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Abstract

In this paper, a two-parameter version of Ikeda-Watanabe’s mol-
lifiers approximation of the Brownian motion is considered, and an
approximation theorem corresponding to the one parameter case is
proved. Using this approximation, we formulate Wong-Zakai type the-
orem in a Stochastic Differential Equation (SDE) driven by a two-
parameter Wiener process.
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1. INTRODUCTION
The solution (X (t)),0 <t < T, of SDE’s

dX (t) = b(t, X (¢))dt + a(t, X (t))dW(t), X(0) = X,

tThis paper was partially supported by TGRC-KOSEF.
1Topology and Geometry Research Center, Kyungpook National University, Taegu 702-
701, Korea.
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is the solution of the following integral equation

X(t) = X, +/0t b(s,X(s))ds+/Ota(s,X(s))dW(s) (1.1)

on a probability space (2, F, P) where (W (¢)),0 < t < T, is a Wiener process.
The last integral in (1.1) is the It6 integral.

Suppose that the Wiener process in Equation (1.1) is replaced by smooth
processes {W;(t)}s-0 such that for a.a. w,

Ws(t,w) — W(t,w) as § — 0

in some sense in [0,T]. For each w, let X;(t) be the solution of the correspond-
ing ordinary differential equation

dXs(t)
dt

dW;s(t)

= b(t,X&(t)) +U(t,X6(t)) dt

(1.2)

Then X4(t) converges to some process X (t) in the same sense: For a.a. w, we
have that
Xs(t,w) — X(t,w) as § — 0.

It turns out that under suitable assumptions, this limit X (¢) coincides with
the solution of Stratonovich formulation of (1.1) (Wong-Zakai Theorem, see
e.g. Wong and Zakai (1965) ), i.e., X(t) is the solution of the following
equation:

X(t) = X, +/0t b(s, X (s)) ds +/0ta(s,X(s)) o dW(s)  (L3)

where o denotes the Stratonovich integral. Indeed we have

/otU(S,X(S))o dW(s) = /otU(S,X(S))dW(s)
2 [ ol X6 X () do

where o’ denotes the derivative of o(t, z) with respect to z (see Stratonovich
(1966)).

The new work is concerned with extensions of the basic result of Wong
and Zakai (1965) to infinite dimensions.

The generalization of these results can proceed in two directions:

(a) infinite dimensional (Hilbert space-valued) SDE’s.
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(b) Stochastic Partial Differential Equations (SPDE’s) whose solutions are
random fields.

Problem (b) poses difficulties of a different kind connected with the fact
that one has to deal with multi-parameter processes and not with a single
parameter (but infinite dimensional) process. In this paper, we consider a
uniform approximation of the two parameter Wiener process for problem (b).

2. APPROXIMATION

Let (Q, F,P) be a complete probability space and let (F,.)o s<so0<i<rT.
be a family of sub-o-fields of F satisfying

(1) if s <s'and t < ¢, then F,, C Foy,

(2) Foo contains all null sets of F,

(3) for each (s,t), Fot = Nyco i<t Fo' it

(4) for each (s,t), F,r and Fg, are conditionally independent given F, .

A two-parameter Wiener process (or Brownian sheet) is a sample contin-
uous Gaussian process with mean zero and

E[W (s,t)W (s',¢')] = min(s, s") min(¢, t').
Here we take a family of sub-o-fields of F as

Foo=0{W(u,v):u <s,v<t}V{P -null set of F} .

We now define an approximation to the two-parameter Wiener process.
Let p be a non-negative C*®-function whose support is contained in [0,1] x

[0, 1] and let
1 1
//p(u,v)dudvzl.
o Jo

1 v w
ps(u,v) = 6—2p(3, E) for § > 0.

