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JONES’ INDEX FOR FIXED POINT ALGEBRAS
JuNG RYE LEE

ABSTRACT. We show that if M is a II;-factor and a countable discrete

.group G acts outerly on M then Jones’ index [M : MC] of a pair of
II; -factors is equal to the order |G| of G. It is also shown that for a
subgroup H of G Jones’ index [M H. M G] is equal to the group index
[G : H] under certain conditions.

1. Introduction

Jones’ index theory is one of the most important and interesting top-
ics in recent operator algebra theory and much effort has been made
to develop the theory in many connections with other areas of mathe-
matics. The notion of bimodules for von Neumann algebras, Ocneanu’s
paragroup and sector theory were introduced and played an important
role in Jones’ index theory [4, 6, 11, 13].

In this paper, we present a relation between Jones’ index for fixed
point algebras and group index for countable discrete groups. We also
give an example of Jones’ index for fixed point algebra of group von
Neumann algebra.

We first recall the definition of Jones’ index. If M is a finite factor
with faithful normal normalized trace 7, acting on a Hilbert space H
with finite commutant M’, then the coupling constant dimps(H) of M
is defined as T([M'€])/7'([M&]), where £ € H, £ # 0 and 7’ is a trace
in M’. For a pair of finite factors N C M, V. Jones defined in [8] the
index of N in M by [M : N] = dimy(H)/dims(H), which measures
the relative size of M with respect to N. In the case of a pair of crossed
product II;-factors by an outer action of a pair of discrete groups, their
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Jones’ index is just the group index. We prove in this paper the result
which also holds for a pair of fixed point algebras.

For an action o of a group G on M we denote the fixed point algebra
of M under the action o by M *(G) (or M). We generalize the well
known result of Jones’ index that [M : M®] = |G|, where M is a I1;-
factor and G is a finite group of outer automorphisms of M ([8], Example
2.3.3). But for infinite groups, the situation is not that clear.

We establish equalities, [M : MC®] = |G| and [MH . M%) =[G : H]
under certain conditions, where G is a countable discrete group and H
is a subgroup of G. As an example, we investigate Jones’ index for
L(G)T'+’s for a non inner amenable discrete group G and I';’s (1=1,2),
from which we see that [GT" : G™] = [I'; : I'1]. Jones’ index for fixed
point algebras seems to be a natural analogue of Jones’ index for crossed
product algebras.

2. Index for Fixed Point Algebras

From now on, M denotes a II;-factor with faithful normal normalized
trace 7. If H < G is a pair of countable discrete groups of automorphisms
for which the crossed products M x, G and M Ao H are finite factors
then [M x,G: M xo H] = [G : H] holds ([8], Example 2.3.2). Similarly
we investigate Jones’ index for a pair of fixed point algebras MG « MH.
Our main result is a generalization of the following fact which seems to
be well known.

PROPOSITION 2.1. If G is a finite group of outer automorphisms of
M then for a subgroup H of G we have M MC) =[G H).

PROOF. Since H is a subgroup of a finite group G of outer automor-
phisms of M, MG ¢ MH is 5 pair of II;-factors. Thus from the facts that
M : M = |G|, [M : MH) = |H|, M - MY = [M : MY MY . M€
and [G : H] = |G|/|H| we have (M7 MY =[G : H]. O

Many results for finite group case have been known in great detail in
the literature |2, 3, 5, 12, 13} among others. Now let G be a countable
discrete group and a a G-action on M. Note that if G is infinite then M€
may not be a IT;-factor, but it is interesting that we have the same results
as finite case. In order to do this we study the irduced action. Let H
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be a normal subgroup of G with a quotient group G/H = {g; | ¢; € G},
where g; = {g:h | h € H},i = 1,2,3,---. Then for the fixed point
algebra M7 = {z € M | an(z) = z,Yh € H} we get the following
lemma.

LEMMA 2.2. « induces a G/H-action af on MH satisfying

MG = (MH)QH(G/H).

PROOF. For any g; € G/H, we define a5 = «y,|pyn. Since for any
he€ H and g; € G, hg; = g;h, for some h; € H, we have

ah(aH?}_l(x)) = ah(agi(x)) = ahgi(m) = agihl(x)

= ag,an, (z) = ay,(z) = a¥5:(z), Yz € MY,

For any g;, g; € G/H with §; = gj, note that g, == g;h for some h € H,
so we obtain

aHg_j(x) = Qg; (z) = ag,n(z) = ay,,(z)
= afl;(z), vz e MH.

