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ON THE BEHAVIOR OF L? HARMONIC
FORMS ON COMPLETE MANIFOLDS
AT INFINITY AND ITS APPLICATIONS

GABJIN YUN

ABSTRACT. We investigate the behavior of L2 harmonic one forms
on complete manifolds and as an application, we show the space
of L?harmonic one forms on a complete Riemannian manifold of
nonnegative Ricci curvature outside a compact set with bounded
n/2-norm of Ricci curvature satisfying the Sobolev inequality is
finite dimensional.

1. Introduction

In this paper, all manifolds are complete, oriented and Riemannian
unless explicitly stated otherwise. Let (M, g) be a complete Riemann-
ian manifold and H?Ly(M) denote the space of L? harmonic p-forms
on M, i.e., p-forms w € QP(M) such that

(1.1) Aw =0, /w/\*w:/ |w|? dv, < .
M M

It is clear that HP Lo(M) is naturally isomorphic to H" P Ly (M) under
the Hodge star operator x,n = dim(M).
The basic fact for the L? harmonic forms is the following

LEmMA 1.1 ([Grol], [Yal]). If w is L? harmonic p-form on a

complete Riemannian manifold M, then it is closed and co-closed, i.e.,
dw = dw = 0.
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Obviously harmonic 0-forms are harmonic functions and there are
several well-known results for harmonic functions on a complete non-
compact Riemannian manifold. For instance, from Lemma 1.1 it is
easy to see that every harmonic L?-function on a complete Riemannian
manifold M is constant. For harmonic 1-forms, if M has nonnegative
Ricci curvature, then there is no L? harmonic one forms on M ([Ya3]).
However, if M has nonnegative Ricci curvature outside a compact set,
then there should be a nontrivial L? harmonic one form ([Don]). In
fact, Donnelly has proved the following

THEOREM 1.2 ([Don]). Assume M is a complete Riemannian man-
ifold of nonnegative Ricci curvature outside a compact set. Then for
fixed p > 2, the space of L*P harmonic one forms on M is finite dimen-
sional.

Note that L? harmonic one forms are not necessarily in the class
of L*?, p > 2. In this article, we will investigate the behavior of L?
harmonic forms and prove finiteness of dimension for the space of L?
harmonic 1-forms on a complete noncompact Riemannian manifold as
an application.

2. Behavior of harmonic one forms at infinity

Assume M is a complete noncompact Riemannian n-manifold (n >
3) of nonnegative Ricci curvature outside a compact set K satisfying
the Sobolev inequality, i.e.,

(2.1) (/M ¢52“> ’ < C, /M |Vo|? forall ¢ e CHM),

with some positive constant Cs and p = .

Suppose K is contained in a geodesic ball B(p,r,) of radius r, > 0
for a point p € M. The volume comparison theorem shows for r» > r,
sufficiently large

(2.2) vol(B(p,r)) < Vr™,

where V' > 0 is a positive constant. We denote M \ B(p,r) by D(r)
for r > r,.
In this section, we shall prove the following
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THEOREM 2.1. Let M be a complete Riemannian n-manifold (n >
3) of nonnegative Ricci curvature outside a compact set satisfying the
Sobolev inequality. Suppose furthermore

/ |Ric|"? < .
M

If w is an L? harmonic one form on M, then for r > r,,

sup |w| < C -7/,

D(r)

where C' > 0 is a positive constant depending only on Cs, K,V,n and
k = max |Ric|.

EXAMPLE. Let (S™,¢1), n > 3, be the standard sphere and (R", g,)
the Euclidean flat space. Let M = S™"#R"™ be a connected sum of S™
and R™. The Riemannian metric g on M is obtained from ¢; and g, by
smoothing on the gluing part. Then obviously one has Ric(M,g) > —k
for some constant k£ > 0 and Ric(M,g) > 0 outside a compact set. In
fact, if letting K be a compact set containing the part S™, then Ric =0
on M — K and so

/ | Ric|™/? :/ |Ric|™? < .
M K

It is also well-known (cf. [Aub]) that such a manifold M satisfies the
Sobolev inequality (2.1). It follows from Theorem 3.1 that the space of
L? harmonic one-forms is finite dimensional. Furthermore it is known
([Don]) that such a manifold admits a non-constant bounded harmonic
function.

First we shall prove some a priori estimates for a nonnegative func-
tion v which satisfies

(2.3) Au>—fu on M,

with nonnegative function f < k, k£ constant.
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LEMMA 2.2. Suppose f € L™/?(M), and u € L?>(M). Then one has

m
(2.4) ( / u2“) <C(r2+41) / u?,
D(2r) D(r)
where C' > 0 depends only on Cy, k and V.

