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PERMUTING TRLDERIVATIONS IN 
PRIME AND SEMI-PRIME RINGS

M. Ali Ozturk

Abstract. In this work, we study permuting tn-denvations and give 

an example

1. Introduction
Throughout this work, R will represent an associative ring and Z 

will denote the center of R, We shall write [re, y] for xy — yx.
A mapping £)(.,.) : R x R — R \앙 called symmetric if D(x, y) = 

D(y, x) holds for all x.y E R. A mapping d , R -스 R defined by 
d(x) = x) is called trace of £)(.,.), where D(.,,) : R x R —> R 
is a symmetric mapping It is obvious that, if x K — R is
a symmetric mapping which 코s also bi-additive (i e , additive m both 
arguments), then trace of Z)(.,.) satisfies 나le relation d(x + y) = d(x) + 
d(y) + 2D(x, y) for all x、y £ R.

A symmetric bi-additive mapping DJ.) , R x R R is called a 
symmetric bi-derivation if D(xy、z) = D{x^ z)y + xD(y, z) is fulfilled 
for all x,y,z E R. Then 난le relation D(xy yz) = P(x, y}z + yD(x, z) is 
also fulfilled for all x. y, z G R.

We shall need the following well-known and frequently used lemmas.
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LEMMA 1. ([2, Lemma 2. (s시) Let R be a prime rtngy a E R 
and d : R R an a-derwatzon. If U zs a non-zero ideal of R and 
ad(U) = 0, then a = 0 or d = 0.

Lemma 2. ([11, Lemma 1]) Let R be a ^torsion free semi-prime 
nng, U a non-zero ideal of R and a, b be fixed elements of R. Then the 
following conditions are equivalent :

i) axb = 0 for allt x cU：
ii) bxa = 0 for all x £U,

iii) axb + bxa = 0 for all x E U.
If one of these conditions is fulfilled and l(U) = 0； then either a = 0 
or b = 0 too, where 1{U) zs the left annihzlator ofU.

2. The Results
We shall start our investigation of permuting tri-derivations with 

the following result.

Definition 3. Let 1? be a ring. A mapping D(.,.) : R x R x 
R — R is called tri-additive if

D(x + w, y, z) = D(x. y, z) + P(w, y, z)
D(z,y + w.z) — D(x,y,z) + D(x,w,z)
D(x. y7z + w) = D(x, y, z) + D(x, y, w)

holds for all x. y.z.w 6 R. A tri-additive mapping D(”.) : R x R x 
R R is called permuting tri-additive if y, z) = 1)(齐 =
Z?(z, x, y) = D{z,y,x) = Z)(y, z, t) = D(^yyx, z) holds for all z, w 6 
R. A mapping d : R -소 R defined by d(x) = D(x, x, x) is called trace 
of DJ .), where D(.,.) * RxRxR-스 permuting tri-additive 
mapping

It is obvious that, if Dj ,.) : R x R x R — is a permuting 
tri-additive mapping then the trace of satisfies the relation
d(x + g) = d(£) + d(y) + 3P(x, .t, y、) + 3D(x, y、y) for all x.y E

A permuting tri-additive mapping DJ.) : RxRxR —His called 
a permuting tri-derivation if D(xw^ y、z) = y、z)w + xD(w^ y、z) is 
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fulfilled for all x, y、z〉w £ R. Then relation D(x^ yw^ z) = y, z)w+ 
yD(x^ w, z) and D(x、zw) = D(x, g〉z)w-izD(x, y, w) are fulfilled for 
all x, ?/, z, w G R.

Let D(.,.) be a permuting tri-additive mapping of R, where K is a 
ring. Since D(0, x, y) = D(Q + 0, x, y) = Z)(0, rr, y) + D(0, x, y\ m this 
case, D(0,x,y) = 0 is fulfilled for all x^y E R. Thus, 0 = D(0, y, z)— 
D[~x + x, y. z) = Z)(—x, y,z) + y, z) for all x^y.z E R and so we 
get that Z)(—x, y, z) = —z) for all x, y, z G R. Therefore, the 
mapping d R t R defined by d(x) = D{x, x. x) is an odd function.

Example 4. For a commutative ring, let

{a b c
0 0 0 I a, 6, c, 6 R
0 0 0

it is obvious that M is a ring under matrix addition and multiplication.
-D(.,M x M x M —> M, defined by
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is a permuting tri-derivation.

