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THE MAXIMUM DETERMINANT
OF (O,l)-TRIDIAGONAL MATRICES

Geum-sug Hwang

Abstract In this paper, we give the upper bound of determinants 
of (0, l)'tndiagonal matrices and we 아iow that the (0, l)-tridiagonal 
matrices which have maximal determinant are sign-nonsmgular

1. Introduction and preliminaries

In 1993, Li Ching[2] 아lowed that the Lower Hessenberg n x n (0,1)- 
matrix have maximal determinant Fn = 焉[G블屋)" - (七글痙)"L 垣 = 
斑=L where Fn is the nth Fibonacci number He proved that the 
matrix Hn = [hZJ] of order n defined by

_ J 1 like (-1,0,2,4t. \i-k>0}
""f t 0 otherwise

has maximal determinant Fn,
Let n be a positive integer, n>2. An nxn (0,1)- matrix A = [atJ] 

is said to be a tridiagonal matrix if aZJ — 0 for — 项| > 1. There are 
cn (possibly nonzero) terms in the determinant of a tridiagonal matrix 
of order n where = c^—i + 一»= 2)C3 = 3, i e. cn = . So
this is a trivial upper bound for the determinant

The definition of a sign-nonsingular (0, l)-matnx is given in [1] and 
we now give a well known theorem about sign-nonsingular matrices.
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THEOREM 1[1]. Let An = [al3] be a matrix of order n. Then the 
following are equivalent.

i) An %s a sign-nonsingular matrix;
ii) Det An 丰 0 and An has signed deterrmnant;

iii) There zs a nonzero term %n the standard determinant t rp^.iszon 
of An and every nonzero term has the same sign.

We found that the matrix Hn above has the property that det iln = 
per Hny where per Hn is the permanent of Hn. This means that th 江e is 
no cancellation in the nonzero terms in determinant expansion Hence 
Hn is a sign-nonsingular matrix by Theorem 1.

In this paper we investigate the upper bound of absolute values of 
determinants of (0, l)-tndiagonal matrices and we want to show that 
(0,1)-tridiagonal matrices which have maximal determinant are the 
sign-nonsingular matrices.

For an n x n-matrix An, we define that An…-,z局 is the sub­
matrix obtained from An by deleting all rows and columns not in

, ^2 ? , • ,，机c} U {1,2,...

Let An = [aZJ] be an n x n (0, l)-tridiagonal matrix. Then

d^t An = an • det An [2,... , n] — - det >ln[3,…,n\
= det An[l, 2] - det An[3,. .，끼 一 q” • Q23Q32 - det An[4, …，끼

=det An[l, 2,3] - det An [4,... , n] — det An[L, 2] - CZ34Q43

x det An[5,... ,n]
二二• • • 一，

= det An\ly.. , n — 2] • det An [n — 1,찌一 det An\l,... , n — 3]
X 2 n —l^n —1 n—2^nn*

Therefore we have

⑴ det An = det An[l, .. , z] - det An[z + 1, …，끼

—det [1,... ,2 — 1] * det [z + 2,... , n]

for any z, 1 < z < 7? — 2 where det An[l, 씨 = 1 for/c V 1.



TH号 MAXIMUM DETERMINANT OF (0,1)-TRIDIAGONAL 225

Lemma 2. Let An = \av] be an nxn (0, l)~tndzagonal matrix such 
that akk-^-i = Q or a^ik — 0 for some k. 1 < k <n — 1, Then

det An = det An[l, …，시 . det An\k + 1,... , n]

PROOF. Without loss of generality, assume that 이以= 0. Since 
c知 = 0 fo호 all % j such that — j\ > 1, a13 = 0 for all z, 1 < 
i_ < k and j, k + I < j < n. Thus An has of the form An =

and so we get the lemma.An[l；... ,k] 0
* An\k + 1,...，찌

From now on, we denote An — An[l, . . .，씨 ffi An [k + 1,... , n\ if 
akk+i = 0 or dfc+ifc = 0 and let 4 ㊉ B = 3 £ 4 since the determinants 
of them are equal.

Lemma 3. Let An = [aTJ] be an nxn (0, l)-tTidiagonal matrix such 
that aZ3 = 1 for |z — j| < 1. Then

t ( (—1)* if n = 34 or n ~ + 1
det An = <[O if n = 3k + 2

PROOF. Let An = [at3] be a (0, l)-tndiagonal matrix such that 
a%3 = 1 for all i and j and let n = 3k + l, Z — 0,1 and 2. Use induction 
on k. Since %、= 1 for all z, from (1)

detAn = det An[2,3,…,n] — det An[3,4, . , n\
(2) = det An [3, 4, .. '끼 - det An [4,5,. , n] — det An[3,4, …，끼

=(―1) • det An[4,5,... ,n]. ，

For 4 = 1,det = det 厶3〔2, 이 一 1 —0 — 1 = —1, det A4 = 
det A4[2,3,4] — det A4[3,4] = —1 — 0 — —1 And det A5 = (—1)- 
det /如[4,5] = 0. Assume that k >2. From (2), we have det An = (—1)- 
det An[4,5,... , n]. Since An[4,5,. . ,n] is an (n — 3) x (n — 3) (0,1) — 
tridiagonal matrix, by inductive hypothesis,

f (一 1)"T 
det An[4,5,...，끼 = f q

if n — 3/c or n = 3A; + 1 
if n = 3k + 2.