Proof. For any constant a > 1, multiplying (2.3) by ¢?u?*~!, we

have
/¢2 2a —/¢2U2a1AU

for any compactly supported Lipschitz function ¢ on M. Integration
by parts gives

—/¢2u20‘_1Au = 2/¢u2°‘_1<v¢, Vu) + (2a — 1)/g1>2u20‘_2|Vu|2

> 2/¢u2°‘_1<v¢, Vu) +a/¢>2u2°‘_2|Vu]2.
By (2.1), and using the following identity

[V = [ woae

+20z/¢)u20‘_1<v¢, Vu>+a2/¢2u2a_2|Vu|2,

we get

25 [ [vepez o (/wﬂuw)i

Let us now choose ¢(r) to be the cut-off function such that 0 <
¢ < 1,6 = 0 in B(p, )UD(QT‘) and ¢ = 1 in D(2r) \ D(2r") with
V| < Cy(r— +1/71) for 2 < #/. Substituting this ¢ into (2.5), one
gets

m
Cs_l / u2a,u S
D(2r)\D(r’)
1 1)\?
C1 <—+—/> / u2°‘+ka/ u?e,
ro.r supp|V | D(r)\D(2r")

Letting o = 1 and ' — o0, one gets (2.4) O
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LEMMA 2.3. Suppose u € L?>(M). Then

sup  u < C’r_”/Q/ u?.
D(r)\D(2r) D(r/2)

Proof. Let 8 < a. From (2.5) one has

2o 5[ [worez oo ( [y

For r1 < ro < r3 < rq with r{ — ro = 73 — rg4, we take ¢ so that
0<¢ <1,¢=0in B(p,r) UD(rs),¢ = 1 in D(ry) \ D(rs) with
|Vé| < Cz(rg — r1) 1. Then substituting this ¢ into (2.6) we get
(2.7)

Cs_l </ um’“‘) SCQ(ﬁ-F(TQ—Tl)_Q)/ UQﬁ.
D(r2)\D(r3) D(r1)\D(r4)

We set
1/8
r(B,r,r') = </ uﬁ> )
D(r)\D(r")

(2.8) L(2Bu,re,13) < {C(B+ (re — Tl)_Q)}l/QBI‘(Qﬂ, T1,7T4).

T~

T~

We have

Taking 71, = (1 = 27")r, "o m = T1mit1, Tam = (2+27™)r,rgm =
T4,m+1 and B, = 26y, we obtain

F(ﬁm+17 T1,m+1, T4,m+1) S {C(ﬁ + 4. 4m7ﬂ72)}1/26umF(ﬁm7 T1,m, ’r4,m)'

Inductively we have
F(ﬁm» T1,m; T4,m) <

( ﬁ [C(B+4-4m. r—Z)}”w”m> T(2,1/2,5r/2)
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Since Y mpu~" < oo and Y pu~™ =n/2, one has

H {C(ﬁ+4.4m.r_2)}1/26“m < H {C(ﬁ+4r‘2)4m}1/25“m
m=1

m=1
< 03(5_{_4?072)17,/45
Hence, by setting 3 = 1, we get

sup  u < C-r 2 u?}. O
D(r)\D(2r) D(r/2)

PROPOSITION 2.4. Under the same hypotheses as above, one has

sup u§C-r”/2/ u?.
D(2r) D(r)

Proof. Tt follows from Lemma 2.3 directly. In fact, one has
sup u<C- (27“)_”/2/ u?.
D(2r)\D(4r) D(r)

and | D(r) u? is bounded by [,, u? which is independent of 7. So the
radius is becoming larger, the supremum is getting smaller. 0

Proof of Theorem 2.1. 1t follows from Proposition 2.4. O

3. Applications

As an application, we shall prove the following

THEOREM 3.1. Let M be a complete Riemannian n-manifold (n >
3) of nonnegative Ricci curvature outside a compact set satisfying the
Sobolev inequality. If

|Ric|"/? < oo,
M
then the vector space of L? harmonic one forms on M is finite dimen-
sional.

The proof follows from a priori estimates of the behavior of L? har-
monic forms at infinity. Since Theorem 3.1 is trivial if M is compact,
we may assume M is noncompact.
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Proof of Theorem 3.1. Let w be a differential one form on M. From
the Bochner-Weitzenbock formula, we have

1
(3.1) §A\w|2 = |Dw|* + Ric(w™,w?).

On the other hand, since

1
(3.2) Al = wlAw] +[VIwl]?,
from Kato’s inequlaity
Vlw|| < [Dwl,
one has
(3.3) Alw| > —|Ricl|w|.

We may assume from the hypothesis that
Ric(M) > —k,

where k& > 0 depends on the compact set K and assume K C B(p,r,).
Let w be a L? harmonic one form on M. Then one has from (3.3)

Alw| > —k|w|.

Applying Theorem 2.1, one has for r, < r

Jowlr=[ i [
M B(p,r) D(r)
4p
S/ |w|?? 4 C - 2P (/ |w|2> )
B(p,r) D(r/2)

This implies H'Ly(M) C H'Ly,(M) and so the proof follows from
Theorem 1.2. O]
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