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GENERATORS OF COHOMOLOGY
GROUPS OF CYCLOTOMIC UNITS

JAE MooN KIM AND SEUNG IK OH

ABSTRACT. Let d be a positive integer with d Z 2 mod 4, and let
K = Q(¢pq) for an odd prime p such that p =1 mod d. Let Koo =
U,,>0 &n be the cyclotomic Zp-extension of K = Kj. In this paper,

explicit generators for the Tate cohomology group H “1(Gm,n are
given when d = gr is a product of two distinct primes, where G, n
is the Galois group Gal(Ky,/Ky) and Cyy, is the group of cyclotomic
units of K,,. This generalizes earlier results when d = ¢ is a prime.

1. Introduction

Let K be a number field and K, be a Z,-extension of K, where
p is an odd prime. That is Gal(Kw/K) ~ Z,, the additive group of
the ring of p-adic integers. For each closed subgroup p"Z, of Z,, there
corresponds a subfield K,, of K, such that Gal(K,,/K) ~ Z,/p"Z, ~
Z/p"Z, a cyclic group of order p”. Thus we have a tower of field
extensions K = Ko C K1 CKy C---CK,, C - C Koo = Up>0K,.

For each integer n > 1, we choose a primitive nth root (, of 1 so
that Cﬁ = (,, whenever n|m. For an integer d with d # 2 mod 4, let
K = Ky = Q(¢pa), Kn = Q((pn+14) and Koo = Up>0K,, where p is
a prime satisfying p = 1 mod d. Then K is a Zj,-extension of K.
The following theorem tells us the growth of the order of the Sylow
p-subgroup of the ideal class group of K.

THEOREM A (IwAsAwA, FERRERO, WASHINGTON [2], [8]). Let
p°™ be the order of the Sylow p-subgroup of the ideal class group of
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K,,. Then there exist integers A\ > 0 and v such that e, = An + v for
all sufficiently large n.

For an arbitrary number field K and its Z,-extension K, e, be-
haves like e,, = up™ + An + v for n > 0. These constants pu, A and v
are called the Iwasawa invariants. It is proved by Ferrero and Wash-
ington that p vanishes when the base field K is abelian and K, is the
cyclotomic Z,-extension of K as in our case.

By the action of complex conjugation on the ideal class groups, we
have the decompositions e, = ¢} +e,, A=AT+A" and v =vt +v~,
And pe:f is the order of the Sylow p-subgroup of the ideal class group
of K;I', where K = Q((pn+14+ Cp_,}Jrld) is the maximal real subfield of
K,.

The minus parts (e.g. e, A7) of the ideal class groups are much
better understood than the plus parts mainly because of the action of
complex conjugation. What we want to do in this paper is to study
the plus parts of the ideal class group of K,. When dealing with the
plus part, one usually looks at cyclotomic units and that is exactly
what we are going to work with. The greatest advantage of cyclotomic
units, perhaps, is that the generators of the group of cyclotomic units
are given so explicitly that one can play around with them. Another
feature of cyclotomic units is the following index theorem:

THEOREM B (W. SINNOTT [7]). Let E(C) be the group of units
(cyclotomic units) of the cyclotomic field Q((,). Let g be the number
of distinct prime divisors of n. Then [E : C] = 2°h*, where b = 0 if
g=1landb=29"2+4+1—-gifg > 1, and h™ is the class number of

QG + (1Y)

Let E,(C,) be the group of units(cyclotomic units) of K, and
let A, (B,) be the Sylow p-subgroup of the ideal class group of K,
(E,/C,, respectively). Then the index theorem of W. Sinnott says
that #A, = #B,,. So it is natural to ask if A,, is isomorphic to B,,.
This question is still open. In [3], it is proved to be affirmative when
d = 1 under certain assumptions.

