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THE EQUIVALENCE OF TWO
ALGEBARAIC K-THEORIES

Yongjin Song

Abstract. For a ring R with 1, the higher K-theory of Quillen

is defined by the higher homotopy groups of the plus construction

of the general linear group of R. On the other hand, the Volodin
K-theory is defined by the higher homotopy groups of the Volodin

space. In this paper we show that these two K-theories are equiv-

alent. We show that the Volodin space is a homotopy fiber of the
acyclic map from BGL(R) to its plus construction.

0. Introduction

For a ring R with 1, the Quillen’s higher algebraic K-theory is de-
fined by

Ki(R) = πiBGL(R)+ for i ≥ 1,

where + means Quillen’s plus construction with respect to the perfect
normal subgroup E(R). The premiere reason why we define K-theory
in this way is that we can deal with K-theory functorially through this
definition. There is another K-theory which is called Volodin K-theory.
It is proved by Suslin that these two K-theories are equivalent. In this
paper we prove this equivalence again. We here offer more transparent
and more expositive way. In the proof we use a few homotopy theo-
retic techniques which are rather standard, but not easily found in the
literature.

The Volodin space X(R) is defined by X(R) = ∪σBTσ(R), where
T σ(R) is a triangular matrix for a partial ordering σ on Z+. In the main
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theorem we show that X(R) → BGL(R) → BGL(R)+ is a homotopy
fibration sequence. The theorem implies that the Volodin K-theory
KV

i (R) := πi−1X(R) (i ≥ 3) is isomorphic to Ki(R) = πiBGL(R)+.
One advantage of Volodin K-theory is that the Volodin space X(R) is
more concrete and more natural than BGL(R)+. In the proof of the
main theorem we use the acyclicity and the semi-simplicity of X(R).
We also exploit the comparison theorem of Serre spectral sequence.

1. Preliminaries

In this section we recall the definitions of simplicial sets and simpli-
cial homotopy. We also recall the definition of Volodin spaces.

Definition 1.1. (Simplicial set) Let ∆ be a category where objects
are n = {0, 1, . . . , n}, n ≥ 0, and a morphism m → n is a nondecreas-
ing function. We call ∆ the simplicial category. A simplicial set is
a contravariant functor from ∆ to the category of sets. A simplicial
set ∆ →Sets is usually denoted by X∗, and Xn denotes X(n) and
g∗ : Xn → Xm means X(g : m → n). A simplicial map between two
simplicial sets f : X∗ → Y∗ is a natural transformation from X∗ to Y∗.

There is another way to define simplicial sets. A simplicial set is
defined to be a collection of sets {Xn}n≥0 together with face maps di :
Xn → Xn−1 (0 ≤ i ≤ n) and degeneracy maps si : Xn → Xn+1 (0 ≤
i ≤ n) satisfying ‘simplicial relations(cf. [2])’. In this definition a
simplicial map f : X∗ → Y∗ means a collection of maps fn : Xn → Yn

which commute with face and degeneracy maps. For a simplicial set X,
a simplex x ∈ Xn is called degenerate if x = si(y) for some y ∈ Xn−1

and i. Otherwise it is called nondegenerate.

Definition 1.2. For a simplicial set X∗ the geometric realization
|X∗| is defined to be the quotient of

∐
n≥0 Xn×∆n by the following re-

lations: Let x ∈ Xn and λ : m → n be in ∆. Then (λ∗x, (t0, . . . , tn)) ≈
(x, λ∗(t0, . . . , tm)).

We may think of a simplicial set X∗ as a CW-complex |X∗| together
with a decomposition into simplices.

We can deal with homotopy theory in the category of simplicial sets.



The equivalence of two algebaraic K-theories 109

Definition 1.3. Let ∆m
n = {f : n → m | f preserves the order} =

Hom∆(n,m). Then ∆m
∗ becomes a simplicial set. It has clearly one

nondegenerate m-simplex so that |∆m
∗ | ∼= ∆m. ∆m

∗ is called stan-
dard m-simplex. We may regard p-simplex of ∆m

∗ as a (p + 1)-tuple
(a0, a1, . . . , ap) of integers such that 0 ≤ a0 ≤ · · · ≤ ap ≤ m.

We have |∆1
∗| ∼= I = [0, 1]. The set {un : n → 1 | un(i) =

0 for all i, n ∈ Z+} realizes 0 ∈ [0, 1] and {vn : n → 1 | vn(i) =
1 for all i, n ∈ Z+} realizes 1 ∈ [0, 1].

Now we define a homotopy between two simplicial maps. Let f, g :
X∗ → Y∗ be simplicial maps. Then we say f is homotopic to g if
there exists a simplicial map (which is called simplicial homotopy)
H : ∆1

∗ × X∗ → Y∗ such that H|0×X∗ = f and H|1×X∗ = g. With
this definition, we can execute the homotopy theory in the category of
simplicial sets, just as we do in the category of topological spaces. We
use this in the proof of Lemma 2.1.

2. An isomorphism between Ki(R) and KV
i (R)

For a ring R the higher algebraic K-theory is defined by

Ki(R) = πiBGL(R)+ for i ≥ 1.

