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ABSTRACT

In this paper, we show that if a TL-subgroup can be written as the intersection of all its minimal 7L-
p-subgroups then some properties of the TL-subgroup characterize the properties of all its minimal 7L-p-
subgroups and investigate the properties of the join of a directed family of TL-subgroups.

1. Introduction

Rosenfeld[9] introduced the concept of fuzzy
subgroups. Following these ideas, many authors are
engaged in generalizing various notions of group
theory in the fuzzy setting. In particular, the notion
of fuzzy orders of the elements of a group relative to
a fuzzy group and the notion of fuzzy orders of fuzzy
subgroups have been introduced[4] and developed|[3,
4,6,8] and conditions for a fuzzy subgroup to be
written as the intersection of its minimal fuzzy p-
subgroups have been investigated[2,3,5]. Recently
the concept of TL-subgroups that is an extension of
the concept of fuzzy subgroups has been introduced
and studied{11] and the notion of TL-orders of the
elements of a group relative to a TL-subgroup and
the notion of TL-orders of TL-subgroups that are
extensions of the notion of fuzzy orders of the
elements and the notion of fuzzy orders of fuzzy
subgroups, respectively, were introduced [7] and
developed{2,5]. In this paper, we show that if a 7L-
subgroup can be written as the intersection of all its
minimal 7L-p-subgroups then some properties of the
TL-subgroup characterize the properties of all its
minimal TL-p-subgroups and investigate the pro-
perties of the join of a directed family of 7L-
subgroups.

Throughout this paper, we let L denote a complete
lattice that contains at least two distinct elements.
The meet, join, and partial ordering will be written as
A, V, and <, respectively. We also write 1 for the
greatest element of L.

2. Preliminaries

We recall basic definitions and investigate some
properties that are relevant for this paper.

Definition 2.1. [10] A binary operation T on L is
called a ¢-norm if it satisfies the following:

(1) (aTb)Tc=aT (bTc) for all a, b, c=L.

(2) aTb=bTa for all a, bEL.

(3) If b<c, then aTb<aTc for all @, b, c<L.

(4) aT 1=a for all a<L.

We will write the identity element of a group G by
e and the order of x in G by O(x). And we let T
denote a t~-norm on L.

Definition 2.2. [11] An L-subset u of a group G, i.
e., a function u from G to L, is called a TL-subgroup
of G if it satisfies the following:

(1) ue)=1.

(2) ux")=p(x) for all x€G.

(3) u(xy)= ux)T(y) for all x, yeG.

Note that the concept of a 7L-subgroup is an
extension of the concept of a fuzzy subgroup.

Definition 2.3. [7] Let u be a TL-subgroup of a
group G. For a given x&G, the least positive integer
n such that p(x")=1 is said to be the (TL-) order of x
with respect to u (briefly, O, (x)). If no such » exists,
x is said to have infinite (7L-) order with respect
to \.

Note that the notion of the TL-order of x is a
generalization of the notion of the fuzzy order of x.
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Proposition 2.4. [7] Let u be a TL-subgroup of a
group G. For x&G, if p(x™=1 for some integer m,
then Oy(x) divides m.

Definition 2.5. [7] Let u be a TL-subgroup of a
group G. For a prime p, u is called a 7L-p-subgroup
of G if O(x) is a power of p for every xEG.

Let p be a TL-subgroup of a group G. If there
exists a minimal 7L-p-subgroup of G containing u,
then it is unique because the intersection of 7L-p-
subgroups of G is obviously a TL-p-subgroup. We
will call it by the least 7L-p-subgroup of G
containing u and denote it by ;. Note that for every
prime p, U does not exist in general even if T=A
and L=[0, 1][4].

Note that the homomorphic the
homomorphic preimages of TL-subgroups are 7L-
subgroups[11]. And note that the homomorphic
images and the homomorphic preimages of 7L-p-

images and

subgroups are TL-p-subgroups[5].

Definition 2.6. [S] Let u be a 7L-subgroup of an
Abelian group G. u is said to be torsion if O(x) is
finite for all x&G.

Proposition 2.7. Let u be a TL-subgroup of a
group G such that G={x=G|u(x)=1} is a normal
subgroup of G. Then u is TL-p-subgroup if and only
if G/G , is a p-group.

