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SUBSERIES CONVERGENCE AND
SEQUENCE-EVALUATION CONVERGENCE

Min-HyuNG CHO, HONG TAEK HWANG AND WON SOK YOO

ABSTRACT. We show a series of improved subseries convergence
results, e.g., in a sequentially complete locally convex space X every
weakly co-Cauchy series on X must be cg-convergent. Thus, if X
contains no copy of cg, then every weakly cg-Cauchy series on X
must be subseries convergent.

Let X be a locally convex space. A series ) z; on X is said to be
weakly c-convergent if for every {t;} € c the series Y 77 | t;z; converges
in (X, weak), i.e., for every {t;} € c there is an zy € X such that

> tif(a;) = lim f3t5a;) = f(wo)
Jj=1 j=1

for each f € X', the dual of X (= the family of continuous linear
functionals on X). In this case, g is the weak sum of the series ) t;z;
and we write v = w — Z;; tjx;. Similarly a series > x; on X is said
to be c-convergent if for every {t;} € c the series 77 t;x; converges
in X.

Since ¢o C ¢, if Y x; is weakly c-convergent then ) x; is weakly co-
convergent and, by the Orlicz-Pettis theorem, ) z; is ¢o-convergent.
Therefore we have

PROPOSITION 1. If)" z; is weakly c-convergent, then for all f € X'

(¥ S 1)) < +oc.
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Proof. See [1], Theorem 2. O

Of course, if ) z; is (weakly) co-convergent, then (x) holds and the
converse is true if X is sequentially complete.

Note that with the norm ||{t;}||c = supj|t;|, co, ¢ and [*° are
Banach spaces. For a locally convex space X, let o(X, X'), 7(X, X')
and B(X, X’) denote the weak topology, the Mackey topology and the
strong topology, respectively. 7(X, X’) is just the topology of uniform
convergence on weak® (o(X’, X)) compact balanced convex sets in X’
and B(X,X’) is just the topology of uniform convergence on weak*
bounded sets in X'. If (X, | - ||) is a Banach space, then 7(X, X’) =
B(X,X’") = - || by the Banach-Alaoglu theorem (see [2]).

For a locally convex space X (with the locally convex topology p)
and an operator T' : ¢ — X we say that T is continuous means 7T’
is || - || = p continuous. But p < 7(X,X’) < B(X,X’) so || -] —
B(X, X') continuity is stronger than continuity (= ||-||cc — p continuity).
However, by the Hellinger-Toeplitz theorem, if (V)| - ||) is a Banach
space and T : Y — X is continuous, i.e., || - || — g continuous, then
Tis || -] — B(X,X") continuous because B(Y,Y’) = || - ||. Thus, for
T :c— X, the continuity of T' is equivalent to the || - ||oc — 5(X, X’)
continuity.

It is well known that if ) x; is a (weakly) co-convergent series on
a locally convex space X, then letting T'{t;} = Z;’il tjx; for each
{t;} € co, T'is || -||oc — B(X, X") continuous linear operator and, hence,
Tis || - |loo — B(X,X’) continuous. Note that in this case the series
Z;‘;l t;x; converges with respect to the original topology on X and
the more strong 7(X, X’), the Mackey topology. But in the case of
c-convergence, a weakly c-convergent series need not be c-convergent.
The following result shows that weakly c-convergent series also gives
| - [loo — B(X, X’) continuous operators.

THEOREM 2. Let X be a locally convex space and ) x; a weakly c-
convergent series on X. Define T : ¢ — X by T{t;} =w — 377 tjz;,
{t;} € c¢. Then T is a continuous linear operator and, hence, T is
| - [loo — B(X, X") continuous.
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Proof. If {t;} € c, then

> tif(wy) = 1iT{nthf(~’L’j) = lim FO tjmg) = flw =Y t;a;)
j=1 j=1 J=1 g=1

for all f € X’. Suppose that lim,{ts;} = {t;} in (¢, weak). It is well
known that f € ¢’ if and only if there exists a v € C and a

{y}el' ={{5}: Z 6] < +oo}

such that
s} = v lim s; + Z%Sa
7j=1

for {s;} € c. Therefore,

hm['y hmta]] - hmZtafy] = ’yhmt - Zt]’yj
j=1 j=1

for every v € C and {vy;} € c. Letting v = 0, we then have
lim,, Z;’il taj; = Zj’;l t;y; for all {;} € I*.