Moreover, we have

o galg(z) = o gray, (2)) = ay(ay,(2))

= ag,q,(7) = O‘HZJTQE(.m) =o'y 5 (z), Vze M™.

Thus o is a well-defined G/H-action on M*.

Now it remains to show that M€ = (MH)“H(G/H). If z € M€ then for
any g; € G/H, o 5(z) = a,4,(z) = x. Hence we have z € (MH)e"(G/H),
Conversely, for any z € M¥ satisfying a5 (z) = «,Vg; € G/H and any
g € G, since g = g;h for some ¢ and h € H we have

ag() = ag,n(z) = ag,an(z) = ag,(z) = g (z) = 2

which implies z € ME. O
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If for any g € G the restriction aglarn of ag on MH is an outer auto-
morphism of M¥, then o is an outer action with o (G/H)| =[G : H].
But, in general, outerness of a and outerness of &7 are independent. It
is known that if the quotient group G /H is finite and M¥ is a II;-factor
then the outerness of aff implies that MC is a II;-factor. But note
that this is not true anymore for infinite groups G and G/H, in general.
The following theorem is a generalization of the known result of Exam-
ple 2.3.3 in [8] and gives a complete relation between Jones’ index and
group index even when G is infinite.

THEOREM 2.3. Let G be a countable discrete group and H a normal
subgroup of G. Let a be a G-action on M for which fixed point algebras
MS% and MY are II; -factors.

(a) If « is outer then we have [M : M€ =1q).
(b) If the induced G/H-action off on MH is outer then we have [MH
M€ =[G : H].

PROOF. (a) From Example 2.3.3 in [8], it is enough to prove when
|G| = 0o. By Lemma 2.4 in [10] and Corollary 4.1 in [15], we have

log |Gl = H(M|M“) < log[M : M€,

where H(M|M®) is the relative entropy for a pair of II;-factors. Thus
we have [M : M®] = 0o and [M : M%) = |G| as desired.

(b) Since o' is an outer G/H-action on M¥H by Lemma 2.2 and (a)
we have [M* : MC] = [M" . (MH)e"(G/D) = |oH(G/H)| = (G : H]
as claimed. ()

Now we consider an action a of an infinite countable discrete group
G which is not outer with MY, a II;-factor. If the relative commutant
(M%) N M has a completely nonatomic part, then by Theorem 4.4 in
[15] H(M|M®) = 0o, where H(M|M€) is the relative entropy for a pair
of II;-factors. So [M : M%) = oo since log[M : MC] > H(M|MS). But,
if (M©)' N M is atomic with an infinite atomic set then (MY N M can
not be finite dimensional, which implies [M : M®] = 0o. The following
proposition gives a sufficient condition for the same result as Theorem
2.3.(a) without outerness of an action.
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PROPOSITION 2.4. Let M be a Il -factor and G an infinite countable
discrete group of automorphisms of M with fixed point algebra M©, a
I -factor. Assume that (M) N M has a projection p with mutually
orthogonal infinite set {8(p) | @ € G} then we have [M : M%] = oco.

PRrROOF. Since p € (M%) N M, for any 0 € GG, we have
z0(p) = 6(xp) = O(pz) = O(p)z, v € M®

which means that 8(p) € (M®)' N M. If {6(p)|6 € G} is an infinite set
of mutually orthogonal projections, then (M%)’ N M has infinitely many
mutually orthogonal minimal projections, which means that (M%) N M
can not be finite dimensional. Thus [M : M%) = oc holds by (8. O

3. Index for Fixed Point Algebras of a Group von Neumann
Algebra

For an example of fixed point algebras, we now will turn our attention
to a certain group von Neumann algebra. We constuct an example of
I1;-factors which gives an example for the main theorem in the previous
section.

