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AN APPLICATION OF FRACTIONAL
DERIVATIVE OPERATOR TO A NEW CLASS OF

ANALYTIC AND MULTIVALENT FUNCTIONS

S. K. Lee and S. B. Joshi

Abstract. Making use of a certain operator of fractional deriva-

tive, a new subclass Lp(α, β, γ, λ) of analytic and p-valent functions

is introduced in the present paper. Apart from various coefficient
bounds, many interesting and useful properties of this class of func-

tions are given, some of these properties involve, for example, linear

combinations and modified Hadamard product of several functions
belonging to the class introduced here.

1. Introduction and definitions.

Let Sp denote the class of functions defined by

(1.1) f(z) = zp +
∞∑

n=1

ap+nz
p+n, p ∈ N = {1, 2, · · · }

which are analytic and p-valent in the unit disk U = {z : |z| < 1}.
Also, let Tp denote the subclass of Sp consisting of analytic and p-
valent functions of the form

(1.2) f(z) = zp −
∞∑

n=1

ap+nz
p+n, (ap+n ≥ 0, p ∈ N).
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The object of the present paper is to investigate systematically a new
class Lp(α, β, γ, λ) of analytic and p-valent functions f(z) belonging
to the class Tp and satisfying the condition

(1.3)

∣∣∣∣∣∣
Γ(1+p−λ)

Γ(1+p) Dλ−pDλ
z f(z)− 1

αΓ(1+p−λ)
Γ(1+p) Dλ−pDλ

z f(z) + (1− γ)

∣∣∣∣∣∣ < β, z ∈ U

where and throughout this paper, parameters α, β, γ and λ are re-
stricted as follows:

0 ≤ α ≤ 1, 0 < β ≤ 1, 0 ≤ γ < 1 and 0 ≤ λ ≤ 1.

Further, Dλ
z f(z) denotes the fractional derivative of f(z) of order λ,

as defined below, with

D0
zf(z) = f(z) and D1

zf(z) = f ′(z).

We note that such type of classes have been rather extensively studied
by Kim and Lee[3], Gupta and Jain[2], Srivastava and Aouf[8] and
by Srivastava and Owa[10]. Several essentially equivalent definitions
of fractional derivative and fractional integral have been given in the
literature(c.f. [1], [6], [7]). We find it to be convenient to restrict
ourselves to the following definition used recently by Owa[5] (and also
by Srivastava and Owa[9]).

Defintion 1. The fractional integral of order γ is defined, for a
function f(z), by

(1.4) D−λ
z f(z) =

1
Γ(λ)

∫ z

0

f(ξ)
(z − ξ)1−λ

dζ

where λ > 0, f(z) is an analytic function in a simply connected region
of the z-plane containg the origin, and the multiplicity of (z− ξ)λ−1 is
removed by requiring log(z − ξ) to be real when z − ξ > 0.

Definition 2. The fractional derivative of order λ is defined, for a
function f(z), by

(1.5) Dλ
z f(z) =

1
Γ(1− λ)

d

dz

∫ z

0

f(ξ)
(z − ξ)λ

dξ,

where 0 ≤ λ < 1, f(z) is an analytic function in a simply connected
region of the z-plane containing the origion and the multiplicity of
(z − ξ)−λ is removed as in Definition 1 above.
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Definition 3. Under the hypothesis of Definition 2, the fractional
derivative of order n+ λ is defined, for a function f(z), by

(1.6) Dn+λ
z f(z) =

dn

dzn
Dλ

z f(z), (0 ≤ λ < 1, n ∈ N0).

In the present paper, we have obtained sharp result, involving co-
efficients and distortion theorems, and theorems involving modified
Hadamard products.

2. Coefficient estimates.

Theorem 1. A function f(z) defined by (1.2) is in the class
Lp(α, β, γ;λ) if and only if

(2.1)
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

(1 + αβ)ap+n ≤ β(α+ 1− γ).

