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THE SPACES OF ULTRADIFFERENTIABLE 
FUNCTIONS OF TWO TYPES AND WHTTNEY JETS

Young Sik Park

0. Introduction

We investigate some problems on the space 剧诺(。)(호esp. 五匕이 (Q)) 

of ultradifferentiable functions of class M = (Mk)keNQ(=zNu{0}) (resP- 

Beurhng, Roumieu type) and that of EM(K)(resp. (K)) of Whit­

ney jets of class Af(resp. Beurling, Roumieu type) on a compact set 

K in BJ1. Also we consider the problems on non quasi-analytic classes 

of functions. Here M(resp. [s]) stands for (MQ or {M}(resp.(3)or 

W)-

1. 口丄e spaces E问(Q) and
Throughout Nq and N denote the sets of all nonnegative integers 

and positive integers, respectively. Let M = (MQkyN。be a sequence 

of positive numbers which satisfies some of the following conditions 

with Mo = 1,

(M.l) Ml < Mk-tMk+i, keN-,

(M.2) There are constants K > Q and H > 1 such that

< KHk min -k 6 M；
— 0<l<k
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(M.3) There is a constant L > Q such that

8E 竺二쓰,
Mi - g

k e N;

(M.3)‘

We write

«으、M-i /

—Mk 
K=1

Mk 】 M J 1 £ 
rrik = - -- , fc € TV, and define

Affc-i 

m(t) = the number of < Z, M(t) = sup log 爾-.

Definition 1.1. Let w : [0, oo) —> [0,8)be a continuous increas­

ing function with w(0) = 0 and lim^oo w(t) = oo. We consul*the 

following conditions on w:

(a) 0 二二 w(0) < w(s +1) < w(s) + w(t) for all s, t G [0, 8),

(伊) fo° 群아* V。。；

(7)1血18 쯔置 = 0；

(b) tp : t -t w(凌)is convex;

(e) There exists C > 0 with dt，< Cw(y) + C for all y >Q]

(<)There exists H > 1 with 2w(t) < w(Ht) + H for all i > 0.

Definition 1.2 A continuous increasing function w : [0, oc)—> 

[0, oo) with w(0) = 0 will be called a weight function if it has the 

properties (7), (5) and (e) m Definition 1.1.

We shall denote by 9* . [0, 00) —> [0, 00) the Young conjugate of the 

convex function 甲 defined in (6)} i e.,

g，*(s) = sup(si —> 0}.

Definition 1.3. Let Q be an open set in Rn.

(a) We define the space E&)(Q) (resp. E{g}(Q)) of ultradifferen- 

tiable functions of Beurling type (resp. Roumteu type) is the set of C°°- 

functions / in Q with the property that for each compact set K U Q 
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and each n 6 N(resp. some n 6 】V), ||/||7<in(resp. ||/||k,丄)is finite,

where

The topology in the space E®)(Q) (resp. E{s}(Q)) is given the pro­

jective limit topology over K and n(resp. the projective limit topology 

over K of the inductive limit over n).

(b) We define the space E(mq(Q) (resp.归{辺：}(")) of ultradif- 

ferentiable functions of class (Mfc)(resp. (Affc)), i.e., E(mq(Q) (resp 

E{ML}(Q))= (/ £ : for each compact set K C Q and each(resp.

some) /i > 0, PkjJJ) < oo}, where

FkjJJ)=

The topology on the space E(mq(Q) (resp. is given the

projective limit topology over K and n E 7V(resp. the projective limit 

topology over K of the inductive limit over n G TV).

Theorem 1.4. For a compact set K U Q and n E N, we define

(1.1) E(3)(K,n)= w c°°(q):叮||心 < 8},

E{、(K,n) = {fe C8(Q) . |仇辰洁 <。아, 

E(MQ(K,n) = {/€ C°°(Q) . Pg <。아, and 

Eg(Kn) - (f G C°°(Q) . Pke < oo}.

Then

(L2) E&)(Q)=proj hm E&)(K,n), 
k 리n―*oo

E{3}(Q) = proj hm [md lim Ei^K, n)], 
阵 c ZIT8

E(MQ(Q)=proj hm and

n—>oo

E{a&：}(Q)=E{W(Q) = proj lim [md hm E{Mk}(K, n)].
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PROOF. They are well defined and can be proved by the following 

^remark :

IryI 』이
(i) exp[n(/9*(——)]=sup[----- —],
" 贝 어 k 九 刀 £>oLexpnw(t)J,

1 』이
exp[g，*("| 이)] = sup[--- 厂方]・

n t>o exp 秘t)

(U) 物冲(圳=綬{顽歸卩，

1 tx
exp[評圳=理鬲西函j}.

