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F-PROXIMAL FLOWS

YounGg-KEY KIM AND HEE-YOUNG BYUN

ABSTRACT. The proximal flow have been introduced and studied by
J. Auslander (1] and R. Ellis [2]. S. Glasner showed the various prop-
erties of the proximal flow in [7]. S. K. Kaul [3] have introduced the
first prolongation set which contains the orbit closure. We define the
F-proximal flow and FPr(y) by using the first prolongation set and
investigated its properties.

1. Preliminaries and Notations

In this paper, let T' be an arbitrary, but fixed, topological group and
we consider a flow (X,T) with a compact Hausdorff space X. A closed
nonempty subset M of X is said to be a minimal set if, for every z € M,
the orbit 27 is a dense subset of M. If X is itself minimal, we say it is
a minimal flow. A subset A of T is said to be syndetic if there exists a
compact subset K of T with 7' = AK.

The points z and y of X in the flow (X, T) are said to be prozimal
if there exists a net {¢,} of elements of T' such that lim zt,=lim Yto.
The flow (X,T) is said to be proximal if every two points of X are
proximal. We denote P(X,T) = {(z,y) € XxX | z and y are proximal }
which is called the prozimal relation on (X, T). The flow (X, T) is said
to be distal if 2,y € X and (z,y) € P(X,T) imply = = y.

Following (3] we say that ¢; — oo for a net {t;} in T if the net {t;} is
ultimately outside each compact subset of T. For a flow (X, T) we shall
define the first prolongation set and the first prolongation limit set of z
in X respectively, by D(z) = { y | z;t; >y for some z; — z, t; € T}
and J(z) ={ y | z;t; » y for some z; — x,t; — co}.

A point z € X is said to have property M if whenever there are nets
T; — z,y; — z and {t;} in T such that the nets {x;t;} is convergent, then
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the net {y;t;} is also convergent. A flow (X, T) is said to be T-weakly
equicontinuous if J(z,z) C A = {(z,z)|z € X} and x has property M,
for every z € X.

If (Y,T) is also a flow, a homomorphism from (X,T) to (Y,T) is
continuous map ¢ : X — Y such that ¢(zt) = ¢(x)t (z € X,t € T).

In this context, the meaning of epimorphisms, isomorphisms and au-
tomorphisms is clear.

An extension ¢ : (X,T) — (Y,T) is almost one-to-one if there exists
a point yo € Y such that ¢~ !(yo) is a singleton.

As is customary, let XX denote the set of all functions from X to X,
provided with the topology of pointwise convergence, and consider T as
the subset {t : ¢ — xt,t € T} of XX. The enveloping semigroup E(X)
of the flow (X, T) is the closure of T in XX. Then E(X) is a compact
Hausdorff space and we may consider (E(X),T) as a flow, whose phase
space E(X) admits a semigroup structure. The minimal right ideals I of
E(X) (that is, the nonempty subsets I of E(X) such that IE(X) C I,
which contains no proper nonempty subsets with the same property)
coincide with the minimal sets in the flow (E(X)},T) (see 3.4 [2]).

2. F-proximal flows

DEFINITION 2.1. Let (X,T) be a flow and z,y € X. Then z and y
are said to be F-prozimal if D(z,y) N A # 0.

We denote FP(X,T) = {(z,y) € X x X | z and y are F-proximal }.
The flow (X, T) is said to be F-prozimal if every two points of X are
F-proximal.

THEOREM 2.2. If (X,T) is a proximal flow, then (X,T) is an F-
proximal flow.

PrROOF. Let (X,T) be a proximal flow, then (z,y)T N A # @ for
any z,y € X. Since D(z,y) contains (z,y)T, D(z,y) N A #  for any
z,y € X. Hence (X, T) is an F-proximal flow. O

REMARK 2.3. The converse of Theorem 2.2 does not hold.

Let X = [0,1] and let T = Z. Now we define ¢ : X — X by ¢(z) =
z?and I : X x T — X by Il(z,n) = ¢*(z). Then P(X,T) = X x
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X - {(0,1),(1,0)}. Let {( )'nEN} and {(1,1)|n € N} be nets in
X x X. Then clearly {(,1)} and {(1, 1)} converge to (0,1) and (1,0)
respectively. But

(1), ~m) = (1)) = (L),
), —n) = (L (2P = (1,1).

n n

Hence (1,1) € D(0,1) and (1,1) € D(1,0). Therefore (0,1) € FP(X,T),
(1,0) € FP(X,T). Hence (X, T,TII) is not a proximal flow, but is an F-
proximal flow.

LEMMA 2.4. Let X be T-weakly equicontinuous. Then the followings
hold.

(1) If there are nets {z;} in X and {t;} in T such that z; — x and
z;t; — vy, then xt; — y.
(2) If foranet {t;} in T and z,y € X, at; — y, then yt.! — .

PROOF. See Lemma 2.3 in [5] O
PROPOSITION 2.5.

(i) P(X,T) c FP(X,T).
(i) If(X,T) is T-weakly equicontinuous. Then FP(X,T) = P(X,T).