The result (2.1) is sharp.

Proof. Assume that the inequality (2.1) holds true and let |z| = 1.
Then we obtain∣∣∣∣∣∣

Γ(1+p−λ)
Γ(1+p) Dλ−pDλ

z f(z)− 1

αΓ(1+p−λ)
Γ(1+p) Dλ−pDλ

z f(z) + (1− γ)

∣∣∣∣∣∣
=

∣∣∣∣∣−
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n

∣∣∣∣∣
− β

∣∣∣∣∣α− α
∞∑

n=1

ap+n
Γ(n+ 1− p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

zn + (1− γ)

∣∣∣∣∣
≤

∣∣∣∣ ∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n − β(α+ 1− γ)

+ αβ
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n

∣∣∣∣
≤

∞∑
n=1

(1 + αβ)
Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+n − β(α+ 1− γ)

≤ 0.
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Thus we have that f(z) is in the class Lp(α, β, γ;λ).
Conversely, assume that f(z) is in the class Lp(α, β, γ;λ). Then it

has

∣∣∣∣∣∣
Γ(1+p−λ)

Γ(1+p) Dλ−pDλ
z f(z)− 1

αΓ(1+p−λ)
Γ(1+p) Dλ−pDλ

z f(z) + (1− γ)

∣∣∣∣∣∣
(2.2)

=
∣∣∣∣ ∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n

∣∣∣∣∣∣∣∣(α+ 1− γ)

− α
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n

∣∣∣∣−1

< β.

Since |Re(z)| ≤ |z| for any z, we find from (2.2) that

Re

{( ∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n

)(
(α+ 1− γ)

(2.3)

−α
∞∑

n=1

Γ(n+ 1− p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+nz
n

)}−1

< β

Choose values of z on the real axis so that Γ(1+p−λ)
Γ(1+p) Dλ−p

z f(z) is real.
Upon clearing the denominator in (2.3) and letting z → 1− through
real values, we have

∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+n

≤ β(α+ 1− γ)− αβ
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

ap+n,

which gives the desired assertion (2.1).
Finally, we note that the assertion (2.1) of Theorem 1, is sharp, the

extremal function being

(2.4) f(z) = zp − β(α+ 1− γ)Γ(1 + p)Γ(n+ 1 + p− λ)
(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)

zn+p. �
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Corollary 1. Let the function f(z) given by (1.2) belong to the
class Lp(α, β, γ;λ). Then

(2.5) ap+n ≤ β(α+ 1− λ)Γ(1 + p)Γ(n+ 1 + p− λ)
(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)

,

for every integer n ∈ N.

3. Distortion theorem

Theorem 2. Let the function f(z) defined by (1.2) be in the class
L(α, β, γ;λ). Then

|z|p−|z|p+1 (1 + p− λ)β(α+ 1− γ)
(1 + αβ)(1 + p)

(3.1)

≤ |f(z)|

≤ |z|p + |z|p+1 (1 + p− λ)β(α+ 1− γ)
(1 + αβ)(1 + p)

Furthermore

Γ(1 + p)
Γ(1 + p− λ)

|z|p−λ − β(α+ 1− γ)Γ(1 + p)
(1 + αβ)Γ(1 + p− λ)

|z|p+1−λ

(3.2)

≤ |Dλ
z f(z)|

≤ Γ(1 + p)
Γ(1 + p− λ)

|z|p−λ +
β(α+ 1− γ)Γ(1 + p)
(1 + αβ)Γ(1 + p− λ)

|z|p+1−λ

whenever z ∈ U.

Proof. Since f(z) ∈ Lp(α, β, γ;λ), in view of Theorem 1, we have

(1 + p)(1 + αβ)
(1 + p+ λ)

∞∑
n=1

an+p(3.3)

≤
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

(1 + αβ)ap+n

≤ β(α+ 1− γ),
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which evidently yields

∞∑
n=1

an+p ≤
β(α+ 1− γ)(1 + p− γ)

(1 + p)(1 + αβ)
.