Proof. Suppose G/G , is not a p-group. Then x” K
G, for all integers t with >0 for some x&G. Thus
(x”')<1 for all integers ¢ with ¢=>0. Thus O(x) is
not a power of p. Therefore y is not a 7L-p-subgroup
of a group G. Suppose 4 is not a TL-p-subgroup of a
group G. Then Oy x) is not a power of p for some x&
G. Thus x” & G, for all integers ¢ with 1>0. Therefore
G/G, is not a p-group.

Note that if u is a TL-subgroup of a group G with T=
A, then p(x")= p(x) for all x&G and for all integers .

Proposition 2.8. Let p be a TL-subgroup of a
group G with T=A. Let x, y=G.

(D) ¥ px)<ps(y), then uOoy)A\ py)=p(x )=p(m YA 1y).

(@) If px)< p(y), then u(x)< p(xy) and px)<p(yx).

Proof. (1) Let u(x)<g(y). Then we have u(xy)=
HO)A Y Y=p(x). So. e y=p(x(y N=pC)y™) = ploy)
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A=) A ) > ).

Thus ey )A ply )=4(x ).

@ I px)< py), then p(x)=p(e)AMy)<u(xy)
and p(x )=y YA\ p(x )< u(yx ).

Let p be a TL-subgroup of a group G satisfying
the following condition: If p(x) and u(y) are
comparable where x, yEG, then uxy)=u(x)AWy).
A TL-subgroup g of a group G satisfying this
condition is said to have the property (E).

Theorem 2.9. Let u be a TL-subgroup of a group
G with T=A and p a prime. And let u have the
property (E). Suppose that for every x&G, min {nE
N|p(x)<p(x")} is a power of p, whenever this
minimum exists. And let n, m, ¢ be positive integers
such that n=p'm and (p, m)=1. Then p(x")=px(x” ) for
all x<G.

Proof. Let x€G. Since n=p'm and T=A, u(x"x)S[.l
(). Let px” ) <p("). Set y=x® . Then p(y)<u(y").
By hypothesis, there is a natural number s such that
p=min {kEN|u@y)<u()<m, and so u(y)=u(y) for
j=1, 2, ---, p*-1. By the Euclidean algorithm, there are
integers g and r such that m=p’q+r and 0<r<p’
Here r=0, since (p, m)=1. So, p(y) < t(y” )< p(y”" %)
since T=A and p(y)=p(y’). Thus (/™ )=y %y )=n
(O"=w(y) since p has the property (E). This is a
contradiction, and the theorem is proved.

Theorem 2.10. [7] Let u be a TL-subgroup of a
group G. For x&G, if O x)=mn with (m, n)=1, then
there exist x; and x; in G such that x=xp=xx1, O,(x;)
=m, and Oy(x;)=n. Furthermore such an expression
for x is unique in the sense of TL-grades, i.e., if (x;,
x2) and (y1, y2) are such pairs, then u(x)=p(y;) and
Hee)=piy2)-

Let u be a TL-subgroup of a group G with T=A
such that O,(x) is finite for all x©G. For every prime
p, define a L-subset y, of G by u,(x)=t4x,) where x=
xix; is an expression for x with Oy(x)=mp’, (p, m)=1,
O (x)=m, and O ,(x;)=p". Then y, is well-defined by
Theorem 2.10.

Proposition 2.11. [5] Let u be a torsion 7L-
subgroup of an Abelian group G with T=A. For
every prime p, U, is the least TL-p-subgroup of G
containing [ i.e., M=l
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3. Characterizations of TL-subgroups

Some properties of the intersection of 7L-subgroups
can be characterized by the properties of the TL-
subgroups, but the converse does not hold in general,
ie., the properties of the intersection cannot
characterize the properties of the TL-subgroups.

Now we have a natural question; for what
conditions does the converse hold? For some
properties, the answer is affirmative in the case that u
= i holds. We are concerned with this problem in
this section.

Definition 3.1. [11] A TL-subgroup u of a group
G is called a normal TL-subgroup of G if it satisfies
the following equivalent conditions:

(1) uox)=p(xy) for all x, yeG.

(2) peoyxY=pfy) for all x,yeG.

Lemma 3.2. Let u be a TL-subgroup of a group G.
For g&G, let iy: G— G be the automorphism from G
into G defined by i(x)=g"xg for all x©G. And let u
be normal. For a given prime p, if there exists i,
then (ip)" (k) 2Ho-

Proof. For each g&G, let i,:G—G be the
function from G into G defined by i, (x)=g"'xg for all
xEG. Then i, is an automorphism of G. Since the
homomorphic preimage of TL-p-subgroup is 7L-p-
subgroup, (i;)" (L) is a TL-p-subgroup. And let u be
normal. Since g is normal, we have p(x)=u(g xg)<
B 18)=Hon(is(0))= (i) (p)(x) for all xEG, and so
(i) ()24 Since p, is the minimal 7L-p-subgroup
containing 4, (i) (tig) e

We have a proposition from Lemma 3.2.