Hence det An = —1 - (—l)^-1 = (—l)fc for n = 3fc or n — + 1 and
det An — 0 for n ~ 3/c + 2.
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2. Main results

THEOREM 4. For n = 2k + 1, define a tndzagonal matrix Dn by
f 0 = even ) or \i - j\>1

Z為=\d%3\ — <
[1 otherwise.

Then det Dn = (—l)fc • (A; + 1) and there are k + 1 nonzero terms in 
the standard expansion of determinant such that every nonzero term 
has the same sign.

Proof. Use induction on k. For k = 1, det D3 = —dnt/23^32 — 
衫12衫21』33 = (―1) - 2, and there are two nonzero terms which have 
the same sign. Assume that this result is true for all r < A: and let 
n — 2k + 1. Then by (1), since 鬼2 = S4 = … =an_in_i = 0,

det Dn = det Dn [2, … , n\ — det Dn [3,...，끼
=(—Dn[4,... ,n] — det Dn^
= ... = (—Dn\n — 1,끼 一 det Z為-2
=(T)” — det Dn—2

since Dn [3,... , n] = 1為—2 and det Dn \n — l,n] = —1. By inductive 
hypothesis, there are k nonzero terms in the determinant expansion of 
Dn-2 and det . r Hence det Dn = — (—-
k = (—l)fc • (fc + 1) and this implies that there are fc + 1 nonzero terms 
and so every nonzero term has the same sign

Corollary 5. The matrices Dn defined above are sign-nonsingular 
if n = 2k + 1.

THEOREM 6. Let An = [av] be an n x n (0,1)- tridiagonal matrix. 
Then

(2 for n — 3, 4
(3 for n = 5.

Furthermore the equality holds tf and only if

det An <
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Proof. For n = 3)det A3 = Q11Q22Q33 — ai 1^23^32 ~ ^12^21^33- So 
I det A3 \ < 2 and equality holds if and only if <7-22 = 0 and q” = a” = 
^21 =。23 = @32 = ^33 = 1. Therefore the equality holds if and only if 
厶3 = D3,

For n = 4, det A4 = det 2]^det >14[3,4]--Gii«23^32a44 from (1). 
Since for any 2 x 2 (0,1)一 matrix 厶2, | det A2 | — 1 or 0, | det A^\ < 2. 
And the equality holds if and only if an = Q23 = Q32 = a44 = 1 and 
det A4 [1,2] - det 7시& 4] = —1. Therefore | det A^ \ = 2 li and only if 
A4 = £)3 ® Ii where is identity matrix of order 1.

For n = 5, det = dctA^[1,2,3] • det [4, 5] — det Asjl, 2] -(Z34Q43 . 
%5 by (1). If 45卩_, 2, 이 丰 匸)3 or one of(134,(Z43, equals to 0, then 
I det 厶5 I < 2 Assume that Asfl, 2,3] = D3 and 0,34 =(143 — = 1.
Then | det 虫 | = | — 2 • (a44 — Q45Q54) + 1| < 3 and the equality holds 
if and only if(Z44 = 0 and a45 = Q54 = 1. Thus det = 3 if and only 
if 人5=/)5

Remark. Let An = \aZ3] be an nx n (0, l)-trzdiagonal matrix such 
that cy = 1 for all i.j with |z — j\ — 1. Let s be the smallest positive 
integer such that ass = 0. Then det An = -det An\l.... , s - 2] • 
det An[s + 1,... , n\ — det An[l,... , 5 — 1] • det An[s + 2,... ,n] by 
deterrmnant cofactor expansion along the sth row. Therefore, for some 
Z,

” (—1)/-1 • det An[s + 1： ...，끼？/ s — 31
(T)‘t - det An[s + 2, …，끼 ^ s = 31 + 1

(3) det An = < / . 「 rI J—l) • [det An[s + 1,...，씨
〔 +det An[s 4- 2,... , n]] if s = 3Z + 2

since det An[l,... , s — 2] = 0 o厂 det An[l,... , s — 1] — 0 for s 31 + 2 
by Lemma 3.

