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Compact Complementary Quadtree for Binary Images
Young-Woo Cho' - Young-Mo Kim!

ABSTRACT

In this paper, we propose a new preorder tree traversal method for binary images, named the Compact Comp-.
lementary Quadtree (CCQ). In the proposed method we use type codes for representing nodes in the quadtree
instead of using the symbols G, B, and W. From the experimental results, we have confirmed that the CCQ has
a higher compression ratio than that of the DF-expression. CCQ can be effectively applied to progressive trans-
mission of binary images such as line drawings, geographical maps, and halftones.

1. Introduction alternative to binary array image representation with

the goal of saving space by aggregation. However,

The quadtree[l1-4] is a hierarchical data structure
based on a regular decomposition of space. The inves-
tigation of hierarchical data structure has also been
concerned with how to encode the tree. The most
simple quadtree encoding is a tree structure that uses
pointers. Each node in a quadtree is stored as a
record containing six fields.

The quadtree was orniginally conceived as an
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more importantly, the hierarchical nature of the
quadtree also results in savings in execution tiime. In
particular, algorithms using quadtrees have execution
times that are dependent not on their size but on the
number of blocks in the image. Nevertheless by virtue
of the tree structure, the amount of space required for
pointers from a node to its children is not trivial. As -
a result, there has been a considerable interest in
pointerless quadtree representations.

The method for representing quadtrees without
pointers was developed in the form of a preorder tree
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traversal (i.e., depth-first order) of the nodes of the
quadtree. Preorder tree fraversal representations for
mujti-valued images have been investigaled by a number
of researchers such as Oliver and Wiseman[5], Woo-
dwark|6], and Williams[7]. A preorder tree traversal
Tepresentation for a binary image was proposed by
Kawaguchi and Endo[8], which is called the Depth-First
expression and Cohen, et al[9].

In the DF-expression the tree consists of the symbols
“G", “B”, and “W" corresponding to GRAY, BLACK,
and WHITE nodes, respectively. The original image
reconstructed from the DF-expression by observing
that each nonterminal, i.e, GRAY node always has
four children. While encoded DF-expression of quadtrees
is more space efficient, it suffers the high cost of
some operalions such as the Boolean and is essentially
oriented toward sequential operation on the whole
quadtree such as image transmission.

In this paper we propose a new preorder tree tra-
versal method for binary images, named the Compact
Complementary Quadtree (CCQ), based on the Comple-
mentary Quadtree(CQT)[10]. In the proposed method
we use type codes for representing nodes in the
quadtree instead of using the symbols “G”, “B”, and
“W”. From the experimental results, we have confirmed
that the CCQ has higher compression ratio than that
of the DF-expression. CC(Q) can be effectively applied
1o progressive transmission of binary images such as
line drawings, geographical maps, contour images
extracted from gray-level images, and halftoned images.

2. Reviews on the DF-expression

Quadtrees are trees in which every nonterminal
node has exactly four children. In addition, the trees
bave labeled nodes and the children of a given node
are ordered. Any given node in the quadtree represents
a square subimage with sides of length 2. If this
subimage is umiform in gray level then the node level
indicates the gray level and this node is a terminal
‘node of the tree, Otherwise, the label indicates that

the subimage is nonuniform and four sublrees are
created describing the four subblocks obtained by
splitting the square into quadrants. Fig. 1 illustrates
this process.

In a quadtree encoding, the tree is transmitted in a
specified order (in our case, depth-first). For each
node a particular binary code for the node’s label is
transmitted. For the tree in Fig. 1, the encoding

would be in symbolic form:

G
G BBG
W B BB G G BB

BWBW WBERBW

The vertical spacing here is for clarity only (i.e., the
tree structure is still discernible);the symbols are
transmitted as they appear left-to-right.

(b) Quadtree for DF-expression

(Fig- 1) A simple image and a corresponding tree for
DF-expression



It is assumed that the recciver knows the size of the
picture. Hence, when it encounters a “G” that cuts a
2 X 2 subblock into four single pixels, it knows that
the next four symbols describe single pixels, and that
no further cuts are pcssible. Thus, a block of four
pixels can be represented using four bits instead of
eight.

3. CCQ for Binary Images

We propose a new preorder tree traversal coding
method for binary images named the CCQ, based on
the CQT[10]. CQT is a pointerless quadtree represen-
tation method for gray-scale images that is composed
of two phases. The first phase, the color types of the
gray nodes are redefined for the color which is domi-
nant among their four children from hottom to top.
The second phase, the quadcode of each node is
generated only if ifs color is different from that of its
father. CCQ for binary images is composed of two
phases.

Phase 1:Redefine the color of the gray nodes from

bottom to top as follows.

- If a node has three or more black children, then it
is black.

- If a node has three or more white children, then it
is white.

- If a node has two black and two white children,
and its configuration 15 one of the node types
shown in Fig. 2, then it is white.