Now let f € X’ be arbitrary. By Proposition 1, {f(z;)} € I
Therefore,

hm f(T{ta;}) = hmf Ztaﬂ?g = hmZtajf xj) thf(xj)
j=1

w—Zt x;) = f(T{t;}).

This shows that T" is weak-weak continuous. By the Hellinger-Toeplitz
theorem ([2], P. 169, Corollary. 6), T'is B(c, ') — B(X, X') continuous.
But B(c,c) =+ |loo s0 T is ||  ||oo — B(X, X’) continuous. O
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A series ) x; on a locally convex space X is said to be weakly c-
Cauchy if for every {t;} € c, {Z?Zl tjz; 12 is a Cauchy sequence in
(X, weak), i.e., for each f € X',

n

{th () ner = Zt Tj) b nea

J=1

is a Cauchy sequence in C. Clearly, )  z; is weakly c-Cauchy if and
only if for every {t;} € cand f € X’ the series Zj‘;l t; f(x;) converges.
The following result shows that a weakly c-Cauchy series on a sequen-
tially complete locally convex space must be cyg-convergent. Note that
Banach spaces are sequentially complete locally convex spaces.

THEOREM 3. Let X be a sequentially complete locally convex space.
If a series Y x; on X is weakly c-Cauchy, then ) x; is co-convergent,
i.e., for each {t;} € ¢ the series 2?21 tjz; converges.

Proof. Suppose Y 77 |f(z;)| = +oc for some f € X'. There is an
integer n1 > 1 such that Z;;l |f(z;)] > 1. There is an integer ny > ny
such that 72, |f(x;)] > 3°7L, [f(24)| + 2. There is an nz > ny such
that 372 ) [f(2;)| > 3272, | f(2;)|+3. Continuing this construction we

have an integer sequence 1 =ng < n; < ny < ng < --- such that
Nkg+1
Yo @)l >k+1, k=01,23,---.
j=ni+1
Let t1 =0, t; = %Hsgnf(mj), ng <j<ngy, k=0,1,2,3,---. Then

t; — 0so {t;j} € co C c. But

Sotid) =Y il =Y Y e @)
j=1 j=2 k=0 j=np+1
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for all N € N, i.e., Z;’il tjf(z;) diverges. This contradicts that ) x;
is weakly c-Cauchy. So 3777, |f(z;)| < +oo, foa all f € X'. Let

n
A= Zaja:j:neN,|a|§1,1§j§n
j=1

For every f € X',
FO )| =D i) <Y loglIf ;)]
Jj=1 Jj=1 j=1

<Y @)l < If ()] < +oo,
j=1 j=1

for all Z?Zl ajr; € A. This shows that A is weakly bounded and,
hence, bounded by the Mackey theorem ([2], p.114, Theorem 1).

Now suppose that {t;} € co, i.e., t; — 0. Without loss of generality,
we assume that for all jo there exists j > jo such that ¢t; # 0. Let U
be a neighborhood of 0 € X. Letting oy = sup;>|t;|, ar — 0. Since
A is bounded, there is a 6 > 0 such that A C U for all |a] < 4. Since
ay — 0, there is a kg € N such that if k& > kg, then |ag| < . Therefore,
if m >k > kg, then

m m

Z Z tj
tj.fL'j = O — Xy

5 . ag

Jj=k Jj=k

m
t.
= oy 0x1+0x2+---+0xk_1+5 Lz,
j=k

ca,ACU.

This shows that {Z?Zl tjz;}o, is Cauchy and, hence, the series
Z;‘;l t;x; converges because X is sequentially complete. 0
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THEOREM 4. Let X be a sequentially complete locally convex space.
For a series ) x; on X, the following conditions are equivalent.

(1) > x; is a weakly unconditional Cauchy series, i.e., for all f €
X1, 5 1 ()] < oo,

(2) For every {t;} €1°°, {3 ,catjz; : A CN finite} is bounded.

(3) >-x; is co-convergent, ie., for every {t;} € co, the series
> ;= tjz; converges.

(4) Y-z, is weakly co-Cauchy, i.e., the series Z;i1 tjf(xz;) con-
verges for every {t;} € ¢ and f € X'.

(5) > x; is weakly c-Cauchy, i.e., the series Zj‘;l t;f(z;) converges
for every {t;} € c and f € X'.

(6) {227 tjzj:n €N [t;] <1, 1<j<n}is bounded.

