Honam Mathematical J. 21(1999), No. 1,pp. 57-64

THE UNITS AND IDEMPOTENTS IN
THE GROUP RING OF ABELIAN
GROUPS Zg X Zz X Zz AND Z2 X Z4

WON-SUN -PARK

Dept. of Mathematics,
Chonnam National University, Kwangju 500-757, Korea.
E-mail : wspark@chonnam.chonnam.ac.kr.

Abstract Let K be a algebraically closed field of characteristic 0 and G
be abelian group Z; X 23 x Z3 or Z3 x Zj.

We find the conditions which the elements of the group ring KG are
unit and idempotent respecting using the basic table matrix of G. We can
see that if @ = Y r(g)g is an idempotent element of KG, then r(l) =

12 oo
O i T L

1. Introduction

Kaplansky and Zalesskii say that if a = Y r(g9)g € KG is
a nontrivial idempotent element, then (1) is a rational number
lying strictly between 0 and 1 when K is a field of characteristic
0 and G is any group.

Cliff and Sehgal say that if & = )_r(g)g € KG is a nontrivial
idempotent element, then r(1) is a rational number such that
7(1) = % and (r,s) = 1 when K is a field of characteristic 0 and
G is a polycyclic - by - finite group.

Sehgal and Zassenhaus say that the group ring RG has no
nontrivial idempotent elements if the commutative ring R has
nontrivial idempotent elements and every prime divisors of |G| is
a non unit of R [6].
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In [3], [4] and [5], we found all idempotent elements in KG and
thus we can see that if a = Y.'%/r(¢g)g € KG is an idempotent
element, then r(1) = 0, TéT’ ]%[, ,lgrgrl,l when K is a alge-
braically closed field and G is a Klein's four group, finite cyclic
group or Z, X Z,.

In this paper, let K be a algebraically closed field of character-
istic 0. We shall find the units and idempotent elements in the
group ring K'G and shall say that if o = ) r(g)g € KG is an
idempotent element, then r(1) = 0, T(%'T’ I—C%T’ e ,%3,1 when G
is an abelian group Z; x Z3 x Z3 or Zy x Z4.

Let R be a ring with unity and G = {go = 1,91,92," " ,9n-1}
be a finite group. From the element a = Y7o r(g:)g: of the

group ring RG, we obtain a following matrix M, by putting r(g;)
in the place of g; in the basic group table matrix of G.

r(1)  r(g1) -+ 7(gn-1)

| e

o) - e )

2. Zo X Zy X Zg

In abelian group Z; x Z3 x Z3, let Gy = (0,0,0),9; = (0,0,1),
g2 = (0, 1,0),93 = (0,1,1),94 = (1,0,0),95 = (1,0,1),96 =
(1,1,0),97 = (1,1,1). Then the represented matrix M, of the
element o = E;O r;g; of the group ring K (Z; X Z; X Z5) is as
following

A : B

M, = .

B : A

where
Yo 7Ty T2 T3 T4 Ts5 Te T7
Ty To T3 T2 Ts T4 T7 T¢
A:: ) B:

re T3 To T Te T7 T4 T5

Ty Te T1 To/. re Tg T T4
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And thus
-1
SR A+B 0 A
Ma'_ R PR . 5. “ .. e PR - ..
I - 0 . A-B I -

Let £ be a primitive 2th root of unity in K and £ be conjugate
to £ in K. ) B
Let V = LV (18), V = 5V (18), i = diag(p:1(Vp1(€)) , P, =
diag(p2(1)p2(£)), H1 = diag(h1(1)h1(£))
and H; = diag(hz(1)ha(€)) where V(1€) is a Vandermonde ma-
trix, p1(z) = (ro +r4) + (r1 +75)z, pa(z) = (ro — r4) + (r1 — 7r5)z,
hi(z) = (ra+re)+(rs+r7)r and ha(x) = (rp—76) + (r3—r7)z.

Then

1720 1% Pi+H;: 0 1% 1
A+ B= . ) ..

vV -V 0 P -H 172N 72

-1

v oo \% P+ Hy 0 | 1%
A-B=1]... ... .

1720 v4 0 P—H, 172N 7
ThusMa:

~1

/v Vv V\ (P1+H15 0 0 o ) /V Vv
V-V V-V 0 PL-Hy o0 0 V-V V-
V. Vi-Vi-V 0 : 0 Po+Hy 0 Vi Vi-Vi-v
v 7\ 0 0 o mem) \vivp v

Since detM, =
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[P1(1)? = 2 (1)?][p1.(6) ~ b1 (€)?)[p2(1)* — h2(1)?][p2(€)? - ha(£)?],

we have that M, is a unit if and only if

p1(1) # £hi (1),
p1(§) # £hi(§),

T p2(1) # £he(1)  and
p2(€) # £ha(§).

Therefore we have the following Theorem.

THEOREM 2.1. Let a = 3/_ rigi € K(Za X Za x Z3). ais a
unit if and only if

(ro + 7‘1) + (7”2 + 7'3) # :*:{(7‘4 +7r5) + (Ts -+ 1"7)],

(ro+m71) — (ry + r3) # :i:[(h; +7r5) — (re + T7)],

(ro —r1) + (r2 —r3) # £[(rg = r5) + (r¢ — r7)] and
[( )]

(ro—r1) —(ra—r3) # % T4 —715) — (r6 — 77)].