Theorem 1.5. The space S(Mfc)(-Rn) °f ultradifferenhable func­

tions of class {Mk} is a Silva space, that zs, znductwe hrmt of Frechet 

spaces such that the canonical mappings are compact.

Proof. We define, for j e TV, EMtj(Rn) = {/ € : for

every compact set K in 欣，PkjU) < oo}, where the topology in 

Em,3(R3 is defined by, for an increasing sequence {K} of compact 

sets such that UKZ = _Rn, the system of seminorms {Pkz,j : i € N}.

Then is a Frechet space with ： 1 € N* We

have the well-known properties such that the image of a bounded set 

under a continuous linear mapping is a bounded set and the closure of 

a bounded set is bounded. Also the space 风功(欣)has the property 

that all bounded and closed subsets are compact by Ascoli's theorem. 

Therefore, for j < k. the inclusion mappings Em/R") J £^M,A：(-Rn) 

are compact. Hence we have

E{m异(欣)=ii】d lim Em^}.
J—8

Theorem 1.6. The space E,{a;}(7?n) of ultradifferenhable functions 

of Roumieu type is a Silva space

Indeed, tf a sequence(Mk)keN0 °f positive numbers satisfies (MA), 

(M.2) and (M.S), then there exists a weight funchon w(t) satisfying all 

conditions (魚)-(〈)m Definition 1.1 such that £卩诺左}(R”)=丑{3}(氏”) 
and vice versa (see [6], Theorems 3.1, 3.2).
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2. Non quasi-analyticity
(M.l) is equivalent to saying that the sequence

(2.1) = k , k E N

Mk-i

is increasing. We denote by m(t) the number of < t. Then we have

(2.2) M(t)=广呉顼.

Jo人

Proposition 2.1. ⑴ 當 씌후d，t < oo hm—8 씌尹 = 0.

⑵ 监。므쑤顷 < 8 => lim—8 쯰^ = 0.

Proof (1) For mherwise, there exists a constant e > 0 and a 

sequence 切 v 板such that 으*，> e and tj+i > 2t3. Hence

Hence lim—8 쓰尹 = 0

(2) Similarly we can prove it

Theorem 2.2. lim j>。슴- =E lim s* 므羿 = 0. 
•ll-K <-

Proof (二a) For every e > 0, there exists no € TV such that ■븜匚 < e 

when k > no, i.e., | for k > no- If t = |no, then 흐羿 = "*言。) 
v普* e

(<=) For every € = = there exists M > 0 such that t > M im­

plies 흐^ < i e , there exists E N such that t > nn()implies 

쁴즈”버泓 < If k = no, 반len — = 卫丄 < -些 = 丄 —> 0 as n —> oo.nno+/c n m* mnQ — n

Proposition 2.3. 1皿_*>。끄?) = 0 hmt*。쓰尹 = 0.
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Proof. Obvious by UHopitafs law.

Proposition 2.4. ([7], Proposition 3.1) Suppose that M = ('나丄)虹訂恥 

satisfies (MA) and (M.S)1 7 then

⑴"為/斜

⑵广쁴L 广斜.

Proof. See [7].

Proposition 2.5. ([7], Proposition 3.5) Suppose that M —(几九;)比冲 
satisfies (M.l) and (M.3)f. Then we have the following relatzons:

⑴「写 d"씌 + r 岑或

J。 入 t J。 入
小、f°° M(시 M(t) f°° m(시 八 」丄 匚 1、 商
(2) / —&으屈人 = —— + / 丿 如 and hence by (1) or (2)

h X 七 Jt *
we^ave

(3) [ 쓰？) d入 = [ 人. By (1) and (2) we have
Jo 丿0 人

(4) 시 U(시 办 = 广。肱(시 竺〈시以

丿0 人 Jt X

Proof. See [7].

*)

Suppose that M = (MQi沱satisfies (M.l). Then M satisfies 

(M.3) if and only if there is a constant A such that

广 쓰斗" (4 + 1) 끄* 

t t

for t > mi (see Komatsu [4], Proposition 4.4).

Integrating both sides of (*), we obtain for t >

f 7 f°° m(A) (入)八 广 m(A)

< (4 + 1) [ 끄®叩 = (4 + l)M(i).

Jmi 口

°° (시必

yrdXmi
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Hence we have the following relation :

直 广 m(A) m(A) f00 m(X)
(1) t J 人2 d〉\ < A J —-—dX + mi J -入2 项入

= AM(t) + mi / ”쏲)d人.
Jo人

M(시 ,、 … 、 宀几(시 八
———dX = I —^2~d人.

Hence, by (1) and Proposition 2.5(3), we have the relation '

⑵ 七「빠沁 M(A + E"m「뽀g.

