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Numerical method of hyperbolic heat conduction equation with wave nature

C.dJ.CHO
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Abstract

The solution of hyperbolic equation with wave nature has sharp discontinuties in the medium at

the wave front. Difficulties encounted in the }/mmerical solution of such problem in clude, among oth-

ers, numerical oscillation and the representation of sharp discontinuities with good resolution at the

wave front. In this work inviscid Burgers equation and modified heat conduction equation is intro-

duced as hyperbolic equation. These equations are caculated by numerical methods(explicit method,

MacCormack method, Total Variation Diminishing(TVD) method) along various Courant numbers

and numerical solutions are compared with the exact analytic solution. For inviscid Burgers equa-

tion, TVD method remains stable and produces high resolution at sharp wave front but for modified

heat Conduction equation MacCormack method is recommmanded as numerical technique.
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WY o) A o2& 174 (nviscid) Burg-
ers' 1323 3@ gH WA 4 (modified heat
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etk u) A Burgers' g4 & £ ATY A
To] glolA M B(linear) A Aol ST v
(nonlinear)#7 2} o] SA-& A737] A& HH 4
o2 Po| AT FHE AT &
o] AnEl = £ =& F§sltia 7H4 & Fourier &
AT g, 49 A%S =t i
£ 7M1 d) oldtd FojA A% WA Aot wh}
AN 4ae dAgsE s AddA FTAA EH
2 (heat flux)o] v} &= #EE FAsHA vt 73
B A A g AT MaxwelPE v
slo] Be Alge oste] AFHALH, F A
oA 9] dajAolt o} F & Al IHpicosecond
or femtosecond) E<te] 71853} Zo] {33 E
S&7) 248 259 gAgs ez £44
A= S A ed et A

o] A Me HFEAE Ze v 3 dBurgers
WA F3E @AY #E AR S
2% 2} s (finite difference method)& o] &3¢
of pEER, 2 AFHE s} viwstgh
A MFoze L SAA & G FAEY
(explicit method)# MacCormack W3, TVD®
W& AL gt o, 2 AR g el A A
Aol et v - nE&EYT

2.0f £

2.1 H|XA Burgers &4

v AA 1349 Burgers$3 e £=5 udt &
o ch-&-3} Zo] MY W2 o2 Jehdt.

du oE
g-l- F (D
u?
A4 E =L

olr}.
o] AFolA ALEF 27 EERET ofdfis &
o] 0< x <291 G 10]3, x=2.004 B

&4< gterh

u(x, 0)=1.0, 0.0<x <20
u(x, 0)=0.0, 2.0<x <40 (2)

2.2 2HEE IUZYHY

FE3 GAENETEE AT FFE EHE
WA 4] & Maxwelld] 93led Agte Ao, &
3} go] & F Urh

qlx, )+t —&-)-q(gt—’t)= ®T(x, t) (3)

o 71t @o| @A) ZHthermal relaxation
time, a/C?o]t}. & AW 257|717t B4
Aeu dAE ARE e dele AQAE
vebdt} o,Ce 9 841 A =(thermal diffusivity)
9} oA 94 % (thermal propagation speed)e]t}.
geod WY dAsEEE 10°~10°m/sec
2 oS & g gong I3 dHdn £xE
7} & Fourier GAZWA 2o} 44 8433 2
A, GRS £27t o} F = F A A

, B GRSl gt FH Azt MEE A
9} o] 7] AAe] AT Ao MY
e FAY dAEYA Yo 9dle siAEojof A
g g 4L 5 koo, AA 2 Fourier €3
=R e ¢ F3E A Ae EF
Sol B A ¥ ) o] yre WY
& & 4 9lc}. E & u)4 AHunsteady state) 1219
oz A& o33 2ot

oT(x, t) oq(x, t)

ot + qax -

S(x, t) (4)

o714 S(x, t)e 2] AJ/d(energy genera-
tion) &olt}.

o] Ao A& thg 3 ol 242t Case 13} Case
291 S7tA] A $-o AAZAE A4t £
< Pt

Case 1.
q(0, t)=q,
q(l, t)=0.0
70, ¢)
0x
o, t)
ox

0.0 (5)

0.0

Case 2.
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q(0, t)=gq,cos (iQt)

q{l,t)=0.0

9109 40 (6)
ox

AT, )
=200

Z Case 19] 4 %ol = /33 4 Hslab)e] §%
ol AF3HA qooll 23t 71d s n & dEe
g o] Qe 7 $o]m, Case 29 7 $ofl &= a2
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& @& gl e A folth
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ol

