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EXPONENTIAL FORMULA FOR
EXPONENTIALLY BOUNDED C-SEMIGROUPS

YOUNG S. LEE

ABSTRACT. In this paper, we establish the exponential formula for
C-semigroup. If A is the generator of a C-semigroup S(t), then S(t)
can be represented by exp(tA) in some sense.

1. Introduction

Let X be a Banach space and let A be a linear operator from D(A) C
X to X. Consider the abstract Cauchy problem u'(t) = Au(t), t >
0 and u(0) = z, where z € X. It is well known that if A is the
infinitesimal generator of a Cp-semigroup {T'(¢) : t > 0}, the abstract
Cauchy problem has a unique solution, given by u(t) = T'(t)z, for every
z € D(A) (see [4] and [5]). In [3], it is also known that if A is the
generator of a C-semigroup {S(¢) : t > 0}, then the abstract Cauchy
problem has a unique solution u(t), given by u(t) = S(t)C~ 1z, for all
z € C(D(A)).

If T(t) is a Cp-semigroup and A is the infinitesimal generator of
T(t), then T(t) can be represented by exp(tA) in some sense. It is
known that 7'(t) is represented by the limit of exp(tA,), where A,
are the bounded linear operators and the limit of A, is the infinitesi-
mal generator A of T'(t) (see [4] and [5]). Since each A, is a bounded
linear operator, exp(tA,) = Y .. ,t"/(n!)A? is well-defined. In this
paper, we establish the similar exponential formula for an exponen-
tially bounded C-semigroup. If 4 is the generator of an exponentially
bounded C-semigroup S(t), then S(t) can be represented by exp(tA)C
in some sense. Like the Cy-semigroup theory, exp(tA)C is the limit of
exp(tA(h))C and exp(tA(R))C =327 t™/(n!)A(h)"C is well-defined.
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But A(h) may not be bounded and the limit of A(A) is a densely defined
linear operator G C A.

We denote D(A) by the domain of the operator A and R(A) by the
range of the operator A.

Let C : X — X be an injective bounded linear operator with dense
range. The family {S(t) : ¢ > 0} of bounded linear operators from X
to X is said to be an exponentially bounded C-semigroup if

(1) 8(0) =C,

(2) S(t)S(s) =CS(t+s) fort, s >0,

(3) for each x € X S(t)z is continuous in ¢t > 0,

(4) there exist M and w such that || S(¢)|| < Me“! for ¢ > 0.

If C = I, the identity operator on X, then {S(t) : t > 0} is a Cp-
semigroup in the ordinary sense. In this case, (1), (2) and (3) imply
(4). But there exist C-semigroups which satisfy (1), (2) and (3) but not
(4) (see [1]). By letting t — 0, we obtain S(¢)C = CS(t) for all t > 0.

Let S(t) be an exponentially bounded C-semigroup with || S(t)|| <
Me*! for t > 0. For each r > w, define the bounded linear operator L,
on X by

Lr;r:/ e "'S(t)xdt, for re X.
0

Then L, is injective for 7 > w and the closed linear operator A defined
by
Az = (r — L71C)x

with D(A) = {z € X : Cz € R(L,)}, is independent of r > w (see [1]).
The operator A is called the generator of S(¢). It is known (3] that

Az = C_l(tlij)rg)(S(t)x - Cz)/t)
with D(A4) = {z € X : lim,,o(S(t)z — Cz)/t exists and is in R(C)}.

2. The exponential formula

In the following discussion, C' will always be an injective bounded
linear operator with dense range.
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Let A(h) = (C~'S(h) — I)/h. Then for each n > 1 R(C) C
D(A(h)") and S(t)(X) c D(A(h)™) for all t > 0. Even if A(k) may not
be bounded, we can define exp(tA(h))C = Y77 t*/klA(R)*C. And
exp(tA(h))C forms a C-semigroup.

THEOREM 2.1. Let {S(¢) : t > 0} be an exponentially bounded
C-semigroup with || S(t)|| < Me“! for t > 0. For each x € X, define

Shityz = g,-A(h)"Ca: - Z ll(%)”(c—ls(h) _I)"Ca.
n=0 n=0

Then {S"(t) : t > 0} is an exponentially bounded C-semigroup with
IS*@)|| < Mexp(t(e“™ —1)/h) for t > 0 and A(h) is a generator of
the C-semigroup {S"(t) : t > 0}.

Before proving Theorem 2.1, we present several lemmas to be used
in the proof of Theorem 2.1.

LEMMA 2.2, For each nonnegative integer k and x € X, we have

(C71S(h) = i ( > ((k —m)h)z.

That is, (C71S(h)— I)kC is a bounded linear operator and || (C~1S(h)—
DE|| < M(e*® + 1)*.