Lemma 5 Let R be a 2, 3-torsion free ring, DJ , ) a permuting 
tn-additive mapping of R and d the trace of £)(.,.), If d{x) = 0 for 
all x E R, then D = Q.

PROOF. For any x〉y e R、

d(x + g) = d(x) + d(y) + 3£>(x, x, y) + 3D(x, y, y)

and so, from the hypothesis and since R is 3-torsion free we get, for all 
x,y e R

D(x,x,y) + D(x,y,y) = 0.
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In this case, writing ~x for x in this relation we have, for all r, v 1

D(糾 x,g) +D(x,y,y) = 0.

By adding the relation above and this last relation and sm(广 人'is
2- torsion free we have D(x, x. y) = 0 for all x, y. G R. Thus, wn< ag 
x + z,z E Rfor x in this relation and since R is 2-torsion fr&、we f ve 
Z)(x,z) = 0 for all x.y^z E R. Thus, we get that D = Q.

Remark 6. Let J? be a ring and D(.,.) be a permuting i i- 
derivation of R. In this case, for any fixed a E R and for all r, y( % 
a mapping £)]_(.,,) : R x R R defined by Di(x. y) = P(a,.r, <md 
a mapping(M ；R — R defined by 曲(工)=D(a, a, x) is a symiu 4ric 
bi-derivation ( in this meaning, permuting 2-derivation is a sym net- 
ric bi-derivation ) and is a derivation, respectively. If the ?ymn ?tric 
bi-derivation and the derivation are obtained after some opera< ?ons, 
studying at the permuting tri-derivation is not necessary.

Theorem 7. Let R be a non-commutative prime ring which ?s 27
3- torsion free. Let D(.,.) be a permuting tn-derivation of R and the 
trace of £>(.,.). If [d(x), x] — 0 for all x € R, then D = Q.

Proof. F호om丄he hypothesis, for any x^y E R

[d(x + y),x-]-y] + [d(-x + y),-x + y] = 0

and since R is 2, 3-torsion free we have, for all x^y E R

⑴ [〃3,饥饥,刼+ [刀(："砌),刼=o.

Writing y + z, e -R for in (1), from (1) we get, for all x.y^z e R

⑵ 2[D{x,y,z),x] + 仏히 + [D(x,x,z},y] = 0.

Replacing y by xy in (2) and from (2) we get, for all x^y.z E R

⑶ 2Z)(2,z, z)[g, 씨 + 比 기£)3，z,g) + d(z) 切，끼 = 0.
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Replacing z by ⑦ in (3) and since R is 3-torsion free we obtain, for all 
x^y E R

(4) d(x)\y,x] = 0.

From (4) and Lemma 1 one can conclude that, for any x E Z we have 
d(z) = 0( note that for any fixed x E R 8l mapping y >-> [xyy] is a 
derivation ). Let x e Z'and y E Z. Then, x + y e E Z and 
x + (—y) e Z. Thus, 0 — d(x + g) = d(x) + 3D(x, y, y) + 3D(x, x, y) 
and 0 = d{x + (=;)) = d(x) + 3D(x,y,y) — 3D(x,x,y) which implies 
난

(5) d(x) +3D(x.y,y) = 0.

Writing x + y for y in (5), from (5) and since R is 3-torsion free we get

(6) d(x) + 2P(x, x, y) = 0.

Writing —x for x in (6) we get,

(7) —d(x) + x, y) = 0.

From (6) and (7) and since R is 2-torsion free we obtain D(x.x,y) — 0 
Let us write in this relation x + y instead of y we have d(x) = 0. Thus, 
we obtain that d(x) = 0 for all x E R. From Lemma 5 we have D == 0.

Theorem 8. Let R be a non-commutatzve prime ring of character­
istic not 2 and 3-torszon free. Let D(.,.) be a permuting tn-denvatwn 
of R and d the trace of Z)(.,.). If [d(x), x] E Z for all x E R, then 
Q = 0.

Proof. From the hypothesis, for any x, y E R

[d(x + y),x + y] + \d(-x + y), -x + y] e Z

and since CharR 寸二 2 and R is 3-torsion free we have, for all x, y E R

(8) [刀3,她),찌 + 卩)("：,，),，]€乙
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Writing y + z, z E R for y in (8), from (8) we get, for all rr, y, z E R
、、、

⑼ 2[D(x,yyz),x] + [Z?(x,x,y),z] + [D(x,x,z),y] G Z.

