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A NOTE ON LIFTING TRANSFORMATION GROUPS
SuNG K1 CHO AND CHOON SUNG PARK

ABSTRACT. The purpose of this note is to compare two known re-
sults related to the lifting problem of an action of a topological
group G on a G-space X to a coverring space of X.

1. Introduction

For a G-space X and a covering space Xy of X associated with a
subgroup H of m1 (X, xg), there exist some results related to the lifting
problem of an action of G on X to an action of G on Xy. In this
note, we show that the result due to M. A. Armstrong [1] is equivalent
to a minor modification of the result due to F. Rhodes [2] under some
restricted conditions. Also, we briefly refer to a role of the evaluation
map with respect to the lifting problem.

We shall assume throughout this note that G is a locally path-
connected topological group, that X is a path-connected, locally path-
connected, and locally simply connected G-space and that p : Xy — X
is a covering projection associated with a subgroup H of 71 (X, x¢).
Also, we use the following notations:

e: the identity element of G.

a x 3: the composition of two paths o and (.

f o g: the composition of two functions f and g.

1x: the identity function on a set X.

f: the homomorphism from m (X, zg) to m1 (Y, f(x0)) induced by
amap f: X — Y.
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2. Preliminaries

For g € G, let A be a path from zy to gzg. Define g, : m (X, o) —
(X, z0) by g«([a]) = [AxgaxA71] for [a] € m1 (X, z0). It is clear that
for every normal subgroup H of m1 (X, z¢), g«(H) is a normal subgroup
which is independent of A.

DEFINITION 2.1. ([2]) A normal subgroup H of m1 (X, ) is said to
be G-invariant if g.(H) = H for every g € G.

DEFINITION 2.2. ([2]) Given g € G, a path « order g, written by
(a; g), with base point zg is a continuous function « : I — X such that
a(0) = zp and (1) = gzo.

LEMMA 2.3. ([2]) Let H be a subgroup of w1 (X, zo) and let [a; g g
be the equivalence class of («; g) under the equivalence relation
(a;9) ~ (B;h) iffg=h and [a* 37! € H.
If H is G-invariant normal, then the set oy (X, xo,G) of equivalence
classes forms a group under the rule of composition

los; gla * [B; Wl = [oo* gB; ghlh.

LEMMA 2.4. ([2]) Let H be a subgroup of m1(X, z¢). If o (X, 2o, G)
is a group, then we have a short exact sequence

0— 7T1(X,ZI30)/H$ O'H(X,ZC(),G) i> G — O,

where i([a] x H) = [ €]y and j([B;9]m) = g.

From now on, j always denotes the homomorphism defined in
Lemma 2.4.

In [2], a basis of open nbds is defined for the set oy (X, zo,G) as
follows. Given [a; gy and open nbds U of gxg and V of e, define
Wx ([o; 9] ,U,V) to be the set of classes [ax3; h] g where hg=! € V and
B is a path in U from gz to hxg. Sets of the form of W ([ov; g|g, U, V)
constitude a basis for a topology on o (X, g, G).

F. Rhodes [2] showed that, if o5 (X, 29, G) is a group, it is a topo-
logical group with the topology just defined.
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DEFINITION 2.5. ([2]) Let o (X, zo,G) be a group. If there exists
a continuous homomorphism ¢ : G — oy (X, x9,G) such that jo ¢ =
ig, then the group oy (X, xo, ) is said to admit a continuous split
extension.

DEFINITION 2.6. We say that X admits a family of H-preferred
paths at x( if it is possible to associate with every element g of GG
a path k, from gz to zo such that [k.] € H and for every pair of
elements g, h, the paths kg, k;, and kg, associated with g, h and gh
satisfy [gkp * kg * k’g_hl] € H.

DEFINITION 2.7. ([1]) Suppose that G also acts on a space Z, and
that f : Z — X is a G-map which sends zg to xg. If for every element g
of G, loop « representing an element of H and path v which joins 2 to
gzo in Z, [(fy)*gax(fy~1)] € H, then H is said to be (f, G)-invariant.

3. Main Results

LEMMA 3.1. Let H be a normal subgroup of my (X, x¢). If for every
g€ G, g.(H) C H, then o (X, z¢,G) is a group.

