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THE SPACES OF ULTRADIFFERENTIABLE
FUNCTIONS OF TWO TYPES AND WHITNEY JETS

YOUNG SiKk PARK

0. Introduction

We investigate some problems on the space Ens(2){resp. Ej){€2))
of ultradifferentiable functions of class M = (My)reng(=nufo}) (resp.
Beurhing, Roumieu type) and that of Ep{K){resp. Ei,j{K}) of Whit-
ney jets of class M(resp. Beurling, Rourmieu type) on a compact set
K in R". Also we consider the problems on non quasi-analytic classes
of functions. Here M (resp. [w]) stands for (M) or {Ady}{(resp. (w) or

{w}h-

1. The spaces Ey,|(Q2) and Ep(Q)

Throughout Ny and N denote the sets of all nonnegative integers
and positive integers, respectively. Let M = (Mi)ren, be a sequence
of positive numbers which satisfies some of the following conditions
with My = 1,

(M.1) ME < My_1Myyy, k €N;

(M.2) There are constants K > 0 and H > 1 such that

M, < KH* min M Mp_,, k € Ng;
o<I<k
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{M.3) There is a constant L > 0 such that

$Ma M oy
I=k+1 M’““

(M.3) Z M’“ ‘

,k € N, and define

We write mg =
k—1
"

m(t) = the number of my < ¢, M(t) = sup log — Mo

DEFINITION 1.1. Let w : [0,00) — [0, c0) be a continuous i« reas-
ing function with w(0) = 0 and lim,_. o w(t) = co. We consici-1 the
following conditions on w:

(a) 0=w(0) < w(s+1t) < w(s)+w(t) for all s, t € [0, 0),

- %%:dt < o0

hrnt_..m —f— = (;

)
(8) v : t — w(e') is convex;
(€) There exists C' > 0 with %%ﬂdt < Cu(y) + C for all y > 0;
(¢} There exists H > 1 with 2w(¢) < w(Ht) + H for all t > 0.

DEFINITION 1.2 A continuous increasing function w : [0,00) —
[0,00) with w(0) = 0 will be called a wewght function if it has the
properties (), (8) and (¢} 1in Definition 1.1.

We shall denote by ¢* . [0, ) — [0,00) the Young conjugate of the
convex function ¢ defined in (4), ie.,

9" (s) = sup{st — (t)|t > O}.

DEFINITION 1.3. Let Q be an open sct in R™,

(a) We define the space E(,)(Q) (resp. E,}(Q)) of ultradifferen-
tiable functions of Beurling type (resp. Roumzeun type) is the set of C°°-
functions f in { with the property that for each compact set K C Q
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and each n € N(resp. some n € N), [|flix.n(resp. {|f[|x 1) is finite,

where 0% ()]
184 T
Wk = sup IR
FEK exple* ()]
The topology in the space E(,({2) (resp. Ey,}(2)) is given the pro-
jective limit topology over K and n(resp. the projective limit topology
over K of the inductive limit over n).

(b) We define the space E,)(Q) (resp. Eqar,;(©)) of ultracif-
ferentiable functions of class (My)(resp. {My}), 1e., By (Q) (resp
En ()= {f € C™(Q) : for each compact set K C (2 and cach(resp.
some) h > 0, Px n(f) < oo}, where

_ D f(2)]
PK’h(f) - ilelg hiel A’ﬁal '

The topology on the space E(p,y(€) (resp. Eya,}1(82)) 1s given the
projective limit topology over K and n € N(resp. the projective Lt
topology over K of the inductive limit over n € N).

THEOREM 1.4. For a compact set K C Q and n € N, we define
L) Ew(K.n) = {f € C2(Q) : |fllxn < oo},
By (Kyn) = {f € C=(Q) . [|fllx,1 < oo},
E(Mk)(K,'n) = {f e C™(Q) . PK.% < OC}, and
Eivy(Kon) = {f € C°(Q) . Pxn < o0},

Then
(1.2) E(w)(Q) = proj hm E(w)(K, n),
Eqy(Q) = proj hm [ind lim Eg,(K,n)],
K@Q n—>x

E,y(Q) = proj lun Epy (K1), and
KeQ

E(p,3 () = proj lim ind hm Ey7, (K, n)}.
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PROOF. They are well defined and can be proved by the following
remark :

0 explg*(120)] = sup{— ],

i plne pexpnw(t}
ol

eXP[(P( |0¢m*5up[m]-

(11) exp[nw(t)] - Sup{exp[n(p (g)} }
expl w(b)] = supl oy )

THEOREM 1.5. The space Eju, 1 (R™) of ultradifferentiable func-
tions of class { My} is a Sulva space, that 15, inductive hmat of Fréchet
spaces such that the canonical mappings are compact.