Replacing x2 by y in (9) we have, for all x, z £ R

(10) 3x[£>(x, x,z),x] + 3[B(x, x, z), x\x + 찌d(c), 히 + [d(x), 히:r
+ [x, 히d(w) + d(x)[x, z] € Z.

Replacing a? by z in (10), From the hypothesis and since CharR 丰 2 
we have, for all 6 J?

(11) x\d(x), x] € Z.

Thus, we obtain, for all x^y E R

(12) 比切 끼 = 0.

by (11) and the hypothesis. In this case, the illation above makes it 
possible to conclude, using the same arguments as the proof of Theorem 
7, that for any z £ Z we have \d(x), x] = 0. Thus, from Theorem 7 we 
obtain D = 0.

Theorem 9. Let R be a prime ring of ch이pctems此 not 2 and 3- 
torswn free. Let /)!(.,.) and Z)2(-)•? •) be permuting tn-derivations 
of R, di and the traces of .) and •■)•)? respectively. If 
Di(d2(x)yx,x) = 0 for all x € R, then Di = 0 D2 = 0.

Proof. For any x,y e R

Di(d2(x + y),x + y,x + y) + D^d2{-x + y), -x + y,-x + y) = 0

and since CharR ? 2 we have, for all x,y e R

2D1{d2(x),x,y) + Z)i(d2(y),：z；H)+ 6〃L(Z)2(：z；3"/),3：R)

+ 3Di(D2(x, x, y), x,x) + 3Di(D2(x, x, t/), y, y) = 0.
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Writing y + z,z E R for y in (13), from (13) and since R is 3-torsion 
free, we get '

(14) Z)i(£)2(S z, z),x, x) + jDi(jD2(y,饥 z),工,x) + 4D1(D2(x, y, z),x, y) 
+2Di(D2(rr, y, y), z, z) + 4£»1(£>2(^, y, z),x, z) + 2Pi(Z)2(^,律 z),r, y) 
+2Dl(D2(x,y,y),x,z) -Y Di{D2{x,x,y),z,z) + L)i(L)2(2, z, z), g,g) 
+2」Di(£)2(¥，z,z),g, z) = 0,

for aJlx,y,zeR Writing —y for y in (14) we get, for all x,y,z e R

(15) 一 匕)10)2(0,Z, z),z,z) + 刀1(£)2(饥：，,2),9：,。)

+ 4Di (D2(2, y, z), X, y) + 2Di (D23, y, y),x, z)
—4Pi(D2(rr,?/,z),x,^) - z),x,y)
+ 2D1(D2(x,x,y'),y,z) 一 Di(B2(x, x, y), z,2)

一 £)1(匕)2(3, x, z),g, y) 一 2Di(Z)2(a；, x, z),y, z) = 0.

From (14) and (15) and since CharR N 2 we get, for all x,y, z E R

(16) -Di(-D2(y, y, z),x, x) + 2jDi(£)2(t, y, y), x, z)
+ 4£>i(jD2(^, y, z), z, y) + 2£)i(£)2(z, x, y),y, z) 
+ Dl(D2(x,x, z),y,y) = 0.

Replacing yz by z in (16), and from (16) we have, for all xy yy zznR

(17) Dr(x, x, y)D2(y, y, z) + d2(y)Di(x, x, z) + 4：Dr (x,y, y)D2{x, y, z) 
+4D2(x, y, y)Di(x, y, z) + D2{x, x, y)Dr (y, y, z) + d1(y)D2(x,x, z) = 0.

Replacing x by y m (17), since CharR 尹 2 and R is 3-torsion free we 
have, for all x,y,z G R

(18) di[x)D2(x,x,z) + 工,z) = 0.