3. T4

FAAAPY 22 & P Al (explicit) TP 7 Al gt
& o} DA (multi step)g 2l 3+l MacCor-
mack’H, H2 & AL FA okl #4
o] Xo}x] & TVD(Total Variation Diminishing)
WY S ARS-st T AE A Y] Ao s
Al zbell Ol &led 27 2 E(forward difference), &
Zholl i3t} <4 at¥(central difference)d A}-&
g = Al(explicit)y -2 o] A Hm, AAA
gl vlmA W2} Az oS Ao,
MacCormack}® & ¥R 4 #30F0A 2 o] ¢
Aoz & delA ot o] AP & AT
o] o 3ta] 2% (predictor step, corrector step) %l
g AHE-E o F7bel| dld] A & predictort
A M e AR, correctord Al A = TR 28
< AR&3HgTh TVDYE & 2ol &3] s
of & #Als A el Sz alel WA Wol The
g o] vl gt B3eta A2 A7 AU Al
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A TVDFH XA E HEA7) & Y Sl A v
& & §-o| 4-& Roeel o3t YAIF 13} F4d
b (explicit, first order upwind algorithm)& o]
&3k A3ttt

¥ %/ Burgers®¥ 4 off th3tod F2)3M & 3}
7] 918t YRAAE 20170(4x=0.05)2 B &3}
AL, ZF FA A ¥ Courants9] FFS

Aoty 7] Yt A7 Z7HE(AES 0.05, 0.005,
0.0005sec(At/Ax=1.0, 0.1, 0.01DZ Z+A A]7] W A
ALtE st

FRY A=A A3)I oA A4 (4)S
Al glste] WE| 4oz vehlE A(7)3 2o
vebd & Aok FARLstE A S e A el
7] 93t Fadsld Aol & 401(AE=0.0025)2
B39 AF7HAD © 74 FREAHY &
A& & vehf 1 9l Courant $(An/AE7} 0.98,
02,012 S =5 ¢33t FXAN o=
Fat sl Aj3to] 0.59) 1.59 Wi /%o £¥
& golr it}

S AU%Y +3H GIEPRA 2
AU A B -

%+—3§=if ™
o 7] A

B=[q] P=[3] m=[ %]
ol ok,

4. BT Y T
Fig.1~Fig.3-2 ¥l M A) Burgers W3 & d| 2]}
T2¥XE Jeh 3 glon, Figd~Fig.6e o
g dAA NI AL b9 EHF(heat flux)
¥ & Jehl ,Fig.7~Fig. 105 §ZH & F7]
L2 7S W] G/ EXojv) Z a7
A (a)= 0.5sec ¥, (b)x= 1.5sec 39 A#E e
d Aoln], @ AU sl (exact solution), B = Al
ol o3t =388, ©+ MacCormack ¥Hj
o 93 M, @ TVDUH 23 3
A& Vel 2 gt} Fig4~Fig. 10004 ©%
Fouriergd A =4 2o g /%9 ALl &
VR a1 gl

oo R
e o

4.1 H|HY Burgerst&Ajol| ofst £ 2%

Fig.1& At/Aax=1.0Y we] £ 8 X & YehY
3 Yk 2Pl A BE nks} o] MacCormack
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Fig. 1. The solutions of inviscid Burgers equation by various methods.
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Fig. 2. The solutions of inviscid Burgers equation by various methods.

Ax=0.04, At=0.004 (At/Ax=0.1)

(a) time=0.5sec

W TVD g ol] o3t sl viwa oo
ZAA delds BAEHAME e AF
(oscillation) o] A <] WAI3}A] ¢for}, HA WY
o 9% &l WAttt HE Bt o &3
Vel 7] 98t a/ax=0.18 A1 F74E& 3
AANA HA T A7 Fig.2dA B 5 %ol

(b) time =1.5sec

time=0.5¢1 7 %ol a7t AeA A Fda Ao
1}, time=1.5secQ] 2 S0l A si7} Hats] 1,
A7t Z7HE-& 98 AA(A/Ax=0.01)3F] AL
3 A3 (Fig.3) 8o A F Fo| ¢t a3
time=1.5sec?] A $ = &7t etz glovt A
Fol A3t & 78 4 YUt MacCormack
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MacCormack method
1561 @ TVD method
®
1.04 2
= |
0.6 I ®
|
|
0.0 L
-0.