ProOF. We define, for j € N, En;(RY) = {f € C®(R") : for
every compact set K in R*, Pg,(f) < o}, where the topology in
Ep ,(R™) is defined by, for an increasing sequence {K,} of compact
sets such that UK, = R™, the system of semmnorms {Pg,, : i € N}.

Then Ep,(R") is a Fréchet space with {Px,, : 1 € N}. We
have the well-known properties such that the image of a bounded set
under a continuous linear mapping is a bounded set and the closure of
a bounded sct is bounded. Also the space Eyr,(R™) has the property
that al! bounded and closed subsets are compact by Ascoli’s theorem.
Therefore, for j < k, the inclusion mappings Ear,,(RB*) — Fap(R")
are compact. Hence we have

E{Mfk}(Rn) = ind JILILIOEMJ(R“).

THEOREM 1.6. The space E,\(R") of ultradifferentiable functions
of Roumieu type 1s a Silva space

Indeed, of a sequence(My)ren, of positwe numbers satisfies (M. 1),
(M.2) and (M.3), then there exists a weight function w(t) satisfying all
conditions (a)-(C) wmn Definition 1.1 such that E¢pr, 1 (RY) = E{(R™)
and vice versa (see [6], Theorems 3.1, 3.2).
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2. Non quasi-analyticity

(M.1) is equivalent to saying that the sequence

M

2.1 =
( ) mg = Moy

ke N

is increasing. We denote by m(t) the number of m, < £. Then we have
i
A
(2.2) M(t) = / @d,\.
0

PROPOSITION 2.1. (1) f° W"dt <00 = iy M = g,
(2) f° ™ dt < oo = limy e, ™8 = 0.

PrROOF (1) For otherwise, there exists a constant € > 0 and a
sequence f; < ty < --- such that &ftﬁ > ¢ and ;41 > 2¢;. Hence
J

M (MM = Mt
tgt) ‘Z/t (%) 4s — ) _

2l dt =
t = 2

j:l 2

Hence lim, .. 24 — ¢

(2} Similarly we can prove it

THEOREM 2.2. lmj_o0 mik =0 & limy_a mt(t) —0

PROOF (=>) For every € > 0), there exists ng € N such that -*- < ¢

My
when £ > ng, 1e., % <my fork>ng. If t = %ng., then mf') e m(%r:)“)
< 12%?; = €.
(<) For every ¢ = L therc exists M > 0 such that { > M im-
plies 7-”# < rlw , there exists ng € N such that ¢ > nng implies
1"—1(-%';“——4_3:”)<— Ifk—n.o,thenmL;:m“—":o gr’;";:%—e()asnﬁoo.

PROPOSITION 2.3. lim;_,0o 28 = 0 & him; 0o 2 = 0.
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PRrROOF. Obvious by L'Hépital’s law.

PROPOSITION 2.4. ([7], Proposition 3.1) Suppose that M = ( Vi )ren,
satisfies (M.1) and (M.3) | then

(1)/O Ai(t)dr /{)m—’-”t(—t)df

d m
(2)/0 ﬁt(l):fé tgt)dt

ProoF. See (7).

PROPOSITION 2.5. ([7], Proposition 3.5) Suppose that M = (M )ren,
satisfies (M.1) and (M.8). Then we have the follouwwng relations:

£ m(A) M(t) EMO)
W [ Srdd== |
{2) ﬂ'{/\(;\) dx = Mt(t) /t m/\()\)d)\ and hence by (1) or (2)
we_hav

(3) M(A) dx = / m)?)\) dX. By (1) and (2) we have
0

/°m MOy, [ MO =),

Proor. See {7].

Suppose that M = (My)ren, satisfies (M.1}. Then M satisfies
(M.3} if and only if there 15 a constant A such that

(*) ft m()‘) —LdA < (A+ 1)m(t)

for t > m, {see Komatsu [4], Proposition 4.4).
Integrating both sides of (*), we obtain for t > m,

t > m(A) m(\) © m{\) * m(A)
A dx = - dA
]mld#/u oA t[ S dA+[nl A jm it

< (A+ 1)/t ﬁfli)du = (A + 1)M(¢).
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Hence we have the following relation :

(1) t/w m)f;\)d)s <A "E\)‘)d,\ +m ]oo m) o\

2
mi my A

= AM(t) + my /0 m;/\)d)\

* m(A
By Proposition 2.5(2), we havet/ M(A)dz\ M’(f)+t/ m )d,)\.

A? A2
t
Hence, by (1) and Proposition 2.5(3), we have the relation -
(2) ¢ / A:;(A) A\ < (A + 1)M(t) +m, / ﬁ";(j) dA.
¢ 0

3. Whitney jets of class A on K

The letters o, § will mean mulfi-indexes in NJ. For a = {(a, -+ ,an),
we write a! = a;!---ay! and |a| = o + - + o, Also, a < (3 stands
for a, < (2 =1,--- ,n) and, for z € R*, 2% = a7 ---25~. Let K be
a compact set in R™.