THEOREM 2.2. Let « = Y.1_ rig9; € K(Z3 x Zy x Z5). Then
« is an idempotent element if and only if

(ro+r)+(ra+rs)+(ra+rs)+(re+r7)=0 or 1
(ro+r1)+(ra+r3)—(ra+rs)—(re +r7) =0 or 1
(ro+r1)—(ro+r3)+(ra+rs)—(re+r7) =0 or 1
(ro+71) —(ra+7r3) —(ra+7rs)+(re +717) =0 or 1,
(ro—ri)+(ra—r3)+(ra—rs)+(re —r7) =0 or 1
(ro—m1)+(ra—r3) = (ra—r5) —(re —r7) =0 or 1
(ro—r1)—(ra—r3) — ( J+(re —r7) =0 or 1

)~ ( ) + 1

(ro—r1) —(rg —r3

T4 — Ts

ra—15)+ (re —r7) =0 or

Proof. Since a = Z;—o 7i9;i € K(Z2x Z3x Z3) is an idempotent
element if and only if M2 = M,, we have that « is an idempotent
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element if and only if

p1(1) +h1(1)=0 or 1,

p1(1) —h1(1)=0 or 1,

pi(€) +hi(§) =0 or 1,

p1(f) —h1(§) =0 or 1,
2

Pa(€) +ha(€2) =0 or 1,

p2(€?) —ha(€*) =0 or 1,
p2(€3) + he(€®) =0 or 1 and
p2(€%) —h2(€®) =0 or 1

where py(z) = (ro+714) +(r1+735)x, p2(z) = (ro—74) + (r1 —75)z,
hi(z) = (r2 +re) + (ra + r7)z, ha(x) = (r2 —716) + (r3 — 17)T
and £ is a primitive 2th root of unity in K.

From theorem2.2 we have the following theorem.

THEOREM 2.3. Let a = Y1_,7ig: € K(Z2 x Zy x Z3). Then
if a is an idempotent element, then

1 2 7
r0‘0a§7_8'9' 7'8_71
3. Z2 X Z4
InZ2xZ4,letgo—(0 O) 91:(0 1) gs = (0 2) g3~—(0 3) g4 =
(1,0),95 = (1,1),96 = (1,2), 97 = (1, 3), then the represented ma-

trix M, of the element o = ZLO rig; of the group ring K (Z2x Z4)
is an following
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where
To 71 T2 T3 Ty Ts Te T7
ry T Tr1 T ™ T4 Ts T
A= 3 0 1 2 ., B= 7 T4 5 6
T2 T3 Tog T Te T7 T4 T5
Ty T2 T3 To Ts Te T7 T4

A = SV(1L6€)diag((1)p(E)p(Ep(E) 5 V (1EEE)

B = —21—V(1£§2§3)diag(h(1)h(E)h(EZ)h(Es))%V(lggz’? )

where £ is a primitive 4th root of unity in K, £ is conjugate to
€ in K, V(1£¢2%¢3) is a Vandermonde matrix, p(z) = rg + riz +
rez? + r3z® and h(z) = rq + rsz + rex’ + rozd.

Let V = 3V (166%€°), V = 3V (1€°€3), P = diag(p(1)p(£)p(€?)
p(€%)) and H = diag(h(1)h(§)h(€*)R(£?)). Then

VPV . VHV
Ma = .
VHV . VPV
-1
% Vv P+H: 0 v Vv
1% v 0 P-H 1% . 74
Since
(p(l) +h(1) 0 : 0 : 0 \
0 Ip(&)£h(E): 0 0
P+ H=
0 : 0 D p(€2) + h(£?) 0
\ o : 0 : 0 © p(£3)  h(€3)

detMy = |P + H||P - H|
= [p(1)% - h(1)?][p(£)? — R(€)?][p(€%)? — h(€2)%][n(£3)* — h(£3)?]

Therefore we have the following theorems.
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THEOREM 3.1. Let a = Zzzo r:9i € K(Z3 x Z3). Then a is a
unit if and only if

p(1) # £h(1),

p(§) # £h(§),

p(6?) # £h(€%) and
p(€%) # £h(€%),

where £ is a primitive 4th root of unity in K, p(z) = ro + 1z +
7222 + r3z3 and h(zx) = r4 + rsz + r62? + r713.

THEOREM 3.2. Let a = Z;O r:9; € K(Zy x Z;). Then « is
an idempotent element if and only if
p(1)+h(1)=0 or 1
p(1)—h(1)=0 or 1
p(§) +h(§)=0 or 1,
p§) —h(§) =0 or 1

p(E*) +h(€*) =0 or

p(€%) ~h(€*) =0 or

PE) +h(€%) =0 or

p(€%) —h(€®) =0 or

st ek ek e

)

where £ is a primitive 4th root of unity in K, p(z) = ro + m1z +
rox? + 7373 and h(z) = rq4 + r5z + rex? + r713.

From Theorem3.2, we have the following theorem.

THEOREM 3.3. Ifa = Z;O rig; € K(Z3 x Z4) is and idempo-
T 2 7
1

tent element, thenro =0,5,%, - §,1.
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