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ON INTEGRATION OF
VECTOR-VALUED FUNCTIONS FOR
AN OPERATOR-VALUED MEASURE

DoNG Hwa Kim

1. Introduction

The purpose of this paper is to present an integration theory for
the case of vector-valued functions with respect to an operator-valued
measure defined on a g-algebra of Borel subsets of S with values in
L(X,Y), the space of all continuous linear operators from a locally
convex space X into a locally convex space Y equipped with topology
of bounded convergence It is well-known that a traditional integration
theory is to define the integral of a simple function and then extend
the integral by some hmit process to a general case of functions i [1],
[2]-

The idea of this type of integration has been introduced by several
authors in {2}, [3], [4] and [7]. In these papers, either the integrands
or the integrals or both have their values 1n Banach spaces and in (7]
the author considered the integration of scalar-valued functions with
respect to operator-valued measures

In this paper we consider an integration theory for vector-valued
functions with respect to finitely additive measures similar to ones in
(2], [3], and then generalize [4], [7] in a locally convex space setting,
using a weak approach.
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2. Preliminaries

We will denote by B(S) the o-algebra of Borel subsets of a ccin-
pact Hausdorff space §, X and Y denote two locally convex Hoeod rff
spaces, being Y complete, and @ generating families of contiivous
seminorms on Y. Let X’ and Y’ be the topological duals of X and Y
respectively.

An operator-valued measure p: B(S) — L(X,Y) is an additive set
function with

U Bn) = Y (En), {En} C B(S) with U, By € B(S).
n=1

E.NE, =00+#j),%j=1,2,..., the series being unconditinually
convergent with respect to the topology of simple convergernce

Let us suppose that there exists a vector measure v : B(S} -+ A and
let p1 be a non-negative real-valued measure on B{S}). If lim,(g,_¢v(E) =
0, then v is called p-continuous and this denoted by v < ;» When
v & p, sometimes g is said to be a control measure for v.

It is well-known that if 1 : B(S) — L(X,Y) is an operator-valued
measure, then for each € X, the set function y, : B(S) — Y, defined
by p.(E) = p(E)z is a vector measure and conversely, if p{ )z is a
vector measure, then g : B(S) — L{X,Y) is countably additive with
respect to the topology of simple convergence in L(X,Y) From the
above result it can be proved that the set function y'p : B(S) — X’
defined by (y'pn)(E)x = y'(u(E)z) for each E € B(8} is an X'-valued
measure. If 3’ € Y/ and g € Q, we will write ¥’ < ¢ whenever |/(y)| <
aly) for y € Y.

DEFINITION 2.1. We define the g-variation of p, which 15 a finite
set function on B{S), as

la(E) =sup > q(u(ENE,)), E € B(S),

=1
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where the supremum is taken over all finite pairwise disjoint sets {£,} C
B(S). For each 3 € Y’, the variation of 3y, as

v’ pl(E) = sup Y W w(ENE,).

=1
DEFINITION 2.2. We define the ¢-semz-variation of p as

| Z llq (E) = sup |/ ule(E), E € B(S),
- ¥'<q

which is non-negative and not necessarily finite. Note that || & il
(E}) < oo whenever |y'u],(E) < oo for each y' € Y.

From the above Definition,

il (B} <2 sup. q(p(F)) for E € B(S), ¢ € Q.

It is proved easily that || 7 |4 {-) is monotone, subadditive and that

lelo(B) <l B liq (E) < 4 sup sup |y u(F)].
¥y <q FCE
DEFINITION 2.3[1] A function f : § — X is saud to be p-measurable
if there exists a sequence (f,) of simple functions converging p-a-e to
f. We say that E € B(S) is a p-null sct if |y'p]q(E) = 0 for every
y €Y' ie,if u(F) =0 for every F € B(S), FF C E.