A jetin K is a multisequence F' = (f,) of continuous functions f,
on K. For a jet F, for z,y € K,z € R",m € Ny and |af <m, we put

(3.1) IrF) ) = Y f‘*(”( - )

|af<m.

G2 BIPW) =l - Y 280 g

lat3|<m

A jet Fis called a Whatney et on K if it satisfies, for all m € Ng and
la| < m,

(3.3) (RTF)a(y)] = oflz ~y™~1)

for r,y € K, as |z — y| — 0. We denote by C°(K) for the space of
Whatney jets on K
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Let C™(K),m € Ny, be the space of all m times continuously dif-
ferentiable functions on K in the sense of Whitney i.e.,

C™(K) = {F = (fa;|a] <m}| F is an array of continuous functions f,
on K such that for each |a| <m

(BT Fla(y)]
fr — y[m-lel

Define the norm of F' = (f,) € C™(K) by
(Fllom k) = sup | fellecx)-

tends to zero uniformly as|lz —y| — 0 in K}.

Then (C™(K), ||-{lcm(x)) 1s a Banach space. The Fréchet space C*°(K)
is defined by
C™(K) =proj lim C™(K).
T == 00
Let (2 be an open set in R and K a compact subset of 2. For a weight

function w with the properties (@)-(¢) n Definition 1.1, let ¢ denote
the function defined by (§). Let ¢* be the Young conjugate of ¢.

DEFINITION 3.1. (a) A jet F' = (f,) on K is called a Whitney jet
of Beurling type if it satisfies the following conditions (3.4) and (3.5):
For each n € N, there exist constants A, B such that

(3.4) fa()] < Aexp{ngo*(i%!)] for all & and z € K,

{x — y|mlaltt , Lom+1
{(m — |o| + 1)! expne”(
z,y€ K,m € Ny, |Ja| < m.

(35) (R Faw) < B

i

We write E(,(K) for the space of Whitney jets of Beurling type
with the projective limit topology.

(b) A jet F = (f,) on K is called a Whitney jet of Roumuen type if
1t satisfies the following conditions :

1
(3.6) |falz)] < Aexp[;lcp‘ (nja})] for all « and z € K,
|z — y|m et

(m — |af + 1)!
z,y€ K,m € Ny, |la] <m

3.7 [(RTFl(y)i<B

expl= " (n(m + 1)),
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for some n € N and some constants A >0, B > 0.

We write Ey,;(K) for the space of Whitney jets of Roumieu type
with the inductive limit topology.

For a jet F' = (fs) on K and n € N, we define

(3.8)
l|F)ik,n = inf{A: Constant A satisfies (3.4) for all » € K and a € Nj'}
+ inf{ B : Constant B satisfies (3.5) for all z,y € K,|a| < m,m € Ny}

THEOREM 3.2. We define, forn € N,

(3.9) Ewy(EK,n) ={F =(fa) ajet on K : ||Fl|x,n < 00},
(3.10) E)(K,n) ={F = (fo) ajet on K : ||F||g 1 < oo}.

Then
(3.11) E)(K) = proj lim_E,(K,n),
(3.12) By (K) =ind lim Eg(K,n).

PrRoOOF. They are obvious

Let M = (My)ren, be a sequence of positive numbers satisfying
(M 1), (M.2} and (M.3).

DEFINITION 3.3. A jet F = (f,) on K is called a Whatney jet of
class (M} )(resp. {My}) 1if it satisfies the following conditions :

(3.13) |falz)] < ARIAL, 2 € K,a € NJ;

e |T — yrn*laH—l
(3.14) |(Rr F)a(yn —<- B (m _ lal + 1)!

z,y € K,m¢€ Ny, laf <m

m+4-1
h 4 ﬂ'frn-l-l:

for some constants A > 0, B > 0 and every(resp. some) h > Q.
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We write E(r,)(K) (resp. Eqar, 3 (K)) for the space of Whitney jets
of class (My)(resp. {My}) with the projective(resp. inductive) limit
topology.
For a jet F' = (f,), we define, h > 0
(3.15) Py (F) =1mnf{A : Constant A satisfies (3.13) for all z € K,a € Ny}
+1inf{B : Constant B satisfies (3.14) for z,y € K,|af < m,m € Ng}.
THEOREM 3.4. Forn € N, we define
(3.16) Em (K n) = {F =(fa) ajet on K : PL(F) < oc},
(3.17) Ey (K, n) = {F = (fa) a get on K : Po(F) < oo}.
Then

(3.18) E(a(K) = proj lim Eug, (K, n),
(3.19) E{Mk}(K) = ind nlLHgo E{Mk}(K» n).

PrOOF. They are obvious.
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