Theorem 7. Let An = [av] be an n x n (0, l)-tndzagonal matrix. 
Then

[22 for 71 = 6, 7 \ det An \ <\
[3'2 jot n = &

Furthermore the equality holds if and only zf
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(
/【6 = £)3 ㊉•匚)3

厶7 = z)3 ㊉ Z)3 ffi II or A7 =刀7

厶8 =工)5㊉D3.

Proof. Case 1： Assume that =缶+註=1 for all z, 1 < z < 
n — 1. From (1),

det An = det An[l, 2, 이An[4,... ,n\—det An[l, 2]-det An[5,...，찌.

For n ~ 6 and 7, if &』丄 2, 이 尹 or An\n — 2,n — l,n] 7^ D3 then 
I det I < 3 < 4. Assume that 이 = An\n — 2,n— l,n] = D3. 
Then detA^ — (—2)(—2) 一 (—1)(—1) = 3 V 4 and detA^ = —2{四4 - 
(一2) + 1} — 2 = 4 ・ ^44 — 4 So I detA^ | < 4 and 난le equality holds if 
and only if Ar = £“・

For n = & if Agfl, 2,3]丰 (this implies | det As[l, 2,3] | < 1) 
or if 曳％... ,8]丰 D5 (this implies | det Ag[4,... , 8] | < 2), then 
I det I < 5 since Xs[5,6,7,8] •上 Assume that Ag[1,2,3]= 
■D3 and As[4, . . .，이 = £)5. Then | det Ag \ = \ (—2) • 3 + 1 | = 5 < 6.

Case 2: Assume that — 0 or 0어一以 ~ 0 for some i. Without 
loss of generality, assume that 1 < z < By Lemma 2, detAn = 
detAn[l,.…，z] • detAn[z + 1,... , nJ. Then | det Aq | < 3, 2, 4 for i = 
1,2,3 respectively and | det A7 | < 4,3,4,4 for i = 1,2,3,4 respectively. 
So I det An I < 22 for n = 6, 7 and 난le equality holds if and only if

= Z)3 ®and Ay = A ㊉(力3 ® Z)3)for « = 1〉D3 ® (D3 ㊉，_) 
for / = 3 and (D3 ® If) © D3 for i = 4. Thus | det A7 | — 4 if 
A7 - D3eD3eli- For n-8, | det A8 | < 4,4,2-3,4 for z - 1,2,3,4 
respectively. Thus | det | < 2 • 3 and the equality holds if and only 
if Aq = D3 ® D5 — £)5 ® Z)3.

Theorem 8. Let An = [av] be an n x n (0, l)-tridzagonal matrix. 
Then

(
23 for n = 9
32 for n = 10
3 - 22 for n = 11.
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AFurthermore the equality holds tf and only if

Proof. Case 1： Suppose that an^i = <扁+驻=1 
n — 1. If an = 0 or aii = aoa = 1 then 

I det An I < {: for n = 9
for n — 10

D3 ® D3 ㊉ Ds
D5 ® D5
D5㊉£)3㊉匕)3.

for all 2, 1 < z <

by (1). Assume that an = 1 and 鬼2 = 0. Then

det An = —( det An[3, …，씨 + det An[4,... ,n]}.

For — 9, I det 爲 [3, …，이 | < 4 and | det /4g[4,)이 | < 3 
by case 1 in Theorem 7 Thus | det A9 | < 7 < 8. For n = 10, 
I det A10[3,... , 10] I < 5, I det A10[4, … , 1이 ] < 4.

But if I det A10[4,... ,1 이 | =4 then 厶丄o[4, .. "L이 = D? and so 
I det Aio[3,... , 10] I < 3. Thus | det Aiq | < 8 < 9. For n = 
11, if an = 0 or a” = a22 = 1 then | det An | < 7 < 12 and 
so assume that an = 1,如2 = 0. If <233 = 0 or(133 = (Z44 二二 1 
난len I det An | < 9 < 12 Assume that Q33 = 1, = 0. Then
I det An j = I det &i[5,... ,11] + det An [6,... , 11] | < 10 < 12.

Case 2: Suppose that au+i = 0 or = 0 for some z, 1 < 2 < n—1. 
Then det An = det An[l,.…,i] * det An [z + 1,... , n] by Lemma 2. By 
Theorem 6 and 7,

(23 for n = 9
1 det 1 < < 32 for n — 10

[3-22 for n = 11.

1'Z)3 & £)3 ㊉ Z)3 for n — 9
The equality holds if and only if An — < Z)5 ® D5 for n = 10

1
-D5 ® -D3 ® -D3 for n — 11

We now give the main result about the maximal determinant of 
(0, l)-tndiagonal matrices.
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THEOREM 9. Let An = \a%3\ be an n x n (0, l)-tndzagonal matrix 
for n > 9. Then

(
2k if n ~ 3k
32 . 2fc~3 if n = 3k + 1
3・2」i if n = 3% + 2.

