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EXISTENCE OF ERGODIC RETRACTIONS FOR
ASYMPTOTICALLY NONEXPANSIVE SEMIGROUPS
WITH NONCONVEX AND NONCLOSED DOMAINS

Jong Kyu KiM AND YOUNG MAN NaM

AssTRACT. In this paper, we study the nonlinear ergodic retraction
theorems for an asymptoticaily nonexpansive semigroup with noncon-
vex and nonclosed domains (n Hilbert spaces

1. Preliminaries and notations

Let H be a Hilbert space with norm [f-|| and inner product (-,-). Let
G be a semitopological semigroup, i.e., a semigroup with a Hausdorft
topology such that for each s € G the mappings s+—s-tand s+—t£-s
of (G into 1tself are continnous. Let C be a nonempty subset of H and
let § = {S(t) .t € G} be a semigroup on C, ie., S(st)x = 5(s)S(#)z
for all 5,7 € G and z € C. Recall that a semigroup S 1s said to be an

asymptotically nonexpansive semugroup on C if each ¢t € G, there exists
k: > 0 such that

St — Sl < (1 + ke)fiz — vl

for all x.y € C, where inf;cq sup,cq hes = 0. In particular, 1f ke = 0
for all t € G, then § is called a nonczpansive semigroup on C
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In 1975, Baillon {1] proved the first nonlinear ergodic theorem for
nonexpansive mappings in a Hilbert space : Let C' be a nonempty
closed convex subset of a Hilbert space # and 7" a nonexpansive map-
ping of C into itself. If the set F(T) of fixed points of T' is nonempty,
then for each z € C, the Cesaro mean

n—1
Sn(z) = i Z T*x
k=0

converges weakly to a point of F(7T) as n — co. In this case, putting
y = Pz for each x € C, P is a nonexpansive retraction of C onto
F(T) such that PT = TP = P and Pr € conv{T"zr:n=10,1,2,...}
for each x € C, where @onvA is the closure of the convex hull of A.
The analogous results are given for nonexpansive semigroups on C by
Baillon [2} and Brézis-Browder [3]. In 7], Mizoguchi-Takahashi proved
a nonlinear ergodic retraction theorem for lipschitzian semigroups by
using the notion of submean. And also, in 1992, Takahashi [12] proved
the ergodic theorem for nonexpansive semigroups on condition that
Nscq COnv{S(st)xz : t € G} C C for some z € C.

In this paper, without using the concept of submean, we attempt to
prove the nonlinear ergodic retraction theorems for an asymptotically
nonexpansive semigroup with nonconvex and nonclosed domains in a
Hilbert space. For the proof of main theorem, we prove that if C is
a nonempty subset of a Hilbert space H, (G a semitopological semi-
group, and § = {S(¢) : t € G} a representation of G as asymptotically
nonexpansive mappings of C into itself, then

ﬂ tonv{S(ts)zx : t € G} ﬂ E(S5)
s€G

18 at most one point, where

E(x) = {z : sagéfélcp 1S(ts)z - 2|| = tlgé (1S(t)r — z“}

and

E(S) = () El).

reC
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Our results are generalizations and improvements of the known re-
sults of Baillon {1], Brézis-Browder (3], Hirano-Takahashi [4], Ishihara-
Takahashi [5], Lau-Nishiure-Takahashi [6], Mizoguchi-Takahashi [7],
Reich {8], Takahashi-Zhang [9], and Takahashi ([10], [11] and [12]) in
many directions.

2. Lemuna and proposition

Throughout this paper, we assume that € is a nonempty subset
of a real Hilbert space H, G a semitopological semigroup, and § =
{S(t) : t € G} an asymptotically nonexpansive semigroup on C. For
each @ € C, definc E(z) and F(S) by

E(z) = {z . slgéfgg fS(ts)x — 2l} = t}gé

S(oa -2 |

and
ES) =) E(x)
rel’

respectively. And we denote F(S) by the set {z € C : S(s)z =
z for all s € G} of common fixed points of S.

We begin with the following important lemma and proposition for
our main theorems.

LEMMA 2.1. Let G be a semitopological semigroup, C' a nonempty
subset of a Fhulbert space H, and S = {S(t) .t € G} an asymptotically
nonezpanswe semigroup on C Then we have F(S) C E(S).

PROOF. Let # € C and f € F(S). Smece & is an asymptotically
nonexpansive senugroup, for an £ > 0, there exists sg € G such that
forallt ¢ G

kt.ﬁ‘o < £,

Hence, for each a € G,
inf sup ||S(ts)z — fi| < sup||S(tsea)z — fi|
s€G i3 teG
< sup(l + kis, )l S(a)z ~ £
teG

< (1+6)liS(a)z - £l
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Since £ > 0 is arbitrary, we have
i t - < inf t)xr — fl.
Infsup ||S(ts)z — fll < jnf [:S(8)z — /I
Therefore f € E{(z) for all z € C. This completes the proof.

The following proposition plays a crucial role in the proof of our’
main theorem in this paper.

PROPOSITION 2.2. Let G be a semitopological sermagroup, C' a nonempty
subset of a Hiulbert space H, and § = {S(t) : t € G} an asymptotically
nonezpansive semagroup on C. Then for every x € C, the set

() @r{S(ts)x : t € G} ) E(=)

s€G

consists of at most one pomnt.