Writing yz for z in (18) and from (18) we obtain, for all x^y, z E R

(19) dr(x)yD2(x,x,z) + d2(x)yDi(x7x, z) = 0.
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Writing x for z in (19) and we have, for all x,y e R

(20) dl(x)yd2{x) = 0

by Lemma 2. In this case, suppose that d± and d》are both different 
from zero. Then there exist xi^x^ £ R such that 供 0 and 
c?2(^2)丰 0. In particular, 涉 1(边)%力3고) = 0 for all y e R. Since 
di(a:l)供 0 and 7? is a prime ring we have』2(中)=0. Similarly, 
we get djL(Z2)= 0. Then the relation (19) reduces to the equation 
衫i(Ni)gL)2(：項，;r”z) = 0 for all y E R. Using this relation and Lemma
1 we obtain that Z)2(丁i, z) = 0 for all z E B because of di{xi)丰 0
(recall that the mapping z i is a derivation ).Thus, we
have /)2(싰丄@2)= 0. In the same way, we get = 0.
Substituting +x2 for z, we obtain

di_(z) = di(xi + x2)
=di(xi) + dx(x2) + 3 玖(而,⑦"2)+ 3Di(xi,x2,x2)
=di (xi)丰 0

and 由⑵=d2(^i + ⑦ 2)
=姒％) + 姒伝2)+ 3£)2(8"："2)+ 3D2(^15^2,^2)

' =d2{x2)丰 0.

Therefore we have di(z)尹 0 and』2(z) 0, a contradiction by (20)
and R is prime ring. Hence we get d，i(t) = 0 for all rr € 7? or d2(x) = 0 
for all x & R, Thus, we have that D、= 0 or Z)2 — 0 by Lemma 5.

Corollary 10. Let R be a semi-prime nng of charactenstzc not
2 and 3-torsion free. Let £)(.,.) be a permuting tn~derivation of R 
and d be the trace of Z)(.,.). If D{d[x)^x^x) = 0 for all x E R, then 
D = Q.

Proof. Replacing .) and £)2(-, •, ,) by P(.,.)m (20) we get 
that d{x)yd{x) — 0 for all x.y E R. Thus, since R is a semi-prime ring 
we have D ~ Q by Lemma 5.
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Theorem 11. Let R be a prime nng of characteristic not 2 and 3, 
5-torszon free. Let .) and •)脆 permuting tn-derivations 
of R7 di and d? be the traces o/.) and Z)2( respectively. If 
Di(d2(x),d2(x^x) = 0 for all x E R, then £" = 0 or D± =Q

Proof. For any c R

Di(d2(x + y),d2(x + y'),x + y') + D1(d2(-x + yYd2(-x + y),~x + y) = 0

and since CharR 2 we have, for all x^y E R

(21) 2D1(d2(y'),d2lix'),x) +6Dl(D2(x,x,y), d2 (x), x)
+ 6£>i (D2(x, y, y),d2{y'),x) + 18Di (Z)2(z, x, g), B2(^, y, ；), *)
+ D1(d2(x),d2(x),y) + 6Di(D2(x, y, y),d2(^), y)
+ 6£)i0)2(z, x, y), d，2(g\y) + 9Di(D2(x, y, y\ Z)2(x, y, y), y)
+ 9Di(D2(x,x,y),D2(x,x,y), y) = 0