Proof. By Theorem 2 of [1], (1)=(2)=(3) since X is sequentially
complete. Since ¢y C ¢, (5)=(4). As in the proof of Theorem
3, (1) = (1) = (6) = (3) = (4). So (1)=(2)=(3)=(4)=(6) and
(5)=(4). Suppose (4) holds. Then (1) holds because (1)=(4), i.e.,
> ey |f(@5)] < 4o, for all f € X'. Since {t;} € ¢ = {t;} is bounded,

D It f @)l =Y Nl f ()] < supslts] Y[ f ()] < +oo.
j=1 j=1 j=1
This shows that >°°°, t; f(2;) converges for all {t;} € c. O

COROLLARY 5. If X is a sequentially complete locally convex space,
then (1)=(2)=(3)=(4)=(5)=(6)=(7)=(8)=(9)=(10).
(7) 32521 |tj f(z)] < +oo, for all {t;} € co, f € X'
(8) Z;‘;l [tjf(z;)] < 400, for all {t;} € ¢, f e X'.
(9) Z;’;l [t;f(x;)| < 4oo, for all {t;} € I, fe X"
(10) E;; tjf(z;) converges for every {t;} € [*°, and f € X'.

Proof. {t;} €1 = {t; sgn f(x;)} € [*°, so (9)=(10).
(1)=(9)=(8)=(7)=(4)=(1). O

Now we give the main result of this paper.
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THEOREM 6. Let X be a sequentially complete locally convex space.
The following conditions are equivalent.

(a) X contains no copy of cg.

(b) Each weakly co-Cauchy series on X is c-convergent, i.e., if
Z;’;l t;jf(z;) converges for every {t;} € co and f € X', then
> ;=1 tjx; converges for each {t;} € c.

(c) Each weakly c-Cauchy series on X is c-convergent, i.e., if
2;11 tjf(xz;) converges for every {t;} € ¢ and f € X', then
Z;i1 tjx; converges for each {t;} € c.

Proof. (a)=(b). Suppose Z;’il o f(x;) converges for every {a;} €
co and f € X'. Let {t;} € ¢. Then «;t; — 0 for each {o;} € ¢
SO Z;’il a;f(tjz;) converges for every {a;} € ¢y and f € X'. By
theorem 4 ((3)=(4)), Y72, a;t;jz; converges for each {a;} € o, ie.,
{tjz;} € CMC(X) (see [3]). Since X contains no copy of ¢g, by
Theorem 4 of [3], Zj‘;l tjx; converges, i.e., (b) holds.

(b)=(c) : ¢o Cec.

(c)=(a). Suppose X contains a copy of ¢o. Say that ¢cp C X. Let ¢;
denotes the sequence that has 1 at the j-th spot and 0 elsewhere, i.e.,
e; =(0,--+,0,1,0,0,---). For every {t;} € cand f = {o;} € ! = ¢,

Z\tjf(ejﬂz Zf(tjej) = f(thej)

n
|f(t17t27"' 7tn70707"')| = Zt]aj
i=1

n n
< Il < supjlt] Y lay]
j=1

Jj=1

n
< supjlt;| Z laj| < 400,
Jj=1

foralln € N, i.e., for every {t,;} € cand f € ¢, Z;’il tjf(e;) converges.
However, letting ¢; = 1 for all j, {t;} = {1} € ¢ but the series 3~ ¢;
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diverges in ¢q :
n
” ZejHOO = H(07 70717177"' 7170707"')||oo =1
j=m
for all 1 <m < n < +4oo. If lim, Y7, e; = x € X\co, then

n
lim || ) ejfl =0.
m,n— oo

j=m

So Z;; e; diverges in X. This contradicts (c). O

COROLLARY 7. If a sequentially complete locally convex space X
contains no copy of ¢y, then every weakly c-convergent series on X is
c-convergent.

By Theorem 4 of [3], we have

THEOREM 8. Let X be a sequentially complete locally convex space.
The followings are equivalent.

(1°) X contains no copy of cy.

(2°) Each weakly co-Cauchy series on X is bounded multiplier con-
vergent, i.e., if 337 | t; f(x;) converges for every {t;} € co and
f €X', then 372 | tjx; converges for each {t;} € 1°°, the fam-
ily of bounded number sequences.

Proof. (1°)=(b). So if 377 t; f(x;) converges for every {t;} € co
and f € X’/ then {z} € CMC(X) but (1°)= CMC(X) = BMC(X)
by Theorem 4 of [3]. O
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