PRoOOF. It follows from the Lemma 2.4. O

PROPOSITION 2.6. Let ¢ : (X,T) — (Y,T) be the epimorphism and
(X,T) is F-proximal. Then (Y, T) is F-proximal.

PROOF. For any y1,2 € Y, there are 21,22 € X such that ¢(z;) =
Y1, ¢(x2) = y2. Since (X, T) is F-proximal, there exists nets {z1:}, {z2:}

in X and {¢;} in 7' such that z,; — z1, zo; — 2 and lim z1;£; = lim :L‘gzt,
Now ¢(z1i) — é(z1) = y1,6(z2:) — ¢(x2) = y2 and hmfb(iflz) i =
lim ¢(x9;)t;. Therefore (Y, T) is F-proximal. O

PROPOSITION 2.7. An almost one-to-one extension of a minimal F-
proximal flow is F-proximal.
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PRrOOF. Let ¢ : (X,T) — (Y,T) be an almost one-to-one extension.
Suppose that there exist a point yo € ¥ such that ¢~ 1(yg) = {z0}.

Let z1,z2 be points of X and denoted y; = ¢(z;) (i = 1,2). Since
(Y,T) is minimal, We can find nets ¢, in T, yi,,y2, in ¥ such that

liﬁn(ylu,y%) = (y1,92) = (¢(z1), o(z2)) and lipylutu = li§y2utp = Yo.

Then there exists nets 1, T2, such that p(z1,) = y1,, ©(T2,) = yo,.
Then

lil£n<P($1u) = ¢(z1), lilllmp(mzu) = p(z2)

li‘xln.rl# = 1, lilinxgu = I9

W21y, Z2u)ty = (21, 23).
Then
w(z;) = pllimziut,) = limp(ziuty)
= 1iF¢($iutp) = 1i‘£nyiutu =yo (1=1,2)

So x; = x5 = xg. Therefore 1,z are F-proximal. Hence (X,T) is an
F-proximal flow. O

LeEMMA 2.8. Let (X,T) be a flow and S a syndetic subgroup of T.
Then FP(X,T) = FP(X, S).

PROOF. Itisclear that FP(X,S) C FP(X,T). We show that FP(X,
T) c FP(X,S). Let T = SK, where K is a compact subset of T and
(z,y) € FP(X,T). Then there exist z; — z, y; — yand ¢; € T such
that hm zit; = hm yit;. Now t; = s;k; for some k; in K and for some

8; In S We can assume that lim k; = k, lim x;s; = 2z, lim y;s; =
K2 ? 1

zg and lim z;t; = lim y;t; = 2z exist. So
? ¥

(2,2)

I

(hm xits, hm yiti)
(hm z;s;:k;, hm yisik.)
((lim zis;)k, (hlm yis. )k)
= (z1k, z2k)

I
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Thus for ¢ = 1,2, z; = zk™! implies 2; = 25. This means that z and Y
are F-proximal under S. Therefore FP(X,S) = FP(X,T). O

THEOREM 2.9. [ INHERITANCE THEOREM | Let (X, T) be a flow, and
S a syndetic subgroup of T. Then (X,T) is F-proximal if and only if
(X, S) is F-proximal.

PROOF. This follows from Lemma 2.8. O

PROPOSITION 2.10. FP(X,T) is a closed invariant reflexive, sym-
metric relation on X.

DEFINITION 2.11. Let 7 : X — Y be an epimorphism. For each
y €Y, we define
(1) FPr(y) = {(z,2') € Xx X|n(z) = n(z) =y, (z,2) € FP(X,T)}.
(2) Pr(y) = {(z,7) € X x X|n(z) = n(¢') = y, (z,2) € P(X,T)}.

PROPOSITION 2.12. FP,(y) is a reflexive and symmetric relation on
m~(y) for eachy € Y.

Let BT denote the Stone-Céch compactification of T. Then (3T, T)
is an universal point-transitive flow, and BT is an enveloping semigroup
for X, whenever X is a flow with acting group T. Given a point yEeY,
let

E,={pepT |yp=vy}

Let I be a minimal right ideal in some enveloping semigroup E(X)
and B(I) denoted the set of idempotent elements in I.

Let E(X) be an enveloping semigroup for X, with minimal right ideals
I,I'. Then given u € B(I), there exists a unique «' € B(I') such that
wy' = u and u'u = v’

We say that u and u' are equivalent idempotents and the relations
thus defined is actually an equivalence relation.

PROPOSITION 2.13. Let 7 : (X,T) — (Y,T) be an epimorphism, Y a
minimal set, and y € Y. If FP;(y) is an equivalence relation on 7~ (y).
Then (zu,zv) € FPy(y) for all z € 7 !(y) and u,v is any equivalent
idempotents in E,,.
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PROOF. Suppose that ¥ P.(y) is an equivalence relation and let u,v
be any equivalent idempotents in E,,. Then for any z € 7~ 1(y), we have:
m{zu) = m(z)u = yu = y and 7(zv) = 7(x)v = yv = y. Hence (z,zu) €
Pr(y) and (z,zv) € Pr(y). Now since Pr(y) ¢ FPy(y),(zu,zv) €
FP.(y). O
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