Set

Then define an approximation {W;s(s,t)}s-0 as follows:

Ws(s,t) =./00o /ooo W (u,v)ps(u — s,v — t) dudv. (2.1)
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This approximation is a straightforward extension of the mollifiers approxi-
mation to an one-parameter Wiener process. (2.1) can be written as

Wi(s, t) =/06 /()6W(u+s,u+t)p6(u,v)¢udv. (2.2)

From the properties of p and (2.1), we have
2

o0tos
1 1 g1

= ;5—2/ / W (s + u,t + 6v)p(u,v) dudv. (2.3)
o Jo

Ws(s,t) =

Ws(s,t)

With regard to the mollifiers approximation to a two-parameter Wiener
process, we have :

Proposition 1.
(a) For every w € Q, (s,t) — W;s(s,t,w) is continuously differentiable.
(b) Ws(0,0) is F; s-measurable.
(¢) E[W;(0,0)] =0.
(d) E[| Ws(0,0) |>™] < c6*™ form =1,2,.....
(e) E [( G408 (US| iy ) | dudv)zm] —E [(f(f'f(f | W (u,v) | dudv)zm]

form=1,2,.....

(f) E [(fg 5 Wi(u,o) | dudv)zm] <ot form=1,2,.....
Proof. (a) and (b). The properties (a) and (b) are immediate consequences
of the definition of the mollifiers approximation.

(c). It follows from Fubini’s theorem that
] 6
E[Ws(0,0)] = / / E[W (u,v)]ps(u,v)dudv = 0.
0o Jo
(d). From (2.2), we observe that
5 6 . 2m
| Wi(0,0) P = ( [ [ W) i dv)

1 1] e
= (/ / =W (6u, 6v)p(u,v)du dv) 5
o Jo 6 ~
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Hence, we get

1 1 2m ‘

E[| W5(0,0) "] =E [(/ / W (u,v)p(u,v) du dv) ] 82m,
0o Jo
(e). Frist we note that
W;s(s + jé,t + k6)
1 1
- / / W (s + §6 + 6u,t + kb + 6v)p(u, v) du dv
o Jo

I

1 g1
//[W(s+j5+6u,t+k6+6v)——W(s+j6+6u,k6)
0 Jo
— W(j6,t + k6 + 6v) + W (56, kb)]p(u,v) dudv
1 g1
+/ / W (s + 6 + 6u, k6)p(u,v) dudv
o Jo

1,1
+ / / W (§6,t + k& + 6v)p(u,v)dudv
0 Jo

1 1
—f / W (56, k6)p(u, v) du dv.
0 0

From this, we obtain

Wé(s + jé,t + k6)

= //W(s+]6+6ut+k5+5v) p(u,v)dudv
Btas

I

t+5
0t8 / / [W (56 +u, k6 + v) — W(j6 + u, ké) — W (5§, k6 + v)
8

) u—8 v—
+ W(jé, k5)]55p (

6 b
t+6 s+6
:/ / (W (j6 +u, k6 + v) — W (56 + u, k8) — W (56, k6 + v)
4 s

) du dv

1 82 — —t
+ W (56, k6)] = p(“ 5 )dudv

52050t \ "5 ' 6
1 1 p
- 5_2/ / (W (s + j6 + 6u, t + k& + 8v) — W (s + 36 + bu, k)
0o JO
— W (j6,t + k6 + 6v) + W (56, k6)]p(u,v) du dv. (2.4)

According to the change of variables and (2.4), it follows that

(k+1)6 rG+1)6 . 2m
(/ / | Ws(u,v) | dudv
k& js
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[ 5 ré . 2m
= E (// |Wa(u+j6,v+k6)|dudv) }
o Jo
[/ 16 s 1 ! gl 2m
/0/0 |6—2/o /0 W(u+6u',v + 6v")p(u/,v') du' dv' | du dv)

(2.5)

since W (u+j6 +6u',v +ké +6v') — W(u+ 56 +6u', k6) — W (j6,v + k& + 60')
+ W (46, ké) and W (u + 6u’,v + 6v’) have the same distribution. From (2.3)

(2.5) is equal to
5 5 ) 2m
(/ / | Ws(u,v) | dudv) ,
o Jo

and the assertion (e) follows.
(f). According to the change of variables and (2.3), we find that

)

E

| (f [ 1t ana) ]
= [([f 1o aw) ] o
. ;(/01 /01'/01 /01 W“(”“g’“y+”>)p(u,v)dudv; dxdy)”"}azm
_ B f(/ol/ol|/OI/OIW(x—i-u,y-{-v)p(u,v)dudv| da:dy>2mJ 52

since m’%)w and W (z + u,y + v) have the same distribution. Hence

the property (f) follows.