Proposition 3.3. Let p be a TL-subgroup of a
group G such that u=N ). If y is normal, then Y, is
normal for all primes p.

Proof. (8"xg)

=) (e)))

= Upyx) by Lemma 3.2

=He (887788

=Hg) (i (8"xg))

=((i ) (He)XE x8)

> (g 'xg) by Lemma 3.2
for all g, x&G. So Ui is normal.

It is clear that the fact that a TL-subgroup u is
normal does not imply that all 7L-subgroups u; are
normal where p="y; in general.

Definition 3.4. [10] A TL-subgroup u of a group
G is called a characteristic TL-subgroup of G if the
preimage f'() of y under f is equal to u for all
automorphisms f of G.

Lemma 3.5. Let u be a TL-subgroup of a group G.
Let f be an automorphism of G. And let u be
characteristic. For a given prime p, if there exists g,
then f' () 2 ey

Proof. Let f be an automorphism of G. And let u be
characteristic. Since U< g, p=f"(U) < f (). Since
the homomorphic preimage of 7L-p-subgroup is 7L-p-
subgroup, f (i) is a TL-p-subgroup. Since i, is the
minimal 7L-p-subgroup containing 4, ke < f ' (t).

We have a proposition from Lemma 3.5.

Proposition 3.6. Let u be a TL-subgroup of a
group G such that u=Np,. If 4 is characteristic, then
M) is characteristic for all primes p.

Proof. By Lemma 3.5, we have fi,  f™(i). Also
by Lemma 3.5,

Hoy®)=o)f (F)))
=(f ") i (Ax))
2 i (fix))
=f (g)(x) for all x&G.

Thus we have f (i) & pi,). Therefore, ™ (Lp))=ti)
for all automorphisms f of G.

-

Lemma 3.7. [7] Let u be a TL-subgroup of a
group G with T=A. Let O (x)=m where xEG. If n is
an integer with (m, n)=1, then p(x")=p(x).

Theorem 3.8. Let u be a TL-subgroup of a group
G with T=A such that y=0 lig). For x& G with Oy(x)=
p'm, where p is a prime and (p, m)=1, let x; and x,
be such that x=xup=xzt,, Oux)=p’ and Ofx;)=m.
Then the following hold:

(1) Hoy(x)=Heyo61)=px1)

)] Ou(p)(x)=0u(p)(xl)=P'

Proof. Let u= . And let g be a prime different

from p. Since (O (), P)=1, el Y=tho(er) by

23
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Lemma 3.7. Since g )=u(ef )=1, pg)=L1.
Since (0,,(’,)(x2), m)=1, g (x:")=Lp(x;) by Lemma 3.7.
Since it )=, o)=L, Thus ()=t
(o1x2)=tip(x1)=pi(xy) since T=A and p=M ). And g,
(x:1")=p(x;") for all integers n, because Lg(x:1")= U (x1)
=1 and U=Npe. Thus e (x")=pie)x " )=t x")=4
(x\") for all integers n, since T=A, and so O, ,(x)=

0o Hp )(x1)=0 u(xl)zpt~

Definition 3.9. [11] A TL-subgroup u of a group
G is called a fully invariant TL-subgroup of G if the
image f(i) of p under f is contained in p for ail
endomorphisms f of G.

Clearly, a fully invariant 7Z-subgroup is characteristic.

Proposition 3.10. Let y be a TL-subgroup of a
group G with T=A such that u=p, and O x) is
finite for all x&G. If u is fully invariant, then y,; is
fully invariant for all primes p.

Proof. Let x&G such that Ou(x)=p'm and (p, m)=1.
And let x; and x, be such that x=xux,=x,%;, Opx))=p’,
and Ou(x2)=m. Since u=0g), HeX)=pex)=p(x1) by
Theorem 3.8. Now let u be fully invariant and f an
endomorphism of G. Since O, (p)(/(xz)) is a power of

D, Hp(fx2))=p)(fx2)™) by Lemma 3.7. Also, since f{i)
Cu, we have

B = ) (fx))
=sup{1(z) | f{z)=Ax)}
> (x) for every x=G.