In order to generalize those results in [3] to arbitrary d, one needs
to compute the Tate cohomology groups of cyclotomic units and to
prove the injectivity of the induced map I/-\Ii(G’n, Cn) — I:Ti(Gn, E,),
where G, is the Galois group Gal(K,/Ky). Tate cohomology groups



Generators of cohomology groups of cyclotomic units 63

for cyclotomic units are computed in [4], and we review the results
briefly. Let A = Gal(Q(¢4)/Q) and D be the decomposition subgroup
for p of A. Let | = #(A/ £ D). Then for any m > n, we have

o= | B 150
m,ny Hm) = (Z/p™—"Z) =1 if i is even,

where G, , = Gal(K,,/K,,). In particular, H*(G,,,C,,) ~ (Z/p"7Z)".

Above results were computed theoretically without providing ex-
plicit generators for H'(G,,,C,). But if one wants to study the in-
jectivity of HY(G,,,C,) — HY(G,, E,), it is better to have explicit
generators of H*(G,,,C,). In [5], explicit generators are given when
d = q is a prime. And in the same paper and in a later paper [6],
several applications are studied concerning the plus part of the ideal
class groups and AT.

The aim of the present paper is to provide explicit generators of
HY(Gyn, Cp) when d = gr is a product of two distinct primes. Hope-
fully these generators yield similar applications to the ideal class groups
as in [5] and [6]. We also hope to be able to find out explicit generators
for arbitrary d by modifying our proof.

We finish this section by introducing a theorem of V. Ennola([1]) on
relations among cyclotomic units.

THEOREM C (V. ENNOLA [1]). Let x be a character of conductor
f belonging to Q((,). For each cyclotomic unit § = [] (1 — (%)%,

0<a<n
define Y (x,d) by
1 —
Y(x,0)= > @y 0o d:9) [T =xm)),
d v pld
fldln
d—1
where T(x,d,6) = > x(a)xz,. Then for every even character
a=1
(a,d)=1

xX# 1,Y(x,0) =01if 9§ is a root of 1.
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2. Preliminary

In this section, we set up notations and prove several lemmas which
we will use in the next section.

As in the introduction, p is a prime satisfying p =1 mod d, where
d = gr is a product of two distinct odd primes. Let A, A, and A,
be the Galois groups Gal(Q((,r)/Q), Gal(Q(¢{,)/Q) and Gal(Q(¢)/Q)
respectively. Let S; (S;F) be a set of coset representatives of A,/{+1}
(A, /{#1}, respectively) and let S, = A, — S and S = A, — S}
For convenience, we assume that identity elements of A, and A, are
in S and S}, respectively. Elements of S;(S;}) will be denoted by
74(7) and those of S (S,”) will be denoted by 7,(7). Thus {7} =
{—74}, where — is the complex conjugation on Q(¢,) sending ¢, to Cq_l.
Under the natural isomorphism A ~ A, x A,, let AT = {77 | 7, €
Sy —{id}, . € S} —{id}} and A~ = {77 | 7y € S}, 7 € S}
Note that A # AT UA™, since #AT = (3¢(q) — 1)(5¢(r) — 1) and
#A™ = 19(q)p(r), and thus #(ATUA™) = 30(gr)—5¢(q)— 59 (r)+1.
For later use, we put #A1 = s, #A~ =t and #(AT UA™) =m.

Nontrivial even (odd) characters of A, are denoted by ,(6,, re-
spectively) and we use similar notations ,,6, for A,. Thus even
characters of A of conductor gr are of the form either 41, or 6,0,.
Note that#{1qtr} = (30(q) — 1)(3¢(r) — 1) = #A* = s and that
#{0,0,) = Lolgr) = #A- = 1.

LEMMA 1. Let m be as before and let A be an m X m matrix

with entries x(d), where {x} is the set of all even characters of A of
conductor gr and {6} = AT UA~. Then det A # 0 mod p.

Proof. By arranging rows and columns of A suitably, we may assume
that A is of the form
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Since ¥,.(7,) = ¥, (7.) and 0,(7.) = —0,(7-), by adding suitable

columns of A to other columns, we have

2¢q<7_q)¢r(7_r) Yy (Tq)@br(Tr)
A =

0 —04(74)0 (1)

Hence det A = det A’ = 25(—1)" det M det N, where M is the s x s
matrix with entries ¢,(7,)¢,(7,) and N is the ¢ x ¢t matrix with entries
04(74)0- (7). Note that M and N can be written as tensor products of
matrices of smaller sizes as follows:

M = (wq('Yq)) ® (¢r(7r))a N = (gq('Yq)) ® (‘97"(%))~

Finally one can easily check that these four matrices have nonzero
determinants modulo p by applying lemma 1.2 of [5]. O O

The following Lemma on cyclotomic units follows immediately from
V. Ennola’s theorem which was introduced in Section 1.