Remark 1. The following inequality will be needed to prove the main result.

né né . ]
E (/ / | Ws(u,v) | du d’u) :I < en'm %™ (2.6)
o Jo

form=1,2,....

The proof of (2.6). From Holder’s inequality and. (f), we get

</0"6 /Oms | Ws(u,v) | dudv)%m}

E
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noln-l a(ktb1)s p(+1)6 . am
= Z / / | Ws(u,v) | dudv
36

f (/k;“)& /6]“ | Wa(u, v) | dudv)zm}
— p2em-1) Z z:: (/ / | Ws(u,v) | dudv) ] by (e)
(/06 /0‘S | Ws(u,v) | dudv>2m:|

cn4m 62m )

IA

3
[
S
3
~

txy

— n4m E

IA

3. THE MAIN THEOREM

Now we shall prove a uniform approximation result for the two-parameter
Wiener process (W (s, t)). In order to prove this result, the maximal inequality
in a two-parameter case is needed (see e.g. Theorem 1.2 in Cairoli and Walsh
(1984)):

Let {M,,,0<s<5,0<t<T} be a right-continuous martingale. Then

2p
< <—p—> E“ MS,T |p], p > 1.

E { sup | M, |P
0 1—-p

<s<8,0<t<T

Theorem 1. For every S > 0,7 > 0, we have

lim E [ sup IWa(s,t) — W(S,t)ﬂ =

6—0 0<s<8,0<t<T

where W;(s,t) is as given in (2.1).

Proof. Let us introduce the following notations:

Choose n(6) : (0,1] — Z, such that lim;_n(6)*6 =0, and lim,;_on(§) =
0o, where Z, denotes the set of all non-negative integers. Write 6 := n(5)é.
Then we define

[s]¥(8) = (j +1)6 and [s]”(8) =jé if j6<s < (j+1)6,

81
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and
[t]*(6) = (k+1)6 and [t](§) = ké if ké <t < (k+1)6.

Also set

m(s) = m(s)(6) = [s]"(5)/5 and m(t) = m()(5) = [t] (§)/5.

With the above notations, let us write Wy(s,t) — W (s,t) as the sum of the
following 10 terms:

Ws(s,t) — W{(s,t)

= {Walls]* B, 117 (8)) — Wi[s]* (B), 1) — WiCs, [t]* (8)) + Wi(s, )}
~{Ws([s]" (8), [t]*(8)) — Wis([s]* (8), [t]~(8)) — Wa(ls] (B), [t]* ())
+ Wa([s] (8), [t (6))}
+{Walls]*(6),8) = Wis([s] " (8), ] (8)) — Ws([s] (8), ) + Wi([s] (B), [¢]” (5))
+{Ws(s, (17 (6)) = Wa([s]™ (), [t]* () — Wi(s, [t] (B)) + Wis([s]~ (8), [¢)” (5))
—{W(s,6) = W((s]"(6),8) = W (s, [t] (8)) + W ([s]~ (B), [1](6)) }
+{Ws((s]7(8), £) = Wa(s]~(8), ] (8)) }
+{We(s, []7(6)) = Wa(ls])~(8), [t (6)) }
—{W(ls)" (4), &) - w([s]7 (8), [t]- (B))}
—{W (s, 1) - w(ls](6), [ (8))}
+{WAB]®)M (8)) — W ([s]” (8), [t]=(6))}

)}
)}

ZI (s,t), say .
2
Now we shall show that E [sup0 0<t<T IIi(S’t)I ] — 0asé — 0 fori =
1,..., 10.

Using the Cauchy-Schwarz inequality, (e) in Proposition 1 and (2.6), we
get

E { sup IIl(s’t)ﬂ

0<s<8,0<t<T
(e1T (8) pls]* (6) .
= F sup / / Ws(u,v)dudv

X85S o,Usis

T
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[0+ @) plsl* (6) : 2
< E sup / Ws(u,v) | dudv
0<s<8,0<t<T é) Jls)=(4)
(k+1)6 pG+1)6 T
< KFE (/ / | Ws(u,v) | dudv)
0<]<m(s)0<k<m(T) k6 jé

m(T) m(S) (k+1}6  p(i+1)6 . 4 e
< S M E (/ / | Ws(u,v) | dudv) (3.1)

k=0 ;=0 ké jé

5o 1)1
- {(1+m(T))(1+m(S))E (/0 /0 | Wi(u,v) | dudv) ” (3.2)
1/2

< K {4+ mT)A +m($)n(@)Ps)

< Kyn(6)*6 —-0asé—0
where (e) in Proposition 1 and (2.6) have been used in (3.1) and (3.2), re-
spectively.