3. Integration with respect to an operator-valued measure

Let i1 : B(S) — L(X,Y) be an operator-valued measure with |y, (E) <
oo for each E € B(S) and ¢’ € Y. Also the integrands are assumed to
be measurable.

If £ C S, then xg will denote 1ts characteristic function on 5 By
a simple function f on § with values in X, we mean a function of the
form

n
f = E I XE,»
=1
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where z, € X, E, € B(S)and E,NE, =0 (1 # 3), 1,3 =12, ,n
we define as usual

/f{Sdﬂ /fd,u ZM(EHE):QEY E € B(S

1=1

According to [7] we shall define the concept of u-integrability.

DEFINITION 3.1. A function f : S — X is said to be a weakly
p~mntegrable 1f the following conditions hold
(1) f 18 ¢'p -integrable 1n the sense of [2], {3], and
(i) For every ' € B(S) there exists yp € Y such that y'(yg) =
Jy fdy'u for every y' € Y.
If f is p-integrable, we will denote yg = [ fdu.

It follows from the above definition if f : § — X 1s ¥/ u-integrable,
then {| f || s [| ¥'& || (-)-integrable and

I/E fdy'u|<

1s a bounded p-integrable function, then for each E € B(S),

/ [fldly p| for eachE € B(S) andif f: 5 — X
E

a( / Fap) <|l £ sl 7l (B), where || £ 5= sup |£(s)
E 565

PROPOSITION 3.2. For each p-wntegrable function f, qwen € > 0,
there exists a simple function g such that 0 < g < f,

sup / 1 = gldly'nl < e.

PROOF. Since g is a simple function and f is integrable, choose E €
B(S) such that E = {|f — 9| > 537551+ Then there exists M > 0

such that || & |l (E) < 337 and ‘I(fsnp;c(f — g)dp) < 2(1+H;”q(8))
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x || & llq (SNE°) < §. Also since f and g are bounded, {g] < {fl < M
p-a-e., there exists F € B(S) such that SNF¢ is p-null and | f—g] < 2M
for all s € F Thus

sup | |f —gldy'u| < sup | |f — gldly
¥ <g SNE v <qg JSNENF

4 sup | |f — gldly'ul
y<qg JSNENkKe

= sup | |f — gldly/u] +0 (- (SNE)N F¢is p-null)
¥'<q JSNENF
<2M || 7 ll, (SNENF)
. €
<2M || g (B) < 5

Hence
bllp/ If — gldiy' ] <€
and the proof 18 complete

PROPOSITION 33 If f S — X s [y u|-mniegrable and we define

| f llu= supy <y [ 1fldly ul, then || - ||, ws positwely homogeneous and
subadditrve

PRrOOF. Let f and ¢ be y'py-integrable and a > 0. Then
lof I = sup [ lafldysl= o sup j \fldly'u
¥SqJE
=al f "u :
Furthermore, since for all g€ Q, v € Y,
f If +gldly'p| < f [flaly ] + / |gldly’ ).
E P E
Then
HF+glle<ll fll.+lgla
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THEOREM 3.4. Let f : S — X be a p-integrable. Then we have the
follounng:
(i) v(E) = [ fdu s bounded with respect to a finitely additwe
measure [i.
(i} v <« u.
(iii) there exists an wncreasing sequence {Sn} wn B(S) such that
10]1(SNS8,°) < % and ||D||¢(SNFL°) = 0, where Fr, = UR2, Sk

PROOF. It is obvious that v(E) = [, fdu is a measure on B(S).
Assume that f is bounded on E € B(S), i-e., for M >0, |f| < M. By
assumption, for every g € @ there exists a > 0 such that, if U = {y €
Y : q(y) < 1}, R{p) C aU, that is, [p|o(E) < « for every E € B(S).
Since for all E € B(S) there exists ¥ < ¢ such that | [, fdy'ul =
q(fg fdu), then, from the fact that

suply’ [ fdul < sup [ 171dly'ul < M sup Iyl (E) < 2 -,
y'<q E v'<qJE ¥ <q

it follows that g({ fdu) < 2Ma, that is, R(v) C MaU. For arbitrary
f, from Proposition 3.2, for every ¢ > 0 there exists a sumple function
g such that

sup/ lg - fld|ly'ul <efory’ € Y.