Proof. For each z € X,
(C1S(h) -~ N)"Cx = (C*IS(h) ~D(C7IS(h) - D 1z

- (C- z ( )S’(n—l—— m)h)z

_ ij (-1 ("; Hetsmsin- 1 - mima
m=0
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By induction, the result follows. El

LEMMA 2.3. For any nonnegative integers k and n, we have

(C1S(h) ~ D*C(C7IS(h) — N"C = C(C~18(h) — FC.

proof. Let x € X. By Lemma 2.2, we have

m=0 m
k
=C Y (-n" (i) S((k —m)h)x = C(C~LS(h) — N*Cx.
m=0

That is, (C~'S(h) —*C = C(C~1S(h) — I)* on R(C). By the similar

argument in the proof of Lemma 2.2, we obtain

k

(C71S(h) - D*S(te = Y (~1)™ (Z) S((k — m)h + t)z.

m=0
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So we have

(C71S(h) — i ™ (:L)S (k —m)h)S(t)z
m:O
:2‘? ( ) (k—m)h +t)Cx

= C(C™'S(h) - D*S ().

This means that (C~1S(h) — I)*C = C(C~1S(h) — I)* on S(t)(X) for
all t > 0. Since (C~1S(h) — I)"Cz is a sum of the elements in R(C) or
S(t)(X), the result follows. ad

LEMMA 2.4. For each z € X, (C71S(h))*Cz = S(kh)z. That
is, (C~1S(R))*C is a bounded linear operator and ||(C~*S(h))*C||
< Mekwh.

Proof. For each x € X,
(C71S(R)"Cz = (CTIS(h))(C7IS(h) ICx
= C71S(h)S((n — 1)h)a = S(nh)x.
By induction, the result follows. U

Proof of Theorem 2.1. Tt is clear that S*(0) = C.
By Lemma 2.2 and 2.3, for ¢, s > 0

S™(t)S"(s)
1t =1
= e O G DECTIS(R) - DFO)
=3 %%<%>"<%>k<c~s<h> ~ Iy C(CTIS() ~ DFC
1=0 k+n=l
oo I

1 1 1.5 _
:ZZO(Z——n)!E(E) (E)l c(Cc718(h) - 1)'C

= i Lt Syioe18(h) = DiC = CSM(t+ ).
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Let SE(t)x = Y r_o 1/k!N(t/R)F(C~1S(R) — )kC:c for z € X. Then
Sh(t)x is continuous in t > 0. Since lim,_,o, S(t)z = S*(t)z, uni-
formly on any finite t-intervals, $"(t)z is continuous in ¢ > 0.

By Lemma 2.2 and 2.4, we have S"(t) = e~ #/(3"32 1/k!( L)k (C 1
S(h))*C). Thus

I8 @] = |l Z%% S(w)<C)el
k=0
<l IS e smyellie)

Therefore {S"(t) : ¢ > 0} is an exponentially bounded C-semigroup
|| S*(#)]] < M exp(t(e" —1)/h) for t > 0.
By the definition of Sh( ), we have

Sht)z =Y %(%)”(C”S(h) —)"Cx.
n=0 "

Thus
Sh(t)z — Cz _S(h)z-Cxz

h
133 S GNCTS(h) ~ 17

n=2
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That is, A(h) is the generator of the C-semigroup {S"(¢) : ¢t > 0}. O
Before presenting our main theorem, we introduce a linear operator
G defined by

Gr = lm(C7}S(t)x — )/t

t—0

with D(G) = {z € R(C) : lim; ,o(C~1S(t)x — )/t exists }. Then
D(G) is dense in X and G C A (see [1]). And limy_,0 A(h)z = Gz for
z € D(G). The idea of the proof is due to E. Hille [2].

THEOREM 2.5. Let A be the generator of an exponentially bounded
C-semigroup {S(t) : t > 0} with ||S(¢)|| < Me“*t for t > 0 and let
{S"(t) : t > 0} be the C-semigroups given in Theorem 1. Then

S(t)z = lim S"(t)z for all x = X
h—0
and the convergence is uniform on bounded t-intervals.

Proof. Let x € D(G). Then z € D(A) N D(A(h)) and A(h)S(s)x =
S(s)A(h)z. By Theorem 2.4 in [3], S*(t — 5)S(s) is differentiable in s
and

ad;Sh(t —5)S(s)x = §"(t — s)(—A(R))S(s)z + S™(t — 5)S(s) Az
= Sh(t — 5)S(s)(Azx — A(h)x).

Integrating to both sides from 0 to ¢, we have
t
SM(0)S(t)x — S*(t)S(0)x = / S™(t — 5)S(s)(Azx — A(h)z)ds.
0

So for z € D(G) we have
||CS(t)x — S™(t)Cx||

< [ 118"t - 9S4 - Az ds
0
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t—s

h

t
§||Az—A(h):c||/ M exp(E=3 (4" — 1)) Me**ds
0

t
< M?|| Az — A(h)x|| / elt=9) e —Dews g
0

¢
< M?|| Az — A(h)z|| / etle”Dewtgs
0
= tM?|| Az — A(h)z|| et twtl)
Therefore we have

CS(t)z = lim S"(t)Cz = C(lim §"(t)x) for z e D(G).
h—0 h—0

Since C is injective, S(t)z = limy_,o S"(t)z for z € D(G).
Since || S(t)|| and || S*(¢)|| are uniformly bounded on any finite ¢-
intervals and D(Q) is dense, the result follows. O
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