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THE MAXIMUM DETERMINANT
OF (0,1)-TRIDIAGONAL MATRICES

GEUM-8UG HWANG

ABSTRACT In this paper, we give the upper bound of determinants
of (0, 1}-tridiagonal matrices and we show that the (0, 1)-tridiagonal
matrices which have maximal determinant are sign-nonsingular

1. Introduction and preliminaries

In 1993, Li Ching[2] showed that the Lower Hessenberg nxn (0, 1)-
matrix have maximal determinant F), = %[(L%‘—/—é)” - (I—"Qﬁ)“] F =
Fy = 1, where F), 15 the nth Fibonacci number He proved that the
matrix Hy, = [h,,] of order n defined by

) {1 ifke{-1,0,2,4,. 1 —k>0}
13 ey =
=k 0 otherwise

has maximal determinant F),,.

Let n be a positive integer, n > 2. An n x n (0.1)- matrix A = [a,;]
is said to be a tridiagonal matrix if a,, = 0 for |t — j| > 1. There are
¢n(possibly nonzero) terms in the determinant of a tridiagonal matrix
of order n where ¢, = ¢,y +cn_2,c0 = 2,¢3 = 3,ie. ¢, = F,y). So
this is a trivial upper bound for the determinant

The definition of a sign-nonsingular (0, 1)-matrix is given in [1] and
we now give a well known theorem about sign-nonsingular matrices.
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THEOREM 1[1]. Let A, = [a,,] be a matrz of order n. Then the
follounng are equivalent.

1) A, 15 a sign-nonsingular mairiz;
ii) Det A,, # 0 and A,, has signed determinant;
iii) There s a nonzero term wn the standard determanant ¢ty s10m
of Ap and every nonzero term has the same sign.

We found that the matrix H,, above has the property that det /{, =
per H,, where per H,, is the permanent of H,,. This means that threis
no cancellation in the nonzero terms in determinant expansion Hence
H, is a sign-nonsingular matrix by Theorem 1.

In this paper we investigate the upper bound of absolute valiies of
determinants of (0, 1)-tridiagonal matrices and we want to show that
(0,1)-tridiagonal matrices which have maximal determinaut are the
sign-nonsingular matrices.

For an n x n-matrix A,, we define that A,{21,22,... ,2] is the sub-
matrix obtained from A, by deleting all rows and columns not in
{i],ig,... ,ik} C {1,2,.. . ,n}.

Let A, = [a,;] be an n x n (0, 1)-tridiagonal matrix. Then

det Ap = an -det An[2,...,n] — ajpag -det AL[3,... 0]
=det Ap[1,2] - det An[3,. . ,n] ~ aq; - asags - det A,[4,... ,n]
= det An{1,2,3] - det An[4, .o n] — det Ap[L,2] - azqa43
x det Ap[5,...,n]

=det Ap{l,.. ,n—2]-det A,jn — 1,n] —det A,J1,... ,n— 3|

X Qp—2 n—-18n-1 n-2Cny.
Therefore we have

(1)  det A, =det A,fL, .., i) -det Apfa+1,... 1]
— dCt An{l,. e, = 1] -au_HaH_h- . def An{l + 2, . ,n]

for any 4, 1 <4 < n — 2 where det A,{l,k] =1 for k < 1.
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LEMMA 2. Let A, = [a,,] be an nx n (0, 1)-tridragonal matriz such
that arry1 = 0 or agqix =0 for some k, 1 <k <n—1. Then

det A, = det Ap[l,... k] -det Ak +1,... .0

Proor. Without loss of generality, assume that axe+1 = 0. Since
a,; = 0 for all ¢, 7 such that 1 — 3| > 1,4, =0 forall i 1 <

it < kand 7, k+1 < 5 < n. Thus A, has of the form A, =
An[l,,k] ] o
[ o Ank+1,... 7] and so we get the lemma.

From now on, we denote A, = A,[1,... k] & A.[k+1,... n]if
ark+1 = 0 or agy1x = 0 and let A@ B = B @ A since the determinants
of them are equal.