Consequently, we obtain

|f(z)| ≥ |z|p − |z|p+1
∞∑

n=1

an+p

≥ |z|p − |z|p+1 β(α+ 1− γ)(1 + p− λ)
(1 + αβ)(1 + p)

,

and

|f(z)| ≤ |z|p + |z|p+1
∞∑

n=1

an+p

≤ |z|p + |z|p+1 β(α+ 1− γ)(1 + p− λ)
(1 + αβ)(1 + p)

,

which prove the assertion (3.1).
Next, by using second inequality in (3.3), we observe that

∣∣zλ Γ(1 + p− λ)
Γ(1 + p)

Dλ
z f(z)

∣∣
≥ |z|p −

∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

an+p|z|n+p

≥ |z|p − |z|p+1
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

an+p

≥ |z|p − β(α+ 1− λ)
(1 + αβ)

|z|p+1,
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and ∣∣zλ Γ(1 + p− λ)
Γ(1 + p)

Dλ
z f(z)

∣∣
≤ |z|p +

∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

an+p|z|n+p

≤ |z|p + |z|p+1
∞∑

n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

an+p

≤ |z|p +
β(α+ 1− λ)

(1 + αβ)
|z|p+1,

which prove the assertion (3.2) of Theorem 2. �

4. Theorems involving modified Hadamard products.

Let f(z) be defined by (1.2), and let

(4.1) g(z) = zp −
∞∑

n=1

bp+nz
p+n, bp+n ≥ 0, p ∈ N.

The modified Hadamard product of f(z) and g(z) is defined here by

(4.2) f ∗ g(z) = zp −
∞∑

n=1

ap+nbp+nz
p+n.

We first prove

Theorem 3. Let the functions fj(z)(j = 1, 2, · · · ,m) defined by
(4.3)

fj(z) = zp −
∞∑

n=1

Cn+p,jz
n+p (Cn+p,j ≥ 0, j = 1, 2, · · · ,m; p ∈ N)

be in the class Lp(αj , βj , γj ;λ), (j = 1, 2, · · · ,m), respectively. Also,
let

2λ
1 + p

+ min
1≤j≤m

{αjβj} ≥ 1.

Then

(4.5) f1 ∗ f2 ∗ · · · ∗ fm(z) ∈ Lp(Πm
j=1αj ,Πm

j=1βj ,Πm
j=1γj ;λ).
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Proof. Since fj(z) ∈ Lp(αj , βj , γj ;λ)(j = 1, 2, · · · ,m), by using
Theorem 1, we have

∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

(1 + αjβj)Cn+p,j(4.6)

≤ βj(αj + 1− γj)

and

(4.7)
∞∑

n=1

Cn+p,j ≤
βj(αj + 1− γj)(1 + p− λ)

(1 + αjβj)(1 + p)

for each j = 1, 2, · · · ,m. Using (4.6) for any j0 and (4.7) for the rest
we obtain

∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

(1 + Πm
j=1αjΠm

j=1βj)Πm
j=1Cn+p,j

≤
( 2(1+p−λ)

1+p

)m−1Πm
j=1βj(Πm

j=1αj + 1−Πm
j=1γj)

Πm
j=1,j 6=j0

(1 + αjβj)

≤
( 2(1+p−λ)

1+p

)m−1Πm
j=1βj(Πm

j=1αj + 1−Πm
j=1γj)

(1 + min
1≤j≤m

{αjβj})m−1

≤ Πm
j=1βj(Πm

j=1αj + 1−Πm
j=1γj),

since

(4.8)
2− 2λ

1+p

1 + min
1≤j≤m

{αjβj}
≤ 1.