Writing y + z, z E R for y m (21), from (21) we get, for all x.y.z E R

(22) 6刀i0)2(S z, z),d2(x),x) + 2D、(D如 y, z),d2(x), x)
+ y, y\d2(z),x) + 2D\(匚)2(8凋,y)、d，2(、z), x)
+ 6Di(D2(x, y, y),D2(y, y, z),x) + y, y), D2(y, z, z),x)
+ 4Qi(Z)2(z,mz),d2(0), 찌 + 12Di(£>2(^, y, z), d2(z'),x)
+ 12D1(Z)2(^, y, z), £>2(y, Z, Z), c) + 36£)i(£)2(z, y, z),D2(y,y, z),z) 
+ 6Di(D2(x, z, z),饱(g),功 + 6Di(D2(x, z, z),D2(y, y〔 z), x)
+ 18£)i(£»2(x, z, z)D2(y, z, z), xr) + 12Di(£>2(^, x, y), D2(x, y, z),x)
+ 18Di(£)2(^, x, y), D2(x, z, z),x) + 6L>i(D2(^, x, z), D2(x, y, y),x)
+ 36Pi(D2(^, x, 2),Z)2(«, y, z), z) + 2Z)i(£>2(^, y、y),d2(x), z)
+ 4£)1(D2(.t, y, 2), d(x),y) + 12£)i(£)2(z, g, z),由(勿,z)
+ 6£)i(D2(^, z, z),d2(x),y) + 2Di(D2(x, x, y\ d2(y), z)
+ 2Z)1(D2(x, x, y), d2(z),y) + 6D1(D2(x, x, y),d2(z),z)
+ 18Di(D2(x, x, y), D2(y, z, z),y) + 6Di(D2(^, x, y\ D面 z, z), z)
+ 6匸)1(1&3, x, g),D面 y, z),y) + 18£>2(^, x, y),D2(y, y, z), z)
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+ 2/?i(£)2(^, x, z), d‘心),y) + 6Z)i0)2(z, x, z),d2(y), z)
+ 6Di(D2(t, x, z), d2(z),y) + 6D!(D2(x, x, z),D2(y, z, z), y、)
+ 18£)i0)2(z,z,z),Z)2(g,z,z),z) + 18£>i {D2(x, x, z), D2(y, y, z), y)
+ 6£>i(D2(^, x, z), D2(y, y, z), z) + 3Z>i(A(^, ",饥,刀2(c, x, y), z)
+ 3Di(D2)S，x,饥,D2(x, x, z),饥 + 9乙)i(£)2(z, x, y), D2(x, x, z), z)
+ 3Pi(D2(z, x, z), D2(x, x, y),y) + 9Di(P2(z, x, z), D23, x,y),z)
+ 9£)i(Z)2(c, x, z), D2(x, x, z), g) + 3£)i(D2(^, y, y), D2(x, y, y), z)
+ 6D!(D2(x, y, y), D2(x, y, z),y) + 18Di(Z)2(^, y, y), D2(x, y, z), z)
+ 9Z)i(£)2(z, y, g), D2(x, z, z), g) + 3Di(P2(^, y, y), W卷,z, z), z)
+ 6£)i (D2(x, y, y), D2(x, y, z), g) + 18£)i(£)2(z, y, z), D2(x, y, g), z)
+ 36Z)i (D2(x, y, z), D2(x, y, z), y) + y, z), D^x, y, z), z)
+ 6Z)i(Z)2(c, y, z),D2(x, z, z), g) + 18Pi(P2(-^, y, z), D2(x, z, z), z)
+ 9£)i0)2(z, z, z),D2(x, y, ；)"/)+ 3Qi {D2(x, z, z), D2(x, y, g), z)
+ 6£*£)2(c, z, z), D2(x, y, z), y) + 18Pi(D2(^, z, z), D2(x, y、z), z)
+ 9Z)i(Z)2(c,z,z),Z)2(c,z,z),g) = 0.

Thus, writing —y for y in (22), from the equation is obtained and (22) 
-and since CharR 尹 2 and R is 3-torsion free we get, for all x皿 z C R

(23) 2L)i0)233,z),d2(z),z) + 2Di(D2(rr, y, y), d2(z),x)
+4Pi(B2(s, y, Z),社2(g), X)+ 6£>i(D2(^, y、饥,D2(y, y, z),c)
+6L)i(£)2佃,z, z), D2(y, y, z),工)+ 12£)i(Z)2(z, S z),D2(y, z, z)*) 
+12Di(Z)2(c, x, y),D2(x, y, z), x) + 6Di(D2(x, x, z), D2(x, y, y),x) 
+2D1(D2(x, y, y'),d2(x), z) + 4£)i(Z)2(z, y, z), d2(x), y) 
+2Di(P2(^, c,们,由(饥,z) + 2Z)i(£)2(z, x, y), d2(z), y)
+6刀i0)2(c, c, y、),D血 z, z), z) + 6Dt (刀23, sc, y), D2(y, y, z),饥 
+2Pi(Z)2(ar, X, z), d2(y), y) + &Di(D2{x, x, z), D2(y, z, z),y)
+6刀i0)2(c, x, z), D火,y, z), z) + 3Z)i(Z)2(0：, x, y), D2(x, r,y^z) 
+3Z)i(£)2(c, x, y), £)2(t, :r, z),y) + 3Pi(Z)2(^, x, z), D2(x, x, y),y) 
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+3£)i(£)2(z, y, g), £)2(c, y, g), z) + 12Di(D2(x, y, y\ D2(x, y, z), g) 
+3Di(£)2(z, y, g), £)2(*, z、z), z) + 12D^D2(^, y, z), D^x, y, z), z) 
+6Z)i(P2(^, y, z), Z)2(n, z、z), y) + 3Dl(D2(x, z, z), D2(x, y, y), z) 
+6£)i(Z)2(z, 2, z), D2(x, y, z), g) = 0.