Let σ be a partial ordering on {1, . . . , n}. Define the tringular ma-
trix T σ

n (R) by {M ∈ GLn(R) | Mij = δij unless i
σ
<j}. Let T σ(R) =

lim−→T σ
n (R). Define the Volodin space X(R) by

X(R) = ∪σBTσ(R).

The Volodin K-theory is defined to be KV
i (R) = πi−1X(R) for i ≥ 3.

In this section we show that two K-theories (Volodin K-theory and
Quillen’s K-theory) are equivalent. It suffices to show that X(R) →
BGL(R) → BGL(R)+ is a homotopy fibration (Theorem 2.3).

Let W (Stn(R), {T σ
n (R)}) be the geometric realization of the simpli-

cial set whose p-simplices are the sequences (g0, . . . , gp) of elements of
Stn(R) such that all g−1

i gj lie in the same T σ
n (R) and the face maps

are omittings and the degeneracy maps are repeatings. Note that

W (Stn(R), {T σ
n (R)}) ∼= ∪σB(Stn(R), T σ

n (R), ∗),
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where B(Stn(R), T σ
n (R), ∗) is a two-sided bar construction. Let Wn =

W (Stn(R), {T σ
n (R)}). The group Stn(R) acts on W by left multiplica-

tion. This action is free and the corresponding quotient (coinvariant)
space is ∪σB(∗, {T σ

n (R)}, ∗) = ∪σBTσ
n (R) which equals Xn(R). It is

known that Wn is simply connected, so we have π1Xn(R) = Stn(R).
Hence we have π1X(R) = Stn(R). We first prove the semi-simplicity
of X(R) by using simplicial homotopy. A space X is said to be semi-
simple if π1X acts trivially on πiX for i ≥ 2.

Lemma 2.1. X(R) is semi-simple.

Proof. We show that π1X(R) = St(R) acts trivially on W = lim−→W (Stn(R),{T σ
n (R)})

up to homotopy, that is, for each x ∈ St(R), the map x : W → W is
homotopic to the identity map. It suffices to show that the canonical
inclusion un : Wn → Wn+1 is homotopic to y ·un for all y ∈ Stn+1(R).

The simplicial homotopy between un and y · un is defined by:

H : ∆1
s+t × (Wn)s+t → (Wn+1)s+t,

H((0, . . . , 0, 1, . . . , 1), (x0, . . . , xs+t))

= (x0, . . . , xs, y · xs+1, . . . , y · xs+t),

where (0, . . . , 0, 1, . . . , 1) has s+1 0’s and t 1’s. This homotopy is well-
defined, since whenever x−1

i xj belongs to T σ
n (R) for some σ, x−1

i (yxj)
also belongs to T σ̄

n+1(R), where σ̄ is an arbitrary extension of σ to
{1, . . . , n + 1}. � �

Suslin proved in [9] that X(R) is acyclic by showing that the canon-
ical inclusion Xn(R) → X(R) induces the zero map on homology. Now
we prove the following lemma.

Lemma 2.2. For a ring R with 1, the Volodin space X(R) is a
homotopy fiber of BSt(R) → BSt(R)+.

Proof. The composite X(R) → BSt(R) → BSt(R)+ is null-homo-
topic by the following fact: any map from an acyclic space to a nilpo-
tent space is null-homotopic. This fact can be seen by considering Post-
nikov decomposition and noting that X(R) is acyclic and BSt(R)+ is
simply connected (St(R) is perfect). By the homotopy lifting prop-
erty of the fibration there exists a map α : X(R) → F such that the
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diagram
X(R) −−−−→ BSt(R)

α

y ∥∥∥
F −−−−→ BSt(R)

commutes. We show that α is an equivalence. We have a diagram of
filteration sequences

X̃(R) −−−−→ X(R) −−−−→ BSt(R)

β

y α

y ∥∥∥
F̃ −−−−→ F −−−−→ BSt(R)

Since X(R) is a semi-simple (Lemma 2.1), π1BSt(R) = St(R) acts
trivially on πiX(R), so does on HiX̃(R). St(R) also acts trivially on
HiF̃ , since it acts through π1BSt(R)+ which is trivial. Now by the
comparison theorem of Serre spectral sequence (cf.[4], p 355), the map
β : X̃(R) → F̃ is a homology equivalence. Hence β is a homotopy
equivalence, since X̃(R) and F̃ are simply connected. Thus α is a
homotopy equivalence by the five lemma. � �

We now prove our main theorem.

Theorem 2.3. X(R) is a homotopy fiber of BGL(R) → BGL(R)+.

Proof. We first prove that X(R) is a homotopy fiber of BE(R) →
BE(R)+. Consider the diagram of fibration sequences:

G −−−−→ K1(R) −−−−→ Fy y y
X(R) −−−−→ BE(R) −−−−→ BE(R)+y y y

H −−−−→ BGL(R) −−−−→ BGL(R)+

By the same argument as above, the map X(R) → H is a homotopy
equivalence. � �
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