Thus we have

Eeo(foe))=Li(fe)")
= 1)) =p(fe ")) = px")=1,

and so ug(fix))=1.

Since pe(f(x))=He)(fxix2))
=He(fx)fx))
=He)(fx1))
= [f(x1))
= Wxy)
=H(x1)
=le)x),

we have

R i) @)=sup{ U,x)|fx)=2}
<sup{ te (%)) | ix)=2}
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=l,(2) for every zEG.

Hence fig)< i) So U is fully invariant.

Definition 3.11. [2] A TL-subgroup p of a finite
group G is said to have the property (*) if Ou(x)=
O(y) implies u(x)=p(y) for all x, y=G.

Lemma 3.12. [7] Let u be a TL-subgroup of a
group G. If u(x)=1, then pi(xy J=pily J=pyx).

Proposition 3.13. Let u be a TL-subgroup of a
group G with T=A such that u=M g, and O,(x) is
finite for all x©G. Then u has the property (*) if
and only if p, has the property (+) for all pri-
mes p.

Proof. Let x, y=G such that OM@)(x)=O,,(p)(y)=p’.
Let O x)=p'm with (p, m)=1. And let x;, x, =G be
such that x=xp=xx, O ,(x)=p' and O (x,)=m. Let q
be a prime different from p. Since (O, (1), =1, u,
xf l)=p(q)(x1) by Lemma 3.7. Since p(xf I)Z,u(x{’ 1)=
1, pg@a)=1. Since (Oy (x2), m)=1, e )=ty x2)
by Lemma 3.7. Since pg(x")=pu(x")=1, Ug(x)=1.
Then we have Hg(x)=te(XX)=He(x)=p(x1), by
Lemma 3.12 and p=0\ . Since p= and p(x;")
> fgx)=1, then we have Ug(x")=p(x") for all
integers 7. And pg) (X" )=t ("%, ") =l (x")=p(x,") for
all integers n by Lemma 3.12, and so p’=0,,(p)(x)=0,,(p)
(x1)=0,(x:)=p". Thus I=t. Thus we have Ou(x)=p'm, O,
O)=p'n with (p, m)=(p, n)=1. Now let x; and x, be
such that x=xu=xax;, Ox1)=p’, and Ou(x2)=m. And
let y; and y; be such that y=yiy,=y:y1, Ou(y1)=p’, and
Ouy2)=n. Then Ug)xX)=He(x1)=p(x1) and te)(y)=tip)v1)
=u(y;) by Theorem 3.8. So if u has the property (+)
then Y, has the property (*).

For the converse, let Ou(x)=0,(»)=p,""--p," where
the p/s are distinct primes. By Theorem 3.8, Ou(ﬁ)(x)=
Ou(pi)(y)=p,-"i for all i€{1, 2, -+, r}. Since every y(,,
has the property (+), fi(s, (®)=H,, 0) for all i€{1, 2,
-, r}. Let g&{ps, ---, p.} and g be a prime. Since
(Ol’(q)(x)7 pi"tp)=1, Hlx p‘} mp?)#‘(q)(x)' Since Hg
&7 P2 A A=, po@=1. Similarly gl

1. Thus pg\(x)=i(y) for all primes p. Thus we have
HEX)=H( ).
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Definition 3.14. [9] A TL-subgroup u of a group
G is called a generalized characteristic TL-subgroup
of G if O(x)=0(y) implies u(x)=u(y) for all x, y=G.

Proposition 3.15. Let y be a TL-subgroup of a finite
group G with T=A such that u=Ny, K p is a
generalized characteristic TL-subgroup, then g, is a
generalized characteristic 7L-subgroup for all primes p.

Proof. Let x, y&G such that O(x)=0(y)=p'm and
(p, m)=1. And let x; and x, be such that x=xx,=xx;,
O(x\)=p', and O(xy)=m. Since (Ou,x2), m)=1 and
Oﬂ(p)(xg) divides O(x,), 0“(1:)(x2) divides m. Then we
have O,‘(P)(xz)=1 ie., Uplx2)=1. Let g be a prime
different from p. Since Ou(q)(xl) is a power of g, Uy
(% )=Hgx1) by Lemma 3.7. Since He(xf )=p(x} )=1,
Hpx)=1. Since =0 Hg), HEx)=Hg(x1). Thus pe)x)=
U(xix2)=Lipyx)=(x;) by Lemma 3.12.