LEMMA 3. Let A, = [a,,] be annx n (0, 1)-tridiagonal matriz such
that a,y =1 for | — 3] < 1. Then

(-1)*  ifn=38k orn=3k+1
0 ifn=3k+2
PROOF. Let A, = [a,] be a (0, 1)-tridiagonal matrix such that

a,; = 1foralizand y andlet n =3k+1, { =0,1 and 2. Use induction
on k. Since a,, =1 for all ¢, from (1)

detA, = det A,[2,3,.. ,n] —det A,[3,4, ..,n]
(2) = det An[3,4, .. ,n] —det A,[4,5,. ,n]—det A,{3,4,... 7]
= (—1) - det A,[4,5,... ,n]. ‘
For k = 1, det Ay = det A3[2,3] — 1L = 0—-1 = -1, det Ay =
det Au[2,3,4] — det Ag3,4] = -1 — 0 = —1 And det Ay = (—1)-
det As[4,5] = 0. Assume that k£ > 2. From (2), we have det A,, = (—1)-

det A,{4.5,... ,n]. Since 4,{4,5,. . ,n]isan (n—3) x (n—-3) (0,1)-
tridiagonal matrix, by inductive hypothes:s,

(=1)*' ifn=3korn=3k+1
0 if no=3k+2.

Hence det A, = —1-(=1)*1 = (—1)* for n =3k or n = 3k + 1 and
det A,, =0 for n = 3k + 2.

det A, ={

det A,[4,5,...,n] ={
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2. Main results

THEOREM 4. For n =2k + 1, define a tndiegonal matrix Dy, by

D, =[d,] = {

Then det D, = (=1)* - (k + 1) and there are k + 1 nonzero terms in
the standard expansion of determunant such that every nonzere term
has the same sign.

0 fi=jg(i=evenjorfr—yl >1

1 otherunse.

PRrROOF. Use induction on k. For k = 1, det D3 = —dydpzdsa —
diadaidys = (—1) - 2, and there are two nonzero terms which have
the same sign. Assume that this result is true for all » < & and let
n=2k+1. Then by (1), since agy =agq = =an_1n_1 =0,

det Dy =det Dy[2,... ,n] —det Dy{3,... 7]
= (=1)det D,[4,... ,n] —det D,
= ... =(=1)*"'det D,[n—1,n] — det Dp_»
= (1) —det D,_,

since D;[3,... ,n] = D5 and det D,fn — 1,n] = —1. By inductive
hypothesis, there are k nonzero terms in the determinant expansion of
Dy_g and det D,,_5 = (—1)*7! . k. Hence det D, = (—1)*F — (=1)¥~t.
k= {—1)*-(k+1) and this implies that there are k¥ + 1 nonzero terms
and so every nonzero term has the same sign

COROLLARY 5. The matrices D,, defined above are sign-nonsingular
ifn=2k+1.

-

THEOREM 6. Let A, = [ay] be an n x n (0,1)- tridiagonal matriz.
Then

2 =3, 4
|detAn}§{ for m
3  for n=34.
Furthermore the equality holds +f and only of
Ds for n=3

An =< D3I, for n=4
Dy for n=25.



THE MAXIMUM DETERMINANT OF (0, 1)-TRIDIAGONAL - 227

PROOF. For n = 3, det A3 = (11@92Q33 — @11G23032 — 212021Q33. S0
| det Az | < 2 and equality holds if and only if @ =0 and a;; = a3 =
as) = az3 = azp = agz = 1. Therefore the equality holds if and only if
Az = Dj.

Forn =4, det Aq = det A4[l,2)-det A4[3,4]—a)1a23a32044 from (1).
Since for any 2x 2 (0,1}~ matrix As, | det Ay | = 1or 0, | det Ag| < 2.
And the equality holds if and only if @;; = as3 = a3y = a44 =1 and
det A4[1,2] - det A4[3,4] = —1. Therefore | det A4 | = 2 1f and only if
A4 = D3 @ I, where I is identity matrix of order 1.

For n = 5, det As = detAs[1,2,3] - det As[d, 5] —det As[1,2] aszs0q3-
ass by (1). If A5{1,2,3] # D3 or one of aay, a43, ass equals to 0, then
| det A5 | <2 Assume that A5{1,2,3] = D3 and a3q = aq3 = a5 = L.
Then | det As | = | — 2 (agq — agsasq) + 1] < 3 and the equality holds
if and only if ays = 0 and ags = asg = 1. Thus det A5 = 3 1f and only
lf A5 = D5

REMARK. Let A, = [a,,] be an n x n (0, 1}-tridiagonal matrz such
that a,; = 1 for all 2,7 unth |i — j] = 1. Let s be the smallest positwve
wnteger such that ass = 0. Then det A, = —det Ap{l.... s -2} -
det Apls +1,...,n] —det A,f1,... 5 —1]-det Apfs+2,...,n] by
determinant cofactor expansion along the sth row. Therefore, for some
L '

(—1)'71 - det A,[s+1,...,n]of s=3I
(1)1 det A, {s+2,....n]f s=31+1
{=1)t [det Anfs+1,... 0]
+det Apls+2,... ,n]} if s =31+2

(3) det A, =

since det Apll, ... ,8—2]=0ordet A,fl,...,5—~1]=0 fors#£3l+2
by Lemma 3.