Jt X Jo *

3- Whitney jets of class M on K

By Proposition 2.5(2), we have t

The letters a. j3 will mean multi-indexes m Nq. For a = (ai, an), 

we write a! = %!…an! and \a\ = ai + - — + an Also, a < (3 stands 

for < 目Jz = 1, • • • ,n) and, for x E xa = x^1 . - • x^n. Let K be 

a compact set in Rn.

A jet in K is a multisequence F = (J云)of continuous functions fa 

on K、For a jet F, for 叫 y £ C Rnym e Nq and \a\ < m, we put

(3-1) (M^)(z)= £ 씐— z广,

(3.2) (R*F)的) = 很饥 - £ h브為 _ 时

|a+/3|<m

A jet F is called a Whztney jet on K if it satisfies, for all m E Nq and

I 씨 < m,

(3.3) |(/罗F)M；)| = o(|zf/|m 니이)

for x^y E K. as \x ~ y\ 0. We denote by C°°(k) for the space of 

Whitney jets on K
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Let Cm(Jf),m E Nq> be the space of all m times continuously dif­

ferentiable functions on K in the sense of Whitney i.e.,

Cm(K) = {F — (/a； |a| < m) I F is an array of continuous functions 

on K such that for each \a\ < m

板—니이 tends to zero umiormly a이% — ?/| —> 0 m K\.

Define the norm of F = (/a) 6 Cm(K) by

I 成 llcm(K) = sup 세 C(K).
] 이

Then (C，m(JC), ||*||cm(K)) is a Banach space. The Frechet space C°°(K) 

is defined by

C°°(K) = proj lim Cm(2<). 
m—>oo

Let Q be an open set in R71 and K a compact subset of Q. For a weight 

function w with the properties m Definition 1.1, let 甲 denote 

the function defined by ($). Let(/?* be 나}e Young conjugate of ip.

Definition 3.1. (a) A jet F = (/a) on K is called a Whitney jet 

of Beurhng type if it satisfies the following conditions (3.4) and (3.5): 

For each n E N, there exist constants A, B such that

(3.4) |/q!(x)| < 이)] for all a and x jK、

n

It* 一 f/i 4一 1
(3.5) |«F)a(y)| < 3=匸工布 exp[w*(끄느)],

(m — \a\ + 1)! n

X, y E K,m E Nq, \a\ < m.

We write E&)(K) for the space of Whitney jets of Beurling type 

with the projective limit topology.

(b) A jet F = (/a) on K is called a Whitney jet of Rourmeu type if 

it satisfies the following conditions :

(3.6) |/a(^)| < 4exp[：(p*(찌a|)] for all a and x e K,

(3.7) |(华山(疗 < 喺日闰+ 项 exp*(戒m+1))],

X. y e K.m E M，|a| < m
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for some n E N and some constants ^4 > 0, B > 0.

We write for the space of Whitney jets of Roumieu type

with the inductive limit topology.

For a jet F = (J云)on K and n e TV, we define

(3-8)

IL끼= inf {4 : Constant A satisfies (3.4) for all x G K and a G Nq} 
+ inf(B : Constant B satisfies (3.5) for all x^y E K, |a| < m,m € M}.

Theorem 3.2. We define, for n E N,

(3.9) E&)(K, 끼 = {F = &、) a jet on K : \\F\\K^n < oo},

(3.10) 的3}(K,n) ={F = g a jet on K : \\F\\K^ <。아.

Then

(3-11) E&)(K) = proj*%E(3)(K,n),

(3.12) %，}(K) = ind 舰。E{3}(K,n).

Proof. They are obvious

Let M = (Mk)keN0 be a sequence of positive numbers satisfying 

(M 1), (M.2) and (M.3).

Definition 3.3. A jet F — (/a) on K is called a Whitney jet of 

class (Mfc)(resp. {Mk}) if it satisfies the following conditions :

(3.13) \fa(x)\ < 厶帀에哗 eK,ae

(3.14) 1(心)输)| < 3뜨쁴詳

x, y e K.m E Nq, \a\ < m

for some constants A > 0, B > 0 and every(resp. some) h > Q.
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We write E(mq(K) (resp. E{m%}(K)) for the space of Whitney jets 

of class (M^)(resp. {Mk}) with the projective(resp. inductive) limit 

topology.

For a jet F — (/q,), we define, h > 0

(3.15) Ph(F) = inf {A : Constant A satisfies (3.13) for all x € K, a e Nq}
4-inf(B : Constant B satisfies (3.14) for C K, |a| < m, m G Nq}.

Theorem 3.4. For n E N, we define

(3.16) E(MQ(K,n) = {F = (fa) a jet on K : P"F) < oo},

(3.17) 板}(K,n) = {* = (j云)a jet on K : &(F) < oo}.

Then

(3.18) E(mq(K) =proj

(3.19) E{Mk}(K) = ind n).

Proof. They are obvious.
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