- All the other nodes are black.

Phase 2:Determine the type codes of the redefined
nodes in phase 1.

There are 8 possible configurations for children of
any non-terminal node and one for terminal nodes.
These 9 type codes are shown in Fig. 2. The degenerated
code ‘A’ indicates that any or all of the children of
that quad were redefined to identical colors in phase
I.'Fig 3 shows the redefined color of each gray node

G H 1
(Fig. 2) Type codes for binary images.

and the type codes of nodes of the tree in Fig. 1. In
compact encoding, the type codes of nodes are
transmitted in a specified order (breadth-first, ie.,
top-to-bottom, left-to-right).

(Fig. 3) Quadtree for CCQ.

For each node, a particular binary code for the
node’s label is transmitted. For the image in Fig. 1,
for example, the encoding would be, in symbolic form ;

LALBLLALLLLGHLI,

where the first one bit indicates the color of the root
whether it is Black(l) or White(0), In this case, the
first one bit is 1 so the type code ‘A’ represents that
four children are Black nodes and ‘B’ implies that
four sons consist of one White node and three Black
nodes. If the first bit is 0 the type code ‘A’ represents
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that four nodes are White and ‘B’ implies that four
sons consist of one Black node and three White
nodes. The receiver knows al any given point what
node is abouf to be received, and what subimage will
be described by that node, as a consequence of the

information it has already received.
4. Compression Efficiency of CCQ

To evaluate the two coding methods, the aigori-
thms were applied to a mumber of images. Their
efficiencies are compared in terms of the number of
bits per pixel of the original images.

We will now analyze the worst case for each of the
methods. Thal is, we will determine the longest code
length which might be generated for a given image
size. For all two methods (DF, CCQ), the worst case
analysis follows the same outline. A full encoding
tree, with total branching until every single pixel has
a corresponding node In the lowest level of the tree,
always gives the longest code. For all the methods, a
checkerboard with black and white alternating in all
directions is an example of a worst case image. The
reason that a full tree yields the worst case code is
easy to prove. Given a full encoding tree, the only
way to create a tree with less nodes is via a merge
operation, where the children of a gray node are
eliminated and the parent node becomes uniform. In
all of our methods, a merge can never result in a
longer code than the unmerged version. In some
cases, however, it can result in a code with the same
length. We now examine each method in fumn.

In the case of DF-expressions, the number of nodes

in a full quadtree for an image of size 27 X 2™ is

o X 4i+l_1
NDF___Z 2% 2|=.(_.3—)
i=0
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where 7 represents the level of the quadtree.
In the worst case, every node in the free requires
one bit. Higher level nodes are all gray, and therefore

require one bit each. The lowest level nodes also

require one bit each. They require one bil instead of
fwo bils because they are lowest level nodes (single
pixels), bul we restrict ourselves to images in which
no other savings are possible in order to reach the
worst case. Thus, (1) also gives the number of bits in
the worst case image encoding,
Bnr=ﬁ2iX2'=M (2)
i=0 3

Dividing by the number of pixels of the original
image yields a compression ratio slightly less than 4/3.

In the case of CCQ, the number of nodes except

level 1 and level 0 is given by

n-2 Hn=1__
N] =Z 1BV 2i:(i__._.ﬁ
i=0 3

(&)

(@) (b)
(Fig- 4) Test binary images.
(&) Floodplain. (b) Girl.

{Table 1) The results of the two methods as applied to
test images.(Unit : bits)

method Fig. 4-a Fig 4-b
level DF CcCcQ DF cCQ
7 6 3 5 6
6 21 10 21 23
5 69 40 90 90
4 211 124 382 306
3 510 358 1347 961
2 1132 819 4084 2770
1 2374 1733 10811 7438
0 3358 3105 17919 16589




1025 hits 2049 hits

(Fig- 5) Progressive transmission using DF-expression.

513 hits

1026 hits 2052 bits

(Fig. 6) Progressive transmission using CCQ.

and type code of nodes are all ‘A’, therefore they
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require 2 bits each. The number of nodes in level [ is
471, and they require 4 bits each. Thus, the number
of bits will be

@-'-1
3

BCC = 2 +4n—| 4 (4)

A compression ratio is slightly less than 7/6.
5. Experimental results and conclusions.

Both DF-expression and CCQ coding methods have
been tested on the images in Fig. 4-a and Fig. 4-b.
Table 1 shows the results of the two methods as
applied to each image. From Table 1, we know that
CCQ has a higher compression ratio than that of
DF-expression. The hierarchical nature of CCQ and
DF-expression enables one to nse progressive image
transmission. Fig. 5 and Fig. 6 show progressive
transmission of Fig. 4-a by use of DF-expression and
CCQ. From the results, we have confirmed that CCQ
has a higher compression ratio than that of DF-
expression and CCQ is very effective for progressive
transmission of binary images such as line drawings,
geographical maps, and halftoned images.
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