We can now proceed as in the estimation of I;(s,t) to prove that

[ 2
E sup Iy(s,t)] | = 0as 6 — 0,

0<s<S,0<t<T

2
E sup I3(s,t)] | - 0as 6 — 0,

|0<s<8,0<¢<T

2
E sup Iy(s,t)] | - 0asé — 0.

From the Cauchy-Schwarz inequality and the two-parameter maximal in-
equality, we obtain

E [ sup |I5(s, t)ﬂ

0<s<8,0<tLT
/ / dW (u,v) ]
() J[s]~ ()

t+kb s+j6
/ / dw (u,v)
ké jié

i

=30,V

[o<s<s 0<t<T

i

max su
0<5<m(S),0<k<m(T) 0<s, t<6

m(T) m(S) t+ké ps+jb
E | sup / / dWw (u,v)
, 0 ké 6

<s t<6

(A

IA
e N N, ty

83
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1/2
< {(1+m(T))(1+m(S))E 0sup5|W(s,t) l“” (3:3)
N o - 1/2
< {(5) (14 m(S))(1 +m(D)E] W(,6) I“]} (3.4)

8 1/2
- {3 (f;f) (1+m(8)(1 +m(T))54}
< K35 —0asé—0

where we have applied the two-parameter maximal inequality to (3.3) for
(3.4).
Now we shall estimate I¢(s,t). First note that

1 1
Ws(s, t) = / / W (6u + s,6v +t)p(u,v)dudv.
0o Jo
By the Cauchy-Schwarz inequality and the Doob’s maximal inequality, we
obtain

E { sup IIs(s, t)|2J

0<s<§,0<t<T

g1 /4
{E [ sup l]ﬁ(s,t)l ]}
0<s<8,0<t<T

1 1 _
K4 {E[ sup // W (5u + [s] (3), 60 +1)
0<s<S,0<t<T Jo Jo

IA

IA

_ -8 1/4
—W (8u + [s] (), 6v + [t} (8))| du dv]}

IA

11 ~ :
K4{E[ max sup / / |W(5U+j5’5v+t+k6)
0<j<m ($),0<k<m(T) o, J0 Jo

-~ ~ 18 1/4
—W (u + 56, 8v + ké)| dudv]}

IA

<t<é

m(S) . _ ~ 1/4
K, {(1+m(T)) Z/O /0 E [tsup~ | W (6u + 56,¢) |8} dudv} (3.5)

m(S) 1/4

(%)804{(1+m(T)) > /01 /OIE[I W(5u+j5,5) °] dudv} (3.6)

IA

IA

ms) o 1/4
Ks{(1+m(T)) Z/O /01(6u+j6)464dudv}
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IA

Ks {(1+m(T))(1 +m($))(6 + )5}
< Kgb''* —0asé— 0.

Here we have applied the Doob’s maximal inequality to (3.5) for (3.6).
Similarly, as for I4(s,t), we can show that

E [ sup Ih(s,t)ﬂ —0asé— 0.

0<s<5,0<t&T

According to the Cauchy-Schwarz inequality and the Doob’s maximal in-
equality, we find that

2
s fnGof]
0<4<8,0<tLT

>0,V

8 1/4
s W - @.0 - w610 @[ |

0<s<5,0<tLT

(A

ol g S AL

1/4
E max sup |W (56, + k8) — W (46, k6)| ”

0<j<m(S), 0<k<m(T) 0<t<é

{r
(.
o
(7

1/4
sup |W (56, + k8) — W (46, k6)|
0<i<5

=( <t<é§

m(S) 1/4
(1+m(T)) Z E [sup | W(]6 t) IS}} (3.7)