Writing z + w^w E R ior z in (23) and from (23) we obtain, for all 
x,y,z>,w E R

(24) 6Di0)2(3, y, g), £)2(z, w, w),rr) + 6Di(B2(a；, y, y), D2(z, z, w),x) 
+6Di(B2(x, z, z), £)2(0, y, w),x) + 12Z)i(P2(^, z, w), D如 y, z),x) 
+12Di(D2(x, 2, w), Z)2«/, y, w), x) + 6£)1(6(勿,w, w), D如伊,z), x) 
+24r)1(D2(^, y, z), £)2(M z, w), x) + 12Di0)2(z, y, z), D2(y, w, w),x) 
+12玖(D2(x, y,初),£)2(0, z, z), x) + 240(£)2(r, y, w),D2(y, z, w),x) 
+6以l(Z)2(z, z, y),D，2(、z, w, w),y) + 6Di(D2(x, x, y), D2(z, z, w), y) 
+6D1(D2(x, x, g、),D如 z, z), w) + 12Pl(D2(^, z, ；), D2(y, z, w),z) 
+12D!(D2(x, x, y), D出J, z, w),w) + 6jDi(D2(ic, x, y),D2(y, w, w), z) 
+12D!(D2(x, x, z), Z)2(0, z, w), y) + 6Di(D2(x, x, z), D2(y,w, w),?/) 
+6D1(D2(x, x, w'D如 z, z),y) + 12£)1(D2(^, x, w),P2(y, w, z),饥 

+6D1(Di(x, r, z),L)2(S y, Z),讪 + 6£>i(D2(^,X, ^),Z)2(y, V、W), z) 
+&D1 (£)2(z, x, z), D如 y, W),w) + 6D1 (D2(x, x, w), D如 y, w\z} 
+6Zg (£板(工,x, w), D如 y, z), z) + 6£)i(Z)2(z，z, w), £>2(y, y, z), w) 
+12£)1(£版3, y, y), Wjc, z, z), w) + 6Di(D2(x, y, y), D2(x, z, w),z) 
+6£)i (D2(x, y, y),D2(x, z, w),w) + 3Di(D^x, y, y、), D2(x, w, w), z) 
+12Di(D2(x, y, z), £)2(s, y、z), w) + 12Di(D2(x, y, z),D2(x, y, w), z) 
+ 12D!(£)2(x, y, z), D2(x, y, w), w) + 12Di(D2(^, y, w), D2(x, y, z), z) 
+ 12£>i (D2(x, y, w), D2(x, y, z),w) + 12£)i(£)2(c, y, w), D2(x, y, w), z} 
+12」Di(£)2(2, y, z), £)2(*, 2, w),y) + 6Pi(D2(^, y, z), D2(x, w, w),y) 
+6Di(Z)2(x, y, w),D2(x, z, z),y} + 12刀1(£板3,饥 w), D2(x, z, w), y) 
+3D1(D2(x, z, z),D2(x, y, g),w) + 6Di(D2(x, z, w),£»2(.t, y, y),z) 
+6P1 (£)2(x,z,w),D2(x,y,y),w) + 3玖(L>2(z, zu,街)，功3,0, 0), z)
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+ 6」Di(02(工,z, z), D2{x, y, w), g) + 12Di(D2(x, z, w),D2(x, y, z), y) 
+ 12£)i(Z)2(勿,z, w), D2(x, y, w),y) + 6£)10版(也,z, z), D2(x, y, z), y) = 0. 
Replacing — z by z in (24), from the equation is obtained and (24) and 
since CharR 丰 2 and R is 3-torsion free we get, for all x,y, z,w E R

(25) 1爲(£)2饥,V、y), D，2(z, z, w), x) + Dl(D2(x, z, z), £)2(0, V, w),x)
+2Di(D2(x, z, w), D如 V、z), z) + 4£)i(£)2(z, y, z), D如 z, w),x) 
+2Z)i(£)2(c, y, w),D2(y, z, z),x) + Dr (D2(x, x, y), D2(z, z, w), y) 
+Z)i(P2(^, z, y), D2(由 z, z), w) + 2£)i(£)2(z, x, ;), D2(y, z,幻)，z) 
+2Di(D2(x, x, z), D2(y, z, w),y) + x, w), D2(y, z, z),y)
-\-Dy{D2{x, x, z、),D如 y, z),w) + Z)i(D2(^, z),D2(y, y, w), z) 
+Di(D2(x, x, w), D2(y, y, z), z) + r>i(D2(^, y, y~),D2(x, z, z), w) 
+2Di(Z)2(c, y, z), D2(x, y, z),初)+ 2Di(D2(x, y, z),D2{x, y, w),z) 
+2Z)1(£)2(x, y, w),D2(x, y, z), z) + 2£\(乙)2(*, y, 2),B2(x, z, w),y) 
+」Dl(£)2(z, y, w\D2(x, z, z),y) + Di(D2(x, z, w),£)2(x, y, y),z) 
+Di(D2(x, z, z), D2(x, y, w), ?/) + 2Di(D2(,x, z, w), Z)2(^, ?/, y) = 0.