Proof. Assume [a1;9]g = [ao;glg and [B1;hlg = [B2;h|g. Then
[ % a5 '], [B1 * By ] € H. Since g~'ay is a path from g~ 'z to o,
[g Tyt % g7 (B + B7 1) * g '] € H. From this, we obtain

[(ay % gB1) * (a2 % gB2) ] [( w oy ') (By = By )]

=g x g(Br* By ") xglg oyt x g7 (Bex Br) kg7 an) x 0y ]

S (H)
=H.

Thus [(a1%gB1)*(a2xgB2) 1] € H. This says that the binary operation
is well defined. The other conditions for o (X, zo, G) to be a group is
obvious. [ O
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LEMMA 3.2. Let H be a subgroup of m(X,xg). If there exists
a path connected space Z, and an action of G on Z, and a based
G-map [ : (Z,z9) — (X, o) such that fu(m1(Z,20)) C H, then X
admits a family of H-preferred paths at xqg. Furthermore, if H is a
normal subgroup of w1 (X, xg) such that g.(H) C H for all g € G, then
o (X, xo,G) admits a continuous split extension.

Proof. For each g € G, choose a path 7, in Z which joins gz to
2o and let k, = fr,. By hypothesis, [ke] = [fve] = f4([7e]) € H. If
g,h € G, then gy, x4 *7&3 is a loop at zp. Since fu(m (X, x0)) C H,
[gkn * kg * kg_hl] € H. Thus {ks|g € G} is a collection of H-preferred
paths at zg. Now, assume that g,(H) C H for all g € G. By Lemma
3.1, oy (X, zo,G) is a group. Define ¢ : G — oy (X, x9,G) by ¢(g) =
[k, ' glm. Since {ky|g € G} is a family of H-preferred paths,

O(9192) = [k g g, 9192]m = [k, * g1k, 9192)m
= [kt galm * [k, s 92)m
= ¢(g1) * ¢(g2)-

This shows that ¢ is a spliting homomorphism. Let Wx ([k;*; g]u, U, V)
be a basis element containning [kg_l; glz. Choose an open nbd V; of
e such that V4, C V and for any hy € Vi, higrg € U. Also, choose
an open nbd Va of e such that for all hy € Vs, hagzo € f~H(U). Let
V' be the path component of V3 N Vo which contains e, let ¢’ € Vg
and let ¢ : I — Vg be a path which joins ¢ and ¢g’. Then the
map g : I — Z, defined by v(s) = c¢(s)z is a path in f=1(U)
which joins gzp to ¢’zg9, and hence f~ is a path in U joining gxzq
to g'zo. Since [k« (fy) * ky| = fu(ly,' *v*y]) € H, we
have [kg_,l;g’]H = [k; '+ (f7);9' 1l € Wx([k; " 9]m, U, V) and hence
o(V'g) € Wx([k;';9]m,U, V). Consequently, ¢ is continuous. 0O O

THEOREM 3.3. Let H be a normal subgroup of m (X, ) and let
Z and f be the same as in Lemma 3.2. If

(i) H is (f, G)-invariant and

(ii) fu(m(Z,20)) C H,
then o (X, xo, G) is a group which admits a continuous split extension.
Furthermore, g.(H) = H for every g € G.
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Proof. By Lemma 3.2, there exists a family {k,lg € G} of H-
preferred paths at xg. Let ¢ € G and [«| € H. Since for every g € G,
g.([a]) = [k} * gox ky] = [(F3;7) * o« (F3,)] € H by (), we have
g«(H) C H. By Lemma 3.1 and Lemma 3.2, oy (X, zo,G) is a group
which admits a continuous split extension.

To show that H C g.(H), let [a] € H. Since gy,-1 * 74 is a loop
in Z based at zg, [gk,—1 * kg] = fu([g74-1 * vg]) € H by (ii). Let
B = gkg—1 x kg. Then

[o] =[BT x (Braxp™") ]
= [kt g(kg__l1 xg N (Brax B xky-1)x kgl
= g*([kjg__ll g Y (Braxpf) kg-1])

= (9.0 9. )([B*axp71])
€g.(H).O

O

LEMMA 3.4. Let oy (X, xg,G) be a group. Then X admits a family
of H-preferred paths at xq if and only if the short exact sequence in
Lemma 2.4 splits.

Proof. (=) Define ¢ : G — oy (X, zo,G) by ¢(g) = [a;l;g]H, where
oy is an H-preferred path associated with g. Clearly, j o ¢ = ig. Let
g,h € G. Since [gay, * a4 * a;hl] € H, we have ¢(gh) = [ag_hl;gh]H =
lag !« goy tsghla = [ogtig] * (o ' hle = ¢(g) = ¢(h). Thus ¢ is a
splitting homomorphism.