THEOREM 7. Let An = [a,;] be an n x n (0, 1)-trdragonal matrx.
Then
22 for n=6,7

3-2 for n=28.
Furthermore the equality holds if and only 1f

| det Ap | S{
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A§:D3®D3
A7 =D3® D3y ® I or A7 = Dy
Ag =D5@D3.

PROOF. Case 1: Assume that a,,4; = a,y1, = 1foralli, 1 <i<
n — 1. From (1),

det A, = det Ay[1,2,3)-det A,[4,... .n]—det An[1,2]-det A,[5,...,n].

For n = 6 and 7, if 4,[1,2,3]) # D3 or Asjn — 2,7 —1,n] # D3 then
| det A, | <3 < 4. Assume that A4,[1,2,3] = A,[n—2,n—1,n] = D;.
Then detAg = (=2)(—2) — (—1)(~1) = 3 < 4 and detAr = —2{aqq -
(=2)+1} -2=4.a4a— 4 So | detA; | < 4 and the equality holds if
and only if A7 = Dy,

For n = 8, if Ag[1,2,3] # D3 (this implies | det A3[1,2,3] | < 1)
or if Agl4,...,8] # Ds(this implies | det Ag[4,...,8] | < 2), then
| det Ag | < 5 since Ag[5,6,7,8] # D3 & I). Assume that Aglt,2,3] =
D3 and As[4,... ,8] = Dj. Then | det Ag } = | (—2) -3+1 | =5 < 6.

Case 2: Assume that a,41 = 0 or a,41, = O for some 1. Without
loss of generality, assume that 1 <1 < [%]. By Lemma 2, detA, =
detAn{l,... 2] - detApfo+1,... ,n]. Then | det 4g | < 3,2,4 fori =
1,2, 3 respectively and | det A7 | < 4.3,4,4 for i = 1,2, 3,4 respectively.
So | det A, | < 22 for n = 6,7 and the equality holds if and only if
Ag = D3 & D3 and A; = I @(D:;GDD;;) fori =1, D3€B(D3@I1)
for ¢ = 3 and (D3 @ ;) ® D3 for i = 4. Thus | det A7 | = 4 if
A7 =D3@®D3® 1. Forn=8, | det Az | <4,4,2-3,4fori=1,2,3,4
respectively. Thus | det Ag ] < 23 and the equality holds if and only
if Ag = D3 &® Dg = Dy B Dj.

THEOREM 8. Let A, = [a,;] be an n x n (0, 1)-tridiagonal mairaz.

Then _
23 forn=29

| det A, | < ¢ 32 forn =10
3-22  form =11
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Ag= Ds@®Ds® Dj
Furthermore the equality holds 1f and only if { Ao = Ds @ Dy
A= Ds® D3® Ds3.
ProorF. Case 1: Suppose that a4y = a4y, =1 foralle, 1 <i <
n—1. If a3y = 0 or a;; = a3 =1 then
4 forn=9
6 forn=10

by (1). Assume that a;; =1 and ag; = 0. Then

ldetAnlg{

det A, = —{ det A,[3,... ,n] +det A 4,... ,n]}.

For n = 9, | det Ay[3,...,9] | < 4 and | det Ag[4,...,9] | < 3
by case 1 in Theorem 7 Thus | det A9 | < 7 < 8. For n = 10,
| det A1gf3,...,10} | <5, ] det Apld,...,10] | < 4.

But if | det Ayg[d,...,10] | = 4 then Ajo[4, .. .10} = D7 and so
| det Am[B,...,lO] | < 3. Thus | det AIO 1 < 8§ < 9. Forn =
11, if )] = 0 or aj; = agss = 1 then ] det Au I < 7 < 12 and
so assume that a;; = 1, agp = 0. Ifazgg = 0 orazgs = agq = 1
then | det A;1 | < 9 < 12 Assume that a33 = 1, aaq = 0. Then
] det A, * = I det A11[5,... ,1].] + det Au[ﬁ,... ,11} J <10 < 12

Case 2: Suppose that a,,4; = Oora,yy, = 0forsome?, 1 <1< n-1.
Then det A, =det A,[l,... ,i]-det A,t+1,...,n] by Lemma 2. By
Theorem 6 and 7,

23 for n=9
| det A, | < ¢ 32 for n =10
3-22 for n=11

Dis@eD;®D; for n=9
The equality holds if and only if A, = ¢ Ds & Ds for n =10
Ds@® Dy D3y for n=11.

We now give the main result about the maximal determinant of
(0, 1)-tridiagonal matrices.