LEMMA 2. Let x # 1 be an even character of Q((,) and 01, 02,9 be
cyclotomic units in Q(¢,). Then

(i) Y(x,0192) =Y (x,01) + Y (x,02)
(ii) If (root of 1)xd1 =(root of 1)x s, then Y (x,d1) = Y (x, 02)
(iii) For any o € Gal(Q((,)/Q), Y(x,07) = x(0)Y (x,9)

(iv) Y(x, 07" = (x(0) = DY (x,9).

3. Generators of H' (G, n,Cr)

Let K = Ko = Q(Cpa)s Kpn = Q(Cpurrg) and Koy = UpsoK,, where
d=grandp=1 mod d. We denote the Galois group Gal(K,,/K,,) by
Gm.n and Gal(K,/Ky) by simply G,, instead of Gy, 0. And we denote
the norm map from K,, to K, by N,,, and that from K, to Ky by
N,,. In this section we will find explicit generators of the cohomology
groups HY (G, Cr) and HY(G,,,C,,) for m > n > 0, where C,, is
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the group of cyclotomic units of K,. Theoretically, it is known ([4])
that H'(Gpn, Cm) ~ (Z/p™ "Z)", where | = 1(d) is the number of
prime ideals of Q((4 + Cd_l) above p.

Let o be the topological generator of the Galois group Gal(K . /Kp)
which sends (pn to QHP foralln > 1. Let R={w € Z, | wP~! =1} be
the set of roots of 1 in Z,,. Then R can be thought of as the Galois group
Gal(Q(¢p)/Q) or as any Galois group isomorphic to it. For example
R ~ Gal(Q({pn+1)/Qy), where Q,, is the subfield of Q((,n+1) of degree
p" over Q.

We need some more notations which we use throughout this section:

—¢"Gr) [ g € A+}

m
ZJJ

w

- C(?IC?) | 74T € A_}

:U

:U

we

v
¢
s — ) | 7 € SF — {id}}
(i

Eats
s
ERte
A0

) [ e sy - {id}}

weR
T1+> T__Tl ) T _T1q7 T?“_Tlr

Elements of T,, T,;, T, , and T}, , are denoted by &, 6., 8, , and
dn,r respectively. T hus for example, T, = {6,/ }. We ‘also abbreviate
elements of 7", T—, T, and T, by 6", 6~, §, and 0,.

It is easy to check that #(T,  UT, UT, ,UT,,) = #(ATUA™)+
(%gp(q) —1)+ (%(,0(7“) —-1)= %gp(qr) —1=1-1. By applying the norm
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map N,, from K, to K; to each §’s, we get 1. For example,

Nn(‘sjm_) = Ny (H (C;;erl - CJ%?))

weR

= [ Na(Cin = CJo¢T)

weR

=TTy - ¢

weR
PT
_1-gnem

1_ ;—q 77:7'

=1.
The last equality holds since p = 1 mod gr. Thus we have [ — 1
cyclotomic units in C,, whose norms to Ky are 1. These elements

together with 771 will yield a set of generators of H!(G,, C,,), where
Tn = Gpnt1 — 1. We will denote 1 by .

THEOREM 1. H'(G1,C4) is generated by T+ UT~UT,UT,U{r?1}.

Proof. Suppose

77=( I mw) ( I (6)%) .

SteT+ o-€er-
(*) H 5(‘;% ( H 5?67‘) (Wcrfl)b _ ga—l
§,€T, 5-€T,

for some ¢ € C7 and for some integers as+,as-,as,,as,. and b. Since
we know that H'(Gy,C1) ~ (Z/pZ)!, it is enough to show that as+ =
as- = as, = a5, =b =0 mod p. Since we apply o — 1 to § after all,
we may assume that £ is of the form
§= H(Cg;wj — ¢F)ek % (root of 1)
.5,k

for some integers ¢; ;1 with 0 <7 <p,0<j<p—1and 0 <k < gr.
By applying Lemma 2 to (*), we have

Y(x,n) =Y(x,& )
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for every even character y # 1.