(<) Let ¢ : G — oy (X, x0,G) be a splitting homomorphism. Then
o(e) = [cay; €] i, where ¢y, is the constant path at xg. For each g € G,
let ¢(g) = lagigln. Since [agn; ghlu = d(gh) = ¢(g) * ¢(h) = [ag *
gag; ghlp, we have [y * goy, * a;hl] € H. Therefore, {o,'|g € G} is a
collection of H-preferred paths at z. U U

THEOREM 3.5. Let H be a normal subgroup of m(X,xo). If
9«(H) C H for every g € G and oy (X,0,G) admits a continuous
split extension, then the action of G lifts to an action of G on Xp.
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Proof. Define fi : oy (X, xo,G) X Xy — Xpg by a(le gle, < w >
) =< a* gw > for [a;glg € o (X, x0,G) and < w >€ Xp. Then i
is a well-defined action of o (X, z9,G) on Xy.(see Proposition 2 of
[2]) By hypothesis, there exists a continuous homomorphism ¢ : G —
o (X, zo,G) such that j o ¢ =ig. Let u be the composition of

~ (ﬁ)(i)'(

GXXH — O’H(X,JZ(),G) XXH LXH

Clearly, p covers the action of G on X. Let ¢(g) = [ay; g]m for g € G.
By Lemma 3.4, {a;l : g € G} is a family of H-preferred paths. Thus

for 1,90 € G and < w >€ Xp,

(9192, <w >) =< gy g, * (9192)w >
=< g, * 10y, * (g192)w >
=< ag, * g1(ag, * gow) >
= (g1, < g, * gow >)
= (g1, (g2, < w >)).

Since p(e, <w >) =< w > for all <w >€ Xy, we conclude that y is
an action of G on Xg. O O

Now, let E': G — X be the evaluation map define by E(g) = gzo
for g C G.

LEMMA 3.6. If N is a G-invariant subgroup of 71(G,e) such that
E4(N) C H, then the map

Eﬁ :on(G,e,G) — oy (X, x9,G),

defined by E([v;gln) = [Ev; glu for [v;g]ly € on(G,e,G), is a con-
tinuous homomorphism.

Proof. Clearly, Eﬁ is a well-defined homomorphism. Now, let
[v;9]ln € on (G, e,G) and let Wx ([w; g]m, U, V') be an open neighbor-
hood of [E~; g]g. Since E is continuous, there exists an open neighbor-
hood U’ of g such that E(U’) C U. Let V' be an open neighborhood
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of e such that Vg € U' N Vg. Then for any h € V'g and any path
7" in U’ from g to h, h € V;, and E~' is a path in U from gz to hxo.
This means that

Thus, E;Z' is continuous. O
O
LEMMA 3.7. Let N be a G-invariant subgroup of m1 (G, e) such that

E4(N) C H. If on(G, e,G) admits a continuous split extension, then
o (X, zo,G) admits a continuous split extension.

Proof. Consider the following commutative diagram

-/

on(G,e,G) > G

EF | . ig |

oHg (X, o, G) L> G

where j'([v; gln) = g for [v; 9]y € 06(G.¢,G).

By hypothesis, there exists a continuous homomorphism ¢’ : G —
on (G, e, G) such that j'o¢’ = ig. Let ¢ = Ejfo¢’. By Lemma 3.6, ¢ is
a continuous homomorphism. Since jo¢ = jo (Eﬁ o) =j'0¢ =ig,
o (X, xg,G) admits a continuous split extension. O O

LEMMA 3.8. Ifm(G,e) = N, then on(G, e, G) admits a continuous
split extension.

Proof. By hypothesis, j’ : on(G,e,G) — ¢ is an isomorphism. Let
¢ = ()71 For g € G, let ¢'(g) = [ag; gy and let W([ag; glm, U, V)
be an open nbd of [ay; g] . Without loss of generality, we may assume
that U is path connected. For h € Vg, choose a path v in U from

gxo to hxg. Since ¢’ is an isomorphism, [ap;hlg = [ag * Y hlg €
W ([eg; 9lm, U, V'), and hence ¢'(Vg) C W ([ag; g, U, V). This implies
that ¢’ is continuous. O O

COROLLARY 3.9. Let H be a G-invariant normal subgroup of
(X, x0). If E4(m1(G,e)) C H, then the action of G on X lifts to
an action of G on Xg.
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