Furthermore the equality holds if and only if

(
D^ ® , , , ® -D3 if ti — 3fc
D5 ® D5 ® -D3 ® • • , © 寸 n = 3k + 1
D5 ㊉ Z)3 ® , ® Z)3 if ti = 3北 + 2

Proof. We use induction on k where n = 3人서-，/ = 0,1 or 2 i k > 
3). We proved this for k = 3 in Theorem 8. Assume that fc > 3 md 
the theorem is true for n < 3(fc — 1) + /, Z = 0,1 or 2.

Case 1: Suppose that =(為+恥=1 for all i, 1 <i < 7b ~ 1 Since 
Q23 = Q32 — 1? det An = det Xn[l, 2,3] - det An [4,... , n] — det An[l, 2]- 
det ，끼 by (1). If An[l,2,3] 丰旗 then | det AJ1,2,3] | < 1
and I det An[l, 2] | < 1. So we can say | det An | < | det An [4,... , n] | + 
I det An[5,... , n] |. Thus, by inductive hypothesis,

{
2fc-i +3.2a：-3〈％ for 1^0

32 • + 2k~l < 32 - 2fc-3 for Z = 1
3 • 2fc-2 + 32 • 2^~4 < 3 ■ 2a：-1 for 1 = 2.

Assume that An[l,2,3] = D3. If a4i4 = 1, then

det An = —det 4n[4,...，씨 + det An[6,. …，끼.

Hence,

{
2/c-1+32.2^-5〈渺

32.2k~4 + 3 - 2k~3 < 32.2fc~3
3・2*一2 + 驴-1 <3・2”t

for l — 0
for I = 1 
for I = 2.
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Let Q44 = 0. Then det An = det An[5, ..，씨 + 2 det An[6,... ,n]. 
For Z 3= 0, I det An I < 2 • 32 - 2k~5 + 3 • < 2k. For Z = 1,2, if
Q55 — 0 or Q55 = Q66 = 1 then | det An | < 2 • | det An[6,...，씨 | + 

I det An[7,... , n] |. So

, [f 2-3-2k~3 + 32 ・ 2*一5 < 32 • 2 为一 3 for Z = 1
det An < < . , . o .,

1 ' 一 I 2 • + 3.2k~3 < 3 - 2*t for I = 2.

If = 1 and 如6 = 0 then det An = det An[5,... , 찌一An[8,...，씨. 
Thus

(2 J + 2 • 2k~2 < 32 • 2fc~3 for Z = 1
det An < < o n c 4

1 一 I 32 • 2”—4 + 32 • 2“一5 < 3.2k~l for I = 2.

Case 2: Suppose that a^+i = 0 or = 0 for some 幻 1 < 2 V 九—L 
By Lemma 2, det An = det An[l, .…,x] - det An\i + 1,... , n\. Let 
i = 3s + £ for some s, t = 0,1 or 2 and we now apply inductive 
hypothesis to An[l,... , z] and An\i + 1,... , n]. For l — 0,

[2$ . 2 J < 2k for t-0
'et n I - 1 33 - 2fc~5 < 2k for t = l or 2.

Furthermore, the equality holds if and only if An = (P3 ® • • ■ ffi P3)- 
(D3 ® • • • © Z)3)For I = 1,

I det An I < 32 • 2fc~3 for t = 0,1 or 2

And the equality holds if and only if An = (P5 ㊉匕)5 & D3 £ ,…㊉刀3), 
(£>3 © • • ' © I>3)or An - (Z)5 ® © • • • ® -D3) • (^5 ® -D3 © • • • ® Q3)
Hence | det An | = S2-?^-3 if and only if An = £)5 ㊉刀5 •商£)3・
For Z — 2,

f 3 • 2k~x for t — 0 or 2
det An \ < < ，그 ‘I1 - 1 34 - 2」6 < 3.2fc~1 for t = 1.

Furthermore the equality holds if and only if An = (D3 ® ■ • • ® D3)- 
0)5 ® Z)3 ffi * * * ® Z)3)or An = (D5 © Z)3 © • • • ® £)3) * (Z)3 ® ' • • ® Z)3) 
Hence | det An | = 3 - 2k~l if and only if ^4n — P5 ® P3 ® • • • ® D3-
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Corollary 10. The (0, l)-tndzagonal matrices Any n > 3 which 
has maximum determinant are sign-nonsmgular.

Proof. The (0, l)-tridiagonal matrices An^ n > 3, n 4,7 which 
has maximal determinant can be expressed as direct product of sign- 
nonsingular matrices and by theorem 6,7 and 9. The direct 
product of sign-nonsingular matrices is also sign-nonsingular. For n = 
4 and 7, it is easy to check 나lat ® Ii and -D3 ® D3 ® Ii are sign- 
nonsingular.
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