The strategy of proving this theorem is as follows. First, we compute
both sides when Y is of the form x = ¥ x4, where 9 is a fixed nontrivial
character of Gal(Q;/Q) and x4, is an even character of A of conductor
gr. So Xgr = XqXr is of the form either 141, or 6,0, under the notation
in section 2. By letting x,. vary over all such characters, we somehow
end up with as+ = as- = 0 mod p for all 67 € T and 6~ € T~
Then (*) reads as

H (53&1 (H (53“) (Wa—l)b: (17—1

54€T, 5,€T)

for some &; € ;. Then use the same method with characters of the
form x = x4 to prove that as, = 0 mod p, where X, is a nontrivial
even character of Q((,). Similarly, a5, =0 mod p. Therefore we have

(7_(_0—1)17 — g'fl

for some & € (. Then, finally, we see that b =0 mod p.

Thus, the proof of this theorem is going to be a long computation.
However we will perform only the first step of the proof. Namely we
will only show that as+ = as- = 0 mod p. The rest of the proof is
similar to the first step. And actually the essence of the generalization
to the case d = ¢r of theorem 1 of [5] which treats the case d = ¢ lies
in the first step.

So we are going to compute both sides of Y'(x,n) = Y (x, £77!) when
X is of the form x = ¥ x4r. By applying Theorem C' in Section 1, we
easily see that Y (x,d,) = Y (x,6,) = Y (x,7°"1) = 0. Thus by Lemma
2, we get

YOoon) = D astY(0N)+ D a5 Y(x.67).
oteT+ 60— €T~
And
Y(x,67) =Y (¥xgr ] (€% —o¢))

weR

= Y (hxgr. G — CCT).

w
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2 2
Since (5 — 2 (T = C;;“Q(l — C;;f;f”p "Ta P ) we have
Y (hxgr, Gs — C0CTT) = — (—wqr + p*rrg + p°qr,)
PR ST T p(p2gr) T ! '
1

= Sign VX @) (0.

Since p =1 mod gr, xq(p) = x»(p) = 1. Therefore

Y(x,0%) = ; WWQT)X(;(T)Xr(Q)er(TqTr)
_ (P Xa(r)xe(a)
=(p-1) o(p2qr) Xqr (TqTr)-
Similarly,
N (o Y(gr)xq(r)xr(q) E
Y(x,67)=(—-1) o(p2qr) g (TqTr)
Hence
o Wlar)xg(r)xe(a)
Y(x,n) =(p—1) SR
( Z a6+er(TqTr)+ Z a5—er(Tq?,~)>.
steT+ 6~ €T~

On the other hand,

Y (&Y = (x(0) - DY (x,€)
= (x(0) = 1) Y ciguY (6. ¢a " — b

7;7.j7k

If (k,qr) # 1, then Y (y, Cg;wj — Cé“r) = 0 when x = ¥xg4r. Therefore,
in the above sum, we may assume (k,qr) = 1 and so we may write
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k=mq+nrwithl<m<p—-1,1<n<g—1. Thus

Y (x, (2" — ) =Y (Wxg " — ¢
—aiwj ™ 27’L7‘ 2m
= Y(¢er7 1- CPQqT artp TP q)
1
o(p3qr)
Y(qr)xq(r)x-(q)

= o(p2qr) P(o")xq(n)xr(m).

¢er(—aiqu7“ + pnr + p2mq)

Therefore

(6 = (o) - ) XL

Z Ci,j,m,nw(ai)Xq(n)Xr<m)'

1,7, m,n

Put Zm’m,n i jmn(0)Xq(n)Xr(m) = B(xqr), an algebraic integer
depending on x4r. Then

P(qr)xq(r)xr(q)
o(p2qr)

Y(x, 771 = (x(o) = 1) B(Xqr)-

By equating the two results for Y (,n) and Y (x,£771), we obtain

(p—l)( Z as+Xqr(TqTr) + Z aéer(Tq?r)>

§teT+ 6 €T~

= (x(0) = 1)B(xqr) = (W(0) — 1)B(Xqr)-

By letting x4, vary over all nontrivial even characters of conductor gr,
we have a system of linear equations
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where A is the matrix in Lemma 1. Since the principal ideal (1/(0) —1)
lies above p and since det A # 0 mod p by Lemma 1, we must have

as+ :
=10 mod p.
as— :
Therefore as+ = as— =0 mod p as desired. U 0

Now we generalize Theorem 1 to the case H*(G,,,C,,) for n > 1.

