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CONSTANT NEGATIVE SCALAR
CURVATURE ON OPEN MANIFOLDS

SEONGTAG KIM

ABSTRACT. We let (M, g) be a noncompact complete Riemannian
manifold of dimension n > 3 with scalar curvature S, which is close
to —1. We show the existence of a conformal metric g, near to g,

whose scalar curvature § = —1 by gluing solutions of the corre-
sponding partial differential equation on each bounded subsets K;
with UK; = M.

1. Introduction

Let (M, g) be a noncompact complete Riemannian manifold of di-
mension n > 3 with scalar curvature S. In this paper, we study suffi-
cient conditions for (M, g) to admit a conformal metric § = ud/(n=2)g
near to g, whose scalar curvature S = —1. This problem is equivalent to
finding a smooth positive solution u, which is close to 1, of the following
partial differential equation:

(A) —cnAu + Sy = —yt2/(n=2)

where ¢, = 4(n —1)/(n — 2).
To state our theorem, we introduce a notation:

Af{quP + j{_—ﬁ;Suz dv,

ueé‘?"f(M) (f u2n/(n—-2) dVg)(n—2)/n’
M

Q(M,g) =
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which is a conformal invariant. Note that Q(M,g) < Q(S™, go), where
go is the standard metric on S™. Any locally conformally flat open
Riemannian manifold satisfies Q(M, g) = Q(S™,go) (see [5]). Now we
state our Theorem.

THEOREM 1. Let (M,g) be a noncompact complete Riemannian
manifold of dimension n > 3 with scalar curvature S and infinite vol-
ume. Assume that Q(M,g) is finite and f[,,|S'| + |S'|™2dV, < oo,
where S’ = S+ 1. Then, there exists a conformal metric § = u4/ (n=2)g
whose scalar curvature is —1. Moreover, u is close to 1 in the following
sense:

(B) / V-1 + u—-1)>2+u—-1PY"2 4V, < 0.
M
IfQ(M,g) >0 and u—1€ H?(M,g), then u is unique and

/ V(= 1) + (u—1)2 + [u— 1P gV, - 0 as
M

/M IS'] + |S'"2 4V, — o.

Developments of conformal changes of metrics on compact manifolds
can be found in Aubin [1]. Conformal changes of a metric to a constant
negative scalar curvature on noncompact complete Riemannian man-
ifolds have been studied by Aviles and McOwen [2] and Jin [3] using
upper and lower solutions. Recently, Li [4] studied this problem when
(M, g) satisfies S > —sp for a constant sp, Ay > 0 and other extra
conditions, where

AL = inf{/(cn|v¢|2 + s(x)p?) dV, : ¢ € C3(M /¢2 dv, = 1

In this paper, we study conformal metrics using integrals of per-
turbed scalar curvature S’ = S + 1 without using a lower bound of
scalar curvature.
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2. Proof of main results

First we sketch the proof of the existence of a positive solution of
(A), which you can find details in [4]. The following existence of a
conformal metric on a smooth bounded domain with nonzero boundary
data is known (see [4]).

LEMMA 1. Let K; is a smooth bounded domain with boundary 8K;
Suppose that 1) is positive smooth function on 8K;. Then there exists

a positive solution u of (A) with u = v on 8K;. Moreover u is unique
when Q(M, g) > 0.

Assume that there exists a sequence of smooth bounded domains
{K;} with K; C K;4; and UK; = M. By Lemma 1, there exists a
smooth positive solution u; of (A) on each K; and u; = 1 on 8K;. We
extend the domain of u; by defining u; = 1 on the outside of K;. We
use the same notation u; for this extension. Note that the extension
u; — 1 is in H3(M, g). We construct a positive solution of (A) on M by
gluing solutions u; of equation (A) on each K.

Aviles and McOwen [2] showed the following Lemma.

LEMMA 2. For each compact set X C 2 there exists a constant Cy
such that any nonnegative weak solution u € HZ() of (A) satisfies

< Cp.
max u(z) £ Gy

Using the elliptic estimates and Lemma 2, we have a convergent
subsequence {u;} which converges to u in C** on each compact subset.
Using the maximum principle, we have a positive solution u for (A).

Next we estimate the behavior of solutions of (A). Let h; = u; — 1,
h=u—-1,a=(n+2)/(n-2), X1 = {z € K;| - 1< hy(z) <1} and
X3 = {z € K;|1 < hi(z)}. Note that h(z) > —1.