PROOF. Let u,v € [, .gconv{S(ts)x : t € G}[)E(x). Without
loss of generality, we may assume that

inf [15()e ~ ulf* < inf I5(0)z — o]
Now, for each t,s € (G, since
lu — w2 +2(S(ts)z — u,u— v) = | S(ts)z — v][2 — |S(ts)z — ull®,
we have

12 ‘ - -
| — ]| +2 tlgg(S(ts):L U, U — V)
> inf ||S(ts)z — v||® — sup [[S(ts)x — ulf?
teG te

> inf ||S(t)x — v||* — sup ||S(ts)x — ul?.
te@ LeG
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Since u € E(z),
2 -
— 2 £(S(ts)z —u,u —
e — vl + sup Inf( (ts)z —u,u —v)
> z—vjf* - inf S(ts)x — ulf®
2 inf [|5(t)z — v} ;ngggH (ts)x — ul]

=3 a2 12
= inf [IS(t)e - off* = inf [S(t)s — |
>0.

Let € > 0. Then there 1s an s; € G such that
e — vl2 4 2(S(ts1)x — u,u—v) > —¢
for all ¢ € G. From v € conv{S(ts1)z . t € G}, we have
le — vlf? + 2(v — u,u — v) > —¢.

This implies that ||« — v{? < e. Since £ > 0 is arbitrary, we have u = v.
This completes the proof.

3. Ergodic retraction theorems

Now, we are in a position to establish the ergodic retraction theo-
rems for asymptotically nonexpansive semigroups with nonconvex and
nonclosed domains 1n a Hilbert space.

THEOREM 3.1. Let G be a sematopologqical semigroup, C a nonempty
subset of a Ihlbert space H, and S = {S(t) : t € G} an asymptotically

nonexpansiwe semigroup on C such that E(S) # . Then the following
statements are equivalent:

(1) Neegtomm{S(ts)r:te G} E(S)#8 for eachxz € C.

(2} There 15 a unique nonexpansiwe retraction P of C into E(S)
such that PS(t) = P for every t € G and Px € conu{S(t)x :
t € G} for everyz € C.
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PrROOF. (2) = (1). We know that Pz € E(S) for each z € C. And
also Pz €[),cqConv{S(ts)z : t € G}. In fact, for all s € G,

Pz = PS(s)r € conv{S(t)S(s)z : t € G}
= conv{S{ts)z : t € G}.

(1) = (2). By Proposition 2.2, (), ., cono{S(ts)z : t € G}(}E(S)
contains exactly one point for each z € C, say it Px. Hence, for each
a €@,

{PS(a)z} = () conw{S(tsa)x : t € G}{ | E(S)

seG

2 () @ru{S(ts)z : t € G} ) E(S)
seG
= {Pz}.

This imples that PS(t) = P for every t € G.
Finally, we have to show that P is nonexpansive. Let z,y € C and

0 < XA < 1. Since Py € E(S), for any £ > 0, there exists s; € G such
that

sup [|S(ts1)z — Py|| < nf [|S(t)x — Pyl + <.
teG teG
Therefore, we have

IAS(tss1)z + (1 — X) Pz — Pyll?
= [[MS(tss1)z — Py) + (1 — N)(Pz — Py)|*
= A|S(tss1)z — Pyl* + (1 = \)[|Pz — Py|*
= X1 = N)||S{tss1)x — Pz|*
< M|IS(ab)z — Pyl| +€)* + (1 - N)|| Pz — Pyl
~ M1 =A)inf || 5(t)z — Pz|f?,
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for each t,s,a,b € G. Since £ > () is arbitrary, this implies
inf sup ||AS(ts)z + (1 — X) Pz — Pyj?
seG te
< AIS(ab)z — PylP + (1 = WPz ~ Pyl = A(1 = 3) inf ||S(t)  Paf*
= ||AS(ab)z + (1 = \) Pz — Py|® + A1 — A)||S(ab)z — Pz|?
— — i P 2
Al =) t‘&f; |S(#)x — Pxi]®.
It is then easily seen that
inf sup [|AS(ts)z + (1 — \)Px — Pyl|2 — A(1 = )) inf sup ||S(ab)z — Pz|?
SGGteG bEG (LEG

< sup inf [|AS(ab)z + (1 — A)Pz — Py||®> — AM(1 — )) inf ||S(t)x — Pzl|%.
beG aEG teG

Since Px € E(S), we have
inf sup |AS(¢s)z + (1 — \) Pz — Py|?

i
1) < sup inf ||AS{ts)z + (1 — A\)Px — Py|*.
s€GIEG

Let
h(\) = f sup {|AS(ts)x + (1 — \}Pz — Pylf?
s€G te@

Then for any ¢ > 0, there exists s; € G such that for all t € G,
IAS(tse)r + (1 — A)Pz — Py||> <h(A) +¢
and hence
(AS(ts3)z + (1 ~ A\)Pz — Py, Pz — Py) < (R(A) + €)3||Pz — Pyl
for all t € G. Since Px € conv{S(ts)x : t € G}, we have

(APz + (1 — \)Pz — Py, Pz — Py) < (h(}) + €)% || Pz — Pyj.
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Since € > 0 is arbitrary, we have
[Pz~ Pyl < h(}),
that is

(2) [Pz — Pyl|? < inf sup ||AS(ts)z + (1 — )Pz — Pyl|%.
seG teG

Now, one can choose an s3 € G such that [|S(ts3)z — Pz|] < M for
all t € G, where M = 1 + infier ||S(¢)z — Pz||. Then, we have
IAS(tss3)x + (1 — A) Pz — Py|)? = [A(S(tsss)x — Px) + (Pz — Py)|?

= X*||S(tss3)x — Pz|® + || Pz — Pyl
+ 2X(S(tssz)x — Pz, Px — Py)

< M)\ 4 ||Pz — Pyl?
+ 2X(S(tssg)x — Px, Px — Py).

It then follows from (1) and (2) that

2Asup mf (S(ts)x — Px, Pz — Py)
seG €

>2Xsup mf (S(tss;;)m — Pz, