y,}. Then, if p(n) — 0 as n - oo, 9 is in the range of I — T.

For the proofs, see Gordin and Lifsic (1978).
Our main result is the following theorem.

THEOREM 1. Assume that the process {Y,, : n > 0} in (1.1) is ge-
ometrically (Harris) ergodic and that Yy has the unique invariant © as
its distribution. Then for every v in L*(R* ) such that [ dr =0, ¢
belongs to the range of I — T, i.e., (2.1) holds for every v in L?(R*, )
such that [¢dr = 0.

PROOF. Given the one-sided (strictly stationary) process {Y, :
0}, we can always construct a two-sided {Y,, : n = 0,+1,+2,
with the same finite-dimensional distribution. We may call {Yn n =
0,+1,+£2,---} the doubly infinite extension of {Y;, : n > 0} on a proba-
bility space (2, F, P).

For a < b, define F? as the o-field generated by the random variables
Yy, -, Y define 72 as the o-field generated by --- ,Y,_1,Y,: and
define F3° as the o-field generated by Y, Y, 1, -

We claim that for each m (—oo < m < o00) and for each n (n >
1), Ae F7,, B € F®,,, together imply
(2.2) |P(AN B) — P(A)P(B)| < p(n)P(A),
where ¢(n) is a nonnegative function of positive integers.

Let g(Y;n+n) denote E(Ig|F™t™), where I is the indicator function
of B. Then

n >
.

EIAE(9(Ym+n)|F )]
=E[E(Tag(Ym+n)|F o))
=E[Iag(Ymn)]
=E[I1ag(Ym)]
=FE[I41g]
—P(AnN B).
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On the other hand,

P(A)P(B) = E[I4 / g(y)m(dy)].
Therefore,

|P(AN B) - P(A)P(B)|

= , E [ItE(g(Ymin)|F™y)] — E [IA / g(y)W(dy)H

- ‘E [IA (/g(y):v(")(xady) - /g(y)ﬂ'(dy))]l

<E[L4llglloo|Ip™ (z, dy) — 7(dy)]|]

(2.3)

Since the process {Y, : n > 0} is geometrically ergodic, there exist
constants € > 0, 0 < p < 1, such that

19 (z, dy) — w(dy)]| < ep"

for all sufficiently large n, uniformly for z € R*. Thus, taking £p" as
our ¢(n), we have shown that for every sufficiently large n, (2.2) holds,
and from the inequality of (2.3), a constant function o(n) can be taken
for the other finite many number of n’s, justifying our claim. From our
claim we see that the process {Y, : n > 0} is p-mixing with coefficient
¢(n). Therefore, since the maximal correlation p(n) of the process is less
than or equal to 2/¢(n) and p(n) — 0 exponentially fast as n — oo,
p(n) — 0 as n — oo, and thus by Proposition 1 and Lemma 1, the
conclusion of Theorem 1 holds. )

REMARK 1. As references for earlier work on a class of nonlinear
autoregressive processes, see Bhattacharya and Lee (1988), (1988), and
Nummelin (1984), where they have provided some verifiable conditions
under which the functional central limit theorem (FCLT) holds for a
class of functions ¥ in L?(R*, ).
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