Cosequently, we have the assertion (4.3) with the aid of Theorem
1. �

Theorem 4.. Let the functions fj(z)(j = 1, 2) defined by (4.2) be
in the class Lp(α, β, γ;λ). Then

(4.9) f1 ∗ f2(z) ∈ Lp(µ(α, β, γ, λ), β, γ, λ)

where

(4.10) µ(α, β, γ, λ) =
(α+ 1)(1 + αβ)− β(α+ 1− γ)2(1 + p− λ)

(1 + αβ)(1 + p)
.

The result is sharp.
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Proof. It is sufficient to prove that

(4.11)
∞∑

n=1

(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)
β(α+ 1− γ)Γ(1 + p)Γ(n+ 1 + p− λ)

Cn,1Cn,2 ≤ 1

for µ ≤ µ(α, β, γ, λ). By using Cauchy-Schwarrz inequality, it follows
from (2.1) that

(4.12)
∞∑

n=1

(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)
β(α+ 1− γ)Γ(1 + p)Γ(n+ 1 + p− λ)

√
Cn,1Cn,2. ≤ 1

Thus we need to find the largest µ such that

∞∑
n=1

(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)
β(α+ 1− µ)Γ(1 + p)Γ(n+ 1 + p− λ)

Cn,1Cn,2

≤
∞∑

n=1

(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)
β(α+ 1− γ)Γ(1 + p)Γ(n+ 1 + p− λ)

√
Cn,1Cn,2

or equivalently, that

(4.13)
√
Cn,1Cn,2 ≤

α+ 1− µ

α+ 1− γ
, n ∈ N.

In view of (4.12), it is sufficient to find the largest µ such that

(4.14)
β(α+ 1− γ)Γ(1 + p)Γ(n+ 1 + p− λ)

(1 + αβ)Γ(n+ 1 + p)Γ(1 + p− λ)
≤ α+ 1− µ

α+ 1− γ
.

The inequality (4.14) yields

(4.15) µ ≤ (α+ 1)(1 + αβ)− β(α+ 1− µ)2

1 + αβ
ψ(n), n ∈ N,

where

(4.16) ψ(n) =
Γ(1 + p)Γ(n+ 1 + p− λ)
Γ(n+ 1 + p)Γ(1 + p− λ)

.
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Since ψ(n) defined by (4.16) is a decreasing function of n, for fixed λ,
we have
(4.17)

µ ≤ µ(α, β, γ, λ) =
(α+ 1)(1 + αβ)− β(α+ 1− γ)2Γ(2 + p− λ)

(1 + αβ)Γ(2 + p)Γ(1 + p− λ)

that is

µ ≤ µ(α, β, γ, λ) =
(α+ 1)(1 + αβ)− β(α+ 1− γ)2(1 + p− λ)

(1 + αβ)(1 + p)

which evidently proves the assertion (4.9) under constraint (4.10).
Finally, by taking the functions

fj(z) = zp − β(α+ 1− λ)(1 + p− λ)
(1 + αβ)(1 + p)

zp+1, j = 1, 2.

We can see that the result in Theorem 4 is sharp. �

5. Linear combination of functions in the class Lp(α, β, γ;λ)

Finally, we prove

Theorem 5.. Let each of the functions fj(z)(j = 1, 2, · · · ,m) de-
fined by (4.3) be in the class Lp(α, β, γ;λ). Then the function h(z)
given by

(5.1) h(z) =
1
m

m∑
j=1

fj(z)

is also in the class  Lp(α, β, γ, λ).

Proof. By the definition (5.1) of h(z), we have

(5.2) h(z) = zp −
∞∑

n=1

 1
m

m∑
j=1

Cn+p,j

 zn+p.
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Since fj(z) ∈ Lp(α, β, γ;λ)(j = 1, 2, · · · ,m), by using Theorem 1, we
obtain

∞∑
n=1

Γ(n+ 1 + p)Γ(1 + p− λ)
Γ(1 + p)Γ(n+ 1 + p− λ)

(1 + αβ)

 1
m

m∑
j=1

Cn+p,j


(5.3)

≤ β(α+ 1− γ),

which, in view of Theorem 1, yields Theorem 5. �
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