Thus for every q € Q,

sup j faul < sup / \fidly (+)
< sup| fp \f — gldly ] + /B lgldly ul]
| @ F !l
<ellfilly( )+[Blgldlyﬂ|

But since g is bounded, there 1s 5(> 0) such that { {,. gdu, E € B(S}} C
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BU, thus

sup y'/ fdp‘ < 2ce + 23,
E

y'<q

that 1s, {/ fdu, E € B(S)} C (2ea +28)U.
E

To prove (i1) note that, if f is bounded, say |f] < M, then

sup ' [ S| < sup / '] < M sup /' ul(E)
y'<g y'<q
<MUE e (B)

and, therefore, for arbitrary f, applying for all ¢ > 0, Theorem 3.2,
and taking [g] < M, it follows as in the proof of (%)

suply’ [ faul < e By (5)+ M 1| Bl (D)
y'<q E
whence, for a suitable § > 0, if || 2 |, (E) < & then ¢(f,, fdu) < ¢, for
every g € Q. Thus || U || ;<] i || and so (ii) 1s proved.

To prove (iii) for € > 0, let Sy = {|f| > _yz=z} and denote
Fr = U2, Sk Then {F,} is a decreasing sequence of sets with £, \, @.
For every q € @,

sup y'/ fdu\ = SUP/ [Fldly ]
v <q SNS,< S5N8,°

1
< supf dly'
n”u“‘J(S) ¥ <q SMS,*©

1 L
b A snsa <t
n | @ g () ! n
whence || fi Ig (SN S,.%) = sup, g |t/ 1)g(S N 8n%) < 1 Moreover, as
SNF,* = {s € S:|f| =0}, foreachy’ €Y' we have fSﬂF,,_‘ [fldly u] =
0, and therefore for every g € Q, sup, ., [y'lil,(S N F,.%) = 0, that is
17 llq (SNFL) =0.
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THEOREM 3.5. Let (f,) be a sequence of p -integrable functions
such that

(i) fo— f p-ae. on S ||f||,-measure,
(ii) fgfadpe < p (in the sense of the ||fi]|,-semwaration) uni-
formly with respect to n.

Then f 15 p-integrable whenever Y 1s sequentially complete and

lim ] frdp = / fdu uniformly for E € B(S).
E E

n—oo

PRrROOF. Since the sequence (f,) is ¥ u-1ntegrable, by applying the
dominated convergence theorem, we see the following statement

/ fdy'y = lim / fady'u for E € B(S).
E noeeJE

Yor € > O,n,k € N fixed, let E, ;. = {|fn — fel > €} and E € B(S).
Then E,  is a decreasing sequence of sets with E, ; \, # . Now for
every q € Q,

q{/ ~ fd) < of (b= )+ ol [ (= foden)

EﬂFfL * ENEn

< sup / | frn — feldly p| + sup f [fo — feldly ¢l
EﬂE° [{ EnEn k

y'<q Y
< sup f | fn = Frldly'n| + sup f | fuldly g
v'<qJENE ENE,

ow [ |fuldly'ul
y,Sq EnEn,k

From (ii) for € > 0, there exists § = §(¢) > 0 such that ||z||,(E) < §,

then sup, <, [¢1fnldly/u| < € for all n. As for n,k suitably large

|[El{o{E N Enk) < 6(5), then sup,., ff:n[: . |faldly 1| < § for every

n &€ N. Since B, ={|fn— fe| > €}, | 2 {lq (Eng) — 0 and for every

g€ Q,
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sup / = Feldly'ul
ENEY ,