230 GEUM-SUG HWANG

THEOREM 9. Let A, = [a,,] be an n x n (0, 1)-trdragonal ma'riz
forn>9. Then

P if n=23k
| det A, | < ¢ 3%2-2F3 of n=3k+1
3-28=1  of n=3k+2

Furthermore the equality holds if and only +f

D3®---@ Ds of n=3k
Apn=( Ds®Ds®D3sd---®D; of n=3k+1
Ds®D3®---® D3 of n=3k+2

PrROOF. We use induction on k wheren = 3k+{, {=0,10or2 k>
3). We proved this for k¥ = 3 in Theorem 8. Assume that & > 3 ind
the theorem is true for n < 3(k - 1)+, 1 =0,1 or 2.

Case 1: Suppose that a,,4; = @,41, = lforalld, 1 <i<n- | “ince
a3 = a3y = 1, det A, =det A,[1,2, 3]‘d€t Anl4,... ,n] —det Anfl, 2] .
det An[5,...,n] by (1). If A,[1,2,3] # D3 then | det A,[1,2,3] | <1
and | det A,[1,2]| < 1. Sowecansay |det A, | < |det An[4,... ,n] |+
| det A,[5,...,n] |. Thus, by inductive hypothesis,

k=14 3.9k=38 ok for [ =0
| det Ap | < ¢ 32.2F-4 4 9k—1 £ 32.9k=3  for [ =1
3.2k-2 4 32. 9k 3.9kl for [ =2

Assume that A4,[1,2,3] = D;3. If a44 = 1, then
det A, = —det Anl4,... ,n] +det Anf6,... . n].
Hence,

gk—1 4 32 . 9k~5 . 9k for 1 =0
fdet Ap | << 32.2F443.283 < 32.263 for [=1
3.2k2 1 9k-1 ~ 3.9k-1 for 1 =2.
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Let aga = 0. Then det A, = det A,[5, .. ,n] + 2 det A,[6,...,n].
Forl=0,|det A, | €<2-32.28543.2%3 <« 2% Fori=1,2,1f
ass = 0 or ass = age = 1 then | det A, | < 2| det An[6,...,n] |+
| det Anl7,....,n]{. So

2.3.2k=3 4 32.9k=8 32 9k=3  fori=1
2.9k-1 4 3.0k~3 3. 9k-1 for { = 2.

If ass = 1 and agg = 0 then det A, = det A,[5,... ,n]-2-det A,[8,... ,n].
Thus

]detAnIS{

k—1 k—2 _ 22  9k—3 -
tdetAn]§{22 :_—f 22 <ki ’ k—1 o=t
34-2°7% 432 <3-2 for 1 =2.
Case 2: Suppose that a,,y = 0ora,y 1, = 0forsomet, 1 <1< n-1.
By Lemma 2, det A, = det A,[l,... 1] -det A [t +1,...,n|. Let
i = 3s+t for some s, ¢t = 0,1 or 2 and we now apply inductive
hypothesis to Ap[l,...,2] and At +1,...,n]. Forl =0,

2¢.9k=s < 2% for t =0

det A, | < .
| n{_{3"-2k‘“5 <92 for t=1 or 2.

Furthermore, the equality holds if and only if 4,, = (D3 ®--- & D3} -
{(Ds&®---@® D3) Fori=1,

[detAn|§32~2k‘3 for t=0,10r 2

And the equality holds if and only if A,, = (Ds@® Ds & D3®---® Ds) -
(D3®---®D3)or Ay = (Ds@®D3®---®D3) (Ds®Da®---® Dsy)
Hence | det A, | = 32253 fand only if A, = Ds®Ds;®D3®- & Dj.
For { = 2,

3.9k-1 for t=0or 2

det A, | <
| de i_{3“-2"—6 < 3.2k1 for t=1.

Furthermore the equality holds if and only if 4,, = (D3 & --- & Dy3) -
(Ds@®D3®---®D3)or Ay = (Ds®D3®--- & D3) (D3 ® - B Ds)
Hence | det A, |=3-2F"'ifand only if A, = Ds ® D3 & -+ & Ds.
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COROLLARY 10. The (0,1)-tridiagonal matrices A,, n > 3 which
has mazimum determinant are sign-nonsingular.

Proor. The (0,1)-tridiagonal matrices 4,, n > 3, n # 4,7 which
has maximal determinant can be expressed as direct product of sign-
nonsingular matrices D3 and D; by theorem 6,7 and 9. The direct
product of sign-nonsingular matrices is also sign-nonsingular. For n =
4 and 7, it is easy to check that Dy @ I} and D3 @ D3 & I are sign-
nonsingular.
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