5 T L T U T ¥ T 1
00 06 10 15 20 =25 30 356 40
X

(a)

2.0
151 ®

©
1.0+ @
0.5 ®

|
0.0 L
~0.5 T Y T T T T T }
00 o8 10 16 20 25 30 35 4.0
X
(b)

Fig. 3. The solutions of inviscid Burgers equation by various methods.
Ax=0.04, At=0.0004 (At/Ax=0.01)

(a) time=0.5sec

ol 93 sl A/Ax=1.02 A S, QLo =4
A Ydehe Alzlo] A F(time=1.5sec)<l
T @7k vind FHFA Jevdn oy,
At/ Ax=0.17} 0.012 Z+2g ol wa} 8o A Fo)
AR AAA T 53] A/Ax=0.01%] A ol e A%
o] Zo] Ao A 3 s} g3 A7to]
27 el uta}t Aol 6S AEA 9ok 2y
TVDHY o] o3 &&= At/Axe] gH(Courant num-
ber)ol] #Aglo]l A LA sA ddalol 713HA
Eehe, A 7to] 3 slojx st ek H A Vel
doh. 53 TVD ol 97 s Bd & olA
a9 R Fo] dojiA] et

4.2 $YE SHTUHA o8 FRAEE

Fig.4~Fig.10¢ vteld A3 2)81H Fourier
A=A g /S EX@)9 F3L
AL o3 A& EX(@~®) e W&
& #tol7t et 3 Ut} & Fourier A =WF
2 & dol Avtd £ & Tty 7+ 71 o
2ol W] & &2 A7Hn=05) d = 7l1dE I
o] sjMej o] Ao BEXE, F33 dAuL

58 BT $HY AHEPH N0 9T A4E
PEE GfSol AT FER ARAA e ¥

(b) time =1.5sec

oM 2 71271 & veplizn Utk 6%
o] §Fd 7talA A F(n=0.5), F WAF 44 9
T IRAEEEE WS 2 Aol7F depgA g Al ZE
o] Aty wep F g el o dREEEE
H =3 A g 4 4 Aok & FH3 A 7ho] Ay
WA P RS EXE AAEA B A
olth.

Fig.4%} Fig.7& Courant 47} 0.98¢ 7 % 9)

FEEXE Vel Utk 2ol & 5 UK
o] &2 3| Fl Al MacCormack gl 2|3 o %
SEX7E gaaol A9 dAEA del 53
BAEPH A €)% sl B ANA AFo] v g
AsHA vdelvda Jlen, TVDE Yo 93 dle
BEAdEHAAM Y a7t HEgsA ga W gl At
Al et a3l e, MacCormack ¥ ol <] 3t &)
€ ol g Aol A YelA @3 i) a1y
U A7 E7MES A (Courant 4=0.2)8e] A
ArgE A3 PA Y ol o] 3 3 ¥4t ol 2}, Mac-
Cormack ¥l ¢Jg si= EAEGHANA AsHA
AFstn Yk 22y TVDYH O 93 dle 2
A& A A9 R Fo| AHAHE Wi ol e} ¥l
A AL 2HTS & F Utk 2y A7
Z7E F(n=15) o gl Ed4£HM AFL
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Fig. 4. Heat flux distributions for modified heat conduction equation in a slab under constant heat flux
applied at £=0 by various methods, Courant number=0.98.
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Fig. 5. Heat flux distributions for modified heat conduction equation in a slab under constant heat flux
applied at £= 0 by various methods, Courant number=0.20.
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Fig. 6. Heat flux distributions for modified heat conduction equation in a slab under constant heat flux

applied at £=
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o (8 analytic solution
(b explicit method
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0 by various methods, Courant number=0.10.
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Fig. 7. Heat flux distributions for modified heat conduction equation in a slab under periodic heat flux
applied at £=0 by various methods, Courant number=0.98.
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Fig. 8. Heat flux distributions for modified heat conduction equation in a slab under periodic heat flux

applied at £=0 by various methods, Courant number=0.20.
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Fig. 9. Heat flux distributions for modified heat conduction equation in a slab under periodic heat flux

applied at £=0 by various methods, Courant number=0.10.
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Fig. 10. Comparison with the results of high resolutions by varoius numerical methods.
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MacCormack method Courant number : 0.98

TVD method Courant number : 0.20
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