y'<q

< esup W l(ENET ) = elliillg(E N ET i) < ellzllg(S)-
L2

Thus for every q € Q, q{f(fa — fx)di) < e[+ || &2 lig (S)] for alin,k
and E € B(S). So it follows that (f fady) is Cauchy in Y uniformly
with respect to ¢ € Q. Thus there exists yg = limp—o0 | g fndp. Since
Y is sequentially complete, there exists an element yz in Y such that

y'(ye) = lim f fnd(y 1) ==/ fd(y/ ) for each E € B(S).
ki Aande ] E E
Therefore f is p-integrable and [, fdp = lim / fndp.
n—o E

THEOREM 3 6. If Y is sequentially complete and for € > 0 and
En € B(S) for alln, || i llq (-) is continuous at ¢ on B(S), then every
bounded measurable function f : S — X 1s p-integrable.

PROOF. Since f is a bounded measurable function, there is a se-
quence (f,) of simple functions such that converges to f u-a-e. on S
and || fn lls<|l f lls for all n Let € > 0 be fixed, E, = U2, {s€5:
{f ~ fel > €}. Then for each 3’ € Y’ there exists a positive intcger N
such that || fi |lq (En) <€ foralln > N So

JL1 sttt < [ 15— el + [ - i

EOE,
< el|fillo(E N Ey) + 2M||H||o(E N En)
< e(||Ellg(E N Eg) +2M), where M =|| f |5

Thus f is y'p-integrable and [ fdy'p = Ump_oo [ fndy'pe for cach
vy € Y. By the assumption for each ¢ > 0, there exists an integer
N(> 0) such that || zz || (Ey) < € for n > N and thercfore

a( L frdp— /E Fedp) < e(|| @ ll, (ENES) +2M)
+e|l i lg (ENES) +2M) for all n,k > N, E € B(S).
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Since Y is sequentially complete, there exists an element yg € Y, yg =
fE‘ fdy = lmp 00 fE fndp. So f is p-integrable.

DEFINITION 3.7(5]. A measureable function f : § — X 15 said
to be p-integrable if there exists an X-valued sequence (fy,) of v i ple
functions such that (i} f, — f p-a-e. (ii) given € > 0, there oists
& = 8(e) > O such that || & ||, (E) < 8, E € B(S) mplies ¢(f frdu) <
eforallm=1,2,---.

THEOREM 3.8. Let (f,) be a sequence of u-integrable functions
which converges to f p-a-e. and let g : S — X be a y-mnieyrable
function such that |f,| < lg| forn = 1,2,.... Then f is p-iniegrable
whenever Y 1s sequentially complete.

Proor. Let B, = U2 {|fn — fl > €lg|}. Then {E,} is decie+sing
sequence of sets with E, N\, §. So, given ¢ > 0, there exists a positive
integer N = N(e) such that || & ljq (En) < g7 and since ¢(fn(s) —
f(8)) — 0 uniformly on SN EZ,

9(fn(s) = f{s)) <

€
— foralln >N, se SNE].
A0+ 2 llg (S

Also, since |fp| < |g| and [f| < |g| p-a-e., there exists F' € B(S) such
that SN F<is pg-null and |f, — f| < 2|g| for alln > N, s € F. Thus

‘/U—hMWMS] umnmwm+/ 1 = Fuldly's
E ENES ENE.,

€
< < ill, (EnES
Aty Al ENE)
+[ 1n—fmym+/’ \f — fldly' sl
{(ENENF (ENEL)NF<
€ ~
<Stallgll-Nil (BNE)AR
€ € € €
<< i =S 8
<SH2lgl Wil (B =5+5=1

Now let k, n > N and E € B(S). We have q(fp(fn — fi)) < e
So (fg fady) is Cauchy uniformly for each £ € B(S). Smce Y is
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sequentially complete, there is an element yg = | ¢ fdp, which means
IE fdp = lhmy, oo fE fndp.
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