IA

m(S) - 1/4
) {(1+m(T)) > E (| w(58,6) 18]} (3.8)

< K {1+ m@)(1+m(s)d*}"
< K351/2—40a56-—>0.

where Doob’s maximal inequality has been used in (3.7) for (3.8).
Similarly, as for I3(s,t), we can show that

2
E [ sup |IQ(S,t)| ] —0asé— 0.
0<9<8,0<t<T

_____

Before estimating I1o(s,t), we first prove that

E “W&(jé, k) — W (56, k5)|4] < 82, (3.9)
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From (2.2) and the Cauchy-Schwarz inequality, we have

IA

(A

I

IA

<

E [|W5(j5, k6) — W (33, k5)|4]
g )

59_3 [/6/6 |W(u+j5,u+k5)— W(jg,kg)rdudv} (3.10)

é 8 - - ~ ~
{W(u+ 58,0+ k) — W (53, k6)} ps(u, v) du dv
0

8K9// [IW(u+j5,v+k5)—W(jgav+k‘§)‘4] du dv

8K9/ / “W (78,0 + k6) ~ W (58, kg)r] dudy (3.11)
8K9/ / {E[1W v +k8) '] + E[| W(55,0) ]} dudv
24K9/ / { 2(y + kB)? + v2(j§)? }dudv

> (6% + k66° + (k6)%6* + (56)%6*)

62
Ko (54 +T6% + T%6% + 5262)
K62

where the inequality (a + b)* < 8(a* + b*) has been used in (3.10) for (3.11).
Hence, the assertion (3.9) follows.
Finally we shall estimate I;(s,t). By the Cauchy—Schwarz inequality and

(3.9),

IA

2
B[ s [otors)
0<38<8,0<t<T

S >0, USRES

{E [ sup ’W6([S]'(5), 1" 3)) = W ([s]" (), [t]‘(é))l“”w

<s8<8,0<t<T

1/2
B max W (56, k8) — W (jé k5)|4
0<5<m(5),0<k<m (T) , ,
m(T) m(S) Ve :
>SN E [|W6(ga k8) — W (58, k5)l ] (3.12)
k=0 ;=0

Ko {(1+m(T)(1 +m(5))62} "

Kis —0asé — 0.

1
n(6)
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Here we have applied (3.9) to (3.12). This completes the proof of Theorem
1.

Using this mollifiers approximation, we can investigate Wong-Zakai type
approximation in the two-parameter case. From the one-parameter case, we
can conjecture: )

Conjecture. Let a € C}(R!) and o € CZ(R"'). Suppose that {W;(s,t,w)}s>0

is given as in (2.1). Consider the following equations:

Xs(s,t) :[)l /08 a(Xé(u,v))dudv+/0t /08 o(Xs(u,v))dWs(u,v) (3.13)

and

X (s,t) = /Ot /08 a(X (u,v))dudv + /ot /Os o(X(u,v))o dW(u,v). (3.14)

where o denotes the Stratonovich integral (see Hajek (1982) for definition).
Then for every S, T > 0,

lim £ [ sup IX(s,t,w) - Xé(S,t,w)ﬂ =0,

-0 0<s<5,0<t<T

_____

where (X;(s,t,w)) and (X (s, t,w)) are solutions to equation (3.13) and (3.14),
respectively.

Remark 2. [ 5 (X (u,v)) o dW (u,v) is a special case of the Stratonovich
integral defined and studied by Hajek (1982) and from his definition we have

/Ot/osa(X(u,v))o dW (u,v) = /Ot/OSU(X(u,v))dW(u,v)
+ zll./ot /03 o' (X (u,v))o (X (u,v))dudv.

Remark 3. Note that the existence and uniqueness of the solution to equa-
tion (3.14) follows from Theorem 4.1 in Hajek (1982): Let us fix w € ¥’ with
P(Y) = 1. We define a mapping

F:C([0,8] x [0,T] : R) — C([0,S] x [0,T] : R)
by

F(X5)(5,2) :/0’ /0 a(Xg(u,v))dudv+/0t /Osa(xa(u,v))wé(u,v) du dv.
(3.15)
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Then the proof of the existence and uniqueness of the solution to (3.13) is
similar to that for Theorem 4.1 in Hajek (1982).
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