CLamM 1. [y, |h:|*t! dV, is bounded.
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Proof. First we give a bound on f,,|S'h;|dV,. By Young’s inequal-
ity, there exists a positive constant C(c;) for a given positive constant
c; with the following:

/ |1S"Rs| dV, < / 18" hs| dV, + / 1S"hs| dV,,
K,' X1 Xz
<[ is1av+ [ IsHav,
() o >
< / 15'] v, + / Cle)|S[2 + eahe|e L dV,,
X1 X2

= / 1S’ dVy + / C(@)IS'I™? + c1|hs| >+ dV.
M M
Therefore, we have
(2) / 15"kl AV 5/ IS'IdVg“‘/ Cle)|S'|? + e |hs| >t dV.
M M M
From the given condition of Theorem 1,
a ) 2/a
QM. g)( [ Il av)¥ "
< / (—CnAhi + Sh,;)hi dVg,
K;
(3) < / (—enl(ui — 1) + S(us — 1)hidV,,
K;

< [ (-uz - S)hiav,,
K;

- / (—(1+ ha)® + 1 — §')hs V.
K;

Using the basic inequality, 0 < |h|**? < ((1 + hs)® — 1)A;, (1) and
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(3), we have
Qo) [ = av) s [ papiay,,
Ki K,'
QK ( [ e ) s [ (@b - kb,
() s Ki
<[ -Smav,
K;

< / 15'] dV, + / ClDIS' ™ + eal sl av,,
K; K;

Taking ¢; < 1 in the above, we have:

he+tav, < o / 15"V, + / S12av, +Cy),
(5) K; K; Ki

gc(/ |S’|dVg+/ |S'|"/2dVg+C’2).
M M

where C and C5 are positive constants independent of 7. Note that we
take Co = 0 when Q(M, g) > 0. Therefore we have

© [ mrrtan <o [ isiav+ [ isrragec). o

CramM 2. [, |Vh;[*dV, is bounded.
Proof.

en|Vhi|2dV, = / —enhiAh; dV,,
K,', Ki
= / —cnhiAu; dVy,
K;
< / (—=Su; — u&)h; dV,,
K;
< / (1= 8')(1 + hi) = (1+ h)*)hs dV,.
K;
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From (7),

/ cn| VR + (1 + hs)® — (1 + hi))hidV
K,
< / —S'(1 + hi)h; dVy,
K;
® <[ 18a+hondav,+ [ 1S+ nnd v,
X1 X2
< 2/ |S’|dVg+2/ |S’h2| dVy,
X1 X2

—<_2/ {S’IdVg+2(/ |S/|n/2dVg)2/'n(/ Ihi!a+1dvg)2/a+l.
M M M

By Claim 1, we conclude that [,,|Vhi|>dV, < oo since (1 + hi)> —
(1 + hi))hi >0 for h; > —1. O

Cram 3. [,, h? dV, is bounded.
Proof.

Q(M, g)( / |ha|ott dav,) T < / (—cnAh; + Shi)h; dVy,
Ki K,’

© < [ VR + (14 S,

From (9),
Q(M’g)(/ Ihil"‘“d%)2/a“+/ K2 dv,,
K: K,
< / calVRil2 + S'RZ dV,
K;
S/ en|Vhi2dV, + (/ IS'I"/2dVg)2/”(/ (bl dv,) Y/t
M M M
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Finally, we have

/ B2 v, < / cn|Vhil2dVg+(|Q(M,g)i( / [hglottdv,) /ot
M M M

s([isrran) ) ([ derran) T

By Claim 1 and Claim 2, we have a bound in the right hand side of the
above equation. O

From the above Claims and u; = 1+h; — u, we have (B) in Theorem
1. Since volume of (M, g) is infinite and (B), u can not be identically
zero. By the maximum principle, we have a positive solution of (A).
The second part of Theorem 1 comes from the fact that we can take
C3 = 0 in (5) and the maximum principle.

REMARK. We can weaken the volume condition on Theorem 1. There
exists a positive constant C3 such that Theorem 1 holds when volume
of M is greater than C3. This comes from Claim 1.

References

[(1] T. Aubin, Nonlinear analysis on manifolds, Monge-Ampere equations, Springer-
Verlag, New York, 1982.

[2] P. Aviles and R. McOwen, Conformal deformation to constant negative scalar
curvature on noncompact Riemannian manifolds, J. Diff. Geom. 27 (1988),
225-239.

[3] Z. Jin, Prescribing scalar curvatures on the conformal classes of complete met-
rics with negative curvature, Trans. Amer. Math. Soc. 340 (1993), 785-810.

[4] M. Li, Conformal deformation on a noncompact Riemannian manifolds, Math.
Ann. 295 (1993), 75-80.

[6] R. Schoen and S. Yau, Conformally flat manifolds, Kleinian groups and scalar
curvature, Invent. Math. 92 (1988), 47-71.

DEPARTMENT OF MATHEMATICS, SUNG KYUN KwAN UNIVERSITY, SUWON 440-
746, KOREA
E-mail: stkim@yurim.skku.ac.kr

201