Let G be a countable discrete ICC group with identity ¢ and T' the
character group of (G with identity 1. Let £(G) be the group von Neu-
mann algebra generated by the left regular representation A of G on
£2(G), in this case, £(G) is a Ilj-factor. For v € I', let a., denote the
*.automorphism of £(G) induced by v, and o be the associated action
of T into Aut £(G), which is definded by a,(A(g)) = v(9)A(g), g € G.
Then « is obviously outer by Proposition 22.13 in 16'. Here, we define
L(G)* = {A € L(G)|a,(A) = A}, and G7 = {g € G|y(g) = 1} then it
follows that

L)Y = n L@y, 6" = n 6.
~el ~eTl

Now we investigate Jones’ index for a pair of fixed point algebras of
a group von Neumann algebra of a non inner amenable group G with
character group I'. Let I” be a subgroup of I' and &' = alp. If G
is not inner amenable, then GU and G are not inner amenable ([1],
Proposition 3.1). Since non inner amenable groups are automatically
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ICC groups, L(GT') and L(GY) are II;-factors. So we obtain a pair of
II;-factors £(G') C L(GT') and a pair of groups GT < GT".

THEOREM 3.1. If G is a non inner amenable discrete group and IV a
subgroup of T' then [L(G)T : £L(G)T] = [GT" : GT 1.

PROOF. By Proposition 3.1 in [1], for any v < I, £(G)*r = L(GY).
This gives an isomorphism between £(G)!" and £(G'"), which also gives
an isomorphism between £(G)!" and £(GT), sc we have

LG L@ =[£G : £(GD)) = (G : 6T, 0
Now we deduce the following from Theorem 2.3.

THEOREM 3.2. Let G be a non inner amenable discrete group with
character group I' and I'y < T’y a pair of countable discrete subgroups of
I'. If the induced I'y/T'1-action on L(G)T is outer then we have

LG L(G)F2] = [Ty : Ty ).

PROOF. Since G'+’s are ICC groups and LG = L(GT), i =1,2,
L{(G)'+’s are II;-factors. Since I is abelian, I'y/T';-action on £(G)T is
well defined.

By Theorem 2.3, we have [L(G)"" : L(G)!2] = [Ty : ). O

In addition to the above properties we have the following.

COROLLARY 3.3. Let (G be a non inner amenable discrete group with
character group I' and Iy < I'y a pair of countable discrete subgroups
of I' such that the quotient group I'3/T'; is isomorphic to a subgroup of
the character group of G'*. Then we have [GT1 : GT2) = [y : Ty).

PROOF. Since the restriction of outer action is also outer, there is
an outer I'y/T"1-action on £(G'1) & £(G)I''. The assertion follows from
Theorem 3.1 and Theorem 3.2. O

We will end this paper with an example which satisfies all the condi-
tions considered above. Let G be a free group on n generators A1, 4 0.
Then G is not inner amenable and we have I' & T™ under the isomor-
phism given by v — (y(a1),- - ,7(a,)), where T denotes the circle group
(1], 4.1).
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EXAMPLE 3.4. Consider a free group G = Fy =< q,b > and I > T2
where T' = {€*™* | z € (0,1]}. For some n € N, let I'y and T’y be

L= {(¥™,1) |z (0,1]nQ },

T 2 {(*™,e*™ %) |z € (0,1]NQ, k= 1,--- ,n}.

Then I'y < T’y is a pair of countable discrete subgroups of I' with
([2 : T'1] = n < oco. Observe that T, /T'1 is isomorphic to the follow-
ing subgroup I'y of the character group of Gt

Do = {(1,e*™ %) [k=1,-- ,n}.

Thus T'2/T'i-action on £(G'') is outer and L(G') = £(G)T implies
that the induced I'y/T'1-action on £(G)!! is outer.

We show that they satisfy the equality in Corollary 3.3. Recall that
an element g € G is a reduced word of a,b and for any vy € I', v(g) =
v(a)Py(b)? for some integers p,q. Note that g € G means y(a)? = 1
fory € 'y and g € G™* means v(a)? = 1 and v(6)? =1 for v € I'y. Thus
for any ¢ € GI1

geG? — (62”%)":1, k=1,2,--- \n <> ¢=0 (mod n).

So for any ¢ # 0 (mod n), there is some v € Ty such that y(b)T #£ 1.
Thus we obtain

G = oG UGG U+ U gy 37,

where g; € {g € G | v(g) = v(a)Py(b)9, g =i (mod n) Vv € [y}, for
each?=0,1,--- ,n — 1. Hence [G™ : GT2] = [I'y : I";] follows.
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