THEOREM 2. H'(G,,C,) is generated by T,F UT, UT, ,UT, .U

{m7 '}

Proof. We prove this by induction on n. Theorem 1 takes case of
the case n = 1. So we will prove the theorem for n with assuming the
result for n — 1. Thus H*(G,,_1, Cy,—1) is generated by T, UT,, , U
Tnfl,q U Tnfl,r U {7’(’2:% .

As in the proof of Theorem 1, suppose that

n=|{ [ D" I &) | =

stert S eTy

H (G,q)* H (O )0 (ro—1)b = g1

5n,q€Tn,q 5n,7’€Tn,7‘

b

Il
o

for some § € C,. We have to show that az+ = as- = as, = as,
mod p".
Since Nn,n—l(dg:) = 52:_17 Nn,n—l(dn,q) = 5n—1,q7 Nn,n—l(an,r) -



72 Jae Moon Kim and Seung Ik Oh

5n—1m and-Aaun—l(ﬂn)::’ﬁn—la“mahave

Npn-1(n) = | A 1 G | x

+ + - -
6n—16Tn—1 4 1ET —1

H (5n—1,q)a5q H (5n—1,r)aér (ngi)b

On—-1,q€Tn—-1,q On—1,r€Tn—_1,r
= (Nn,nflg)a_l
Hence as+ = a5~ = as, = a5, = b =0 mod p" 1 by the induction
hypothesis. So we can write as+ = p"lag, as- = " la_, as, =

p”flaq, as, = p" la, and b = p"~lc for some integers Ay, G_,0q,

and c¢. Note that
O =G = G

:H(Nn,l cc)“"“; CT)Q ))

—1

n 1( p'n+1 - Sq
C n4+1 CTT
- (Cué - gTqC’:‘—T) i tp
w P 4 ];[ ];[ ( no-i-l _C CT )
o<t<pn!
—5+HH prtl ngcp)lialp
_ 5—1— gj{l7
where ug+ = [, IT,(Chi — 21Cm) e € C,. Similarly, (6;)?" ' =
Srul=t, (Gng)” = 51,qu§n;, (Fas)?" " = b1,ul"t and 78" =

T, for some us—,us, ,us,, and u, € C,. Hence (**) reads
n ’

n,r

IT @O ) 1T o )| 1T 6™ |~

sfert 6, €T 01,4€T1,4

[I G )@ he=¢

61,T€T1,7‘
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for some ¢ € C,,. Therefore, we have an element in C; whose norm
to Ko equals 1, which also lies in C9~!. But since the inflation map
HY(G,1,C1) — HYG,,C,) is injective, the left hand side of the above
equation must be in C7~!. In this case, we already know that a, =
a— =aq = a, =c =0 mod p by theorem 1. Therefore asg+ = ag-

as, = as, =b=0 mod p". O

q

ll

Finally, we generalize Theorem 2 to arbitrary case.

n

THEOREM 3. Let o, = UZ_;l =14+0+0%+---+0P" 1. Form > n,

define (T;})" by (T;F)o» = {(6;1)7" | 6, € T,}'}. And we define
(T,,), Ton and TSr. similarly. Then H' (G, n, Cr,) is generated by

m sq sT

+\on —\on On On oP" 1

sT

Proof. Since HY (G pym, Cp) = Tm(H(Gy Crt) =5 HY(Gpm, Crn)),
HY (G, C) is generated by res{T.t UT, UT,, , UTy,,U{rs 11}
Applying restriction maps to various §’s is same as applying o,, to d’s,
i.e., res(0,h) = (6,1)7n. Therefore H' (G, n, Cr) is generated by the
set given in the theorem. U O
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