Similarly, there is y/=G such that O(y,)=p' and u,
(»)=u(y1)- So if p is a generalized characteristic TL-
subgroup, then y, is a generalized characteristic 7L-
subgroup.

4. Some Properties of a Directed
Family of TL-subgroups

In this section, we study some properties of
directed subfamily of TL-subgroups. We let L°
denote the set of all L-subsets of G.

Definition 4.1. [11] A family {i|ucLC, icl} is
said to be directed, where I is a nonempty index set
if it satisfies the following conditions:

(1) For each x&G, there exists an i,&I such that
uu(x)=iglm(x);

(2) For each pair (i, )= X1, there exists an ;=1
such that y;,V y;,<pi,.

It follows from this definition that if {u|ueL’ i
€1} is a nonempty finite directed family of L°, then
;/Im =(y; for some j&I.

Proposition 4.2. [1] Let {u|weLC, i€I} be a
directed family of L°, where I is a nonempty index
set. If y; is a TL-subgroup of G for each i€I, then
V 1t; is a TL-subgroup of G.

il

Definition 4.3. [9] A TL-subgroup u of a group G

25

is said to have the property (B) if p(x")=(x) for all
xEG and for all integers n.

Proposition 4.4. Let {i| <L, i<I} be a directed
family of TL-subgroups of G, where I is a nonempty
index set. If y; has the property (B) for each i</,
then ~\e/1‘l‘ has the property (B).

Proof. Suppose that y; has the property (B) for
each i€l Let x&G. Then we have

Y px)=sup {x") lier}
=sup {u(x) i€}
0

for all integers n. So V ; has the property (B).
il

Proposition 4.5. Let {u|pusLS, iSI} be a
directed family of TL-subgroups of G, where [ is a
nonempty index set. Let x&G and Q(x)=a; for all i
&1. And let {a;|i<I} be finite. Then (1) Oi\e/],,,.(x) is
a common divisor of {a;|i&[}.

Ia; is the

il

(2) OV (%) is a divisor of Ila;, where
iEI’Ll i€l
product of the elements in the set {a;|i<T}.
Proof. (1) For each i€l, since Vu; (x>, (x )=
il
1, Oy ,(x) is a divisor of a; by Proposition 2.4.
iel

Ha. IIa;
() Since A (il )=inf {m} cay* ' |j€N=1,
=]

On,,

(x) is a divisor of ITa; by Proposition 2.4.
icr =

Proposition 4.6. Let {u|mesLC i<I} be a
directed family of 7L-p-subgroups of G with T=A,
where [ is a nonempty index set. Then Vu, is a TL-p-
subgroup. !

Prooj:. Let n=mp’, (p, m)=1. For eacth i€l, since
(0 4, (x” ), m)=1 we have pufx """ )=pfx” ). Then i\g/}u,-
@)=V )=V (). Thus min {r] Vji()=1)
is a power of p. Therefore, O v 5 (x) is a power of p

for all xG.

Proposition 4.7. Let f: G— H be an epimorphism.
And let | ELS, i€} be a directed family of L”,
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where I is a nonempty index set. For each i€, let y;
be finvariant. Then {f{w)|wSLE, i€} is a directed
family of L”,

Proof. Let y=H. Then there exists an x&G such
that y=f{x). Since {i|EL’, i€I} is directed, there
exists an ;& such that ua(x)=i\e/lu,-(x). Therefore

there exists an i, &1 such that fu.)y)=V f(u)y)
il

since y; is f-invariant for each i&I. For each pair (i,
LYEIXI, since {w}|wELS, i€l} is directed, there
exists an &I such that pu,,Vu;,<pu;, Therefore
there exists an &1 such that 4

S )V i )= s,V i)
Sf(ﬂ'é) .

This completes the proof.

Proposition 4.8. Let f: G— H be a homomorphism.
And let {u;} |iELY, iET} be a directed family of L,
where I is a nonempty index set. Then f(u) | L,
i1} is a directed family of L°.

Proof. Let xG. Since {u|w&L", i€} is directed,
there exists an igy=1 such that p,-f(x)(/(x))=i\e/luq(f(x)).

Therefore there exists an igy&7 such that f 'l(pif(x))(x)
=V fu)(). For each pair (i, i,)IXI, since {1} |u
el

LY, i} is directed, there exists an ;=1 such that
WiV i<, Therefore there exists an &I such
that

FA )V ) = £,V 1)
< fi).

This completes the proof.
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