Replacing x by y and z in (25), from the hypothesis we get, for all 
x,w E R
(26) 5Pi(d2(^),rf2(^), w) + 30〃1(刀2 3，：饥切,』2(卫),£)= 0 
Replacing wx by w in (26), from the hypothesis and (26) and since 
CharR + 2 and R is 3-torsion free we get, for all x, w G K
(27) Q@2(⑦)x, w)Dx(d2(x),x, x) = 0
Writing xw for w in (27) and from (27) we obtain, for all x.w E R
(28) Di(d2(x)^x^ x)wc?2(^) + d^^wDi(d^x)^ x. x) = Q.
By Lemma 2 and from (28) we wish to get Di(d2(x).x^x) = 0 is ful­
filled for all x E R. But, if + 0 for some Xi E R
then replacing x by in (28) and since R is prime ring we ob­
tain that』2(卫1) = 0 by Lemma 2. Therefore, 01(由(工1),%“$i)= 
Z)i(0,3：i,x1) =0. But this contradicts to the fact that -Di(rf2(^i), ^i)丰
0. Thus, from Theorem 8 we get that 7g = 0 or /习=0.
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Corollary 12. Let R be a serm-pnme ring of characteristic not 2 
and 3, 5-torsion free. Let D(., be a permuting tn-derivation of R 
and d be the trace of DJ.). If D(d(x\ d(x),x) = 0 for all x E R? 
then D = Q.

Proof. Replacing Z)L(.,.) and Z)2(.,.) by DJ , .) in (27) we 
get, for all x.w E R. Thus, since R is semi-prime ring we have D = Q 
by Lemma 5.

(29) w)d(x) + D{x^ w)D(d(x)^x, x) — 0.

Replacing wy by y in (29) and from (29) we obtain for all x.w E R

(30) D(d{x)^x, w}yd(x) + D(x, x, w)yD{d(x\x, x) = 0.

Replacing d(x) by w in (30) and from the hypothesis we obtain for all 
x.w E R

D{d[x)^x. x)yD(d[x),x, x) = 0.

Thus, since R is semi-prime ring we have £)= 0 by Corollary 10.

Theorem 13. Let R be a prime ring of characteristic not 2, 3 and 
5. Let Z)2( , •, ) and Z)2(・,•? ) be permuting tri-derivations of R, d\ and 
由，the traces of .) and D", respectively If

』102(0) — /(x) for all x E R

then, Di — 0 or Dq = 0, where a permuting tri-additive mapping 
F(.,、： R x R x R — R and f is the trace of F(.,

Proof. Using the same argument as the proof of Theorem 11 we 
obtain that for all x,y E R

(31) D1(D2(x,y,y),d2 (y), d2 {y)) = 0.

Writing xy for x in (31) and from (31) we obtain, for all C R

(32) £)2(0仇饥£)1(;/2(&)/2(;)) + 〃L(z,d2(g)M2(g))&3) = 0.
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Writing yx for x in (32) and from (32) we obtain, for all x,g C R

(33) d2(y、進Di(y、』2(切,由(，))+ Dg,奶(、饥日面)说面)=0.

By Lemma 2 and from (33) we wish to get 02 (2/)/2。/)用)=0 is 
fulfilled for all y C R. But, if Di(rf2(2/i), ?/i> Z/i)丰 0 for some yi E R 
then replacing y by g、in (33) and since R is prime ring we obtain 
that c?2(2/1) = 0 by Lemma 2. Therefore, &(；1)浦 1)=
Di(0,0,Xi) = 0. But 나lis contradicts with 丰 0.
Thus from Theorem 11 we get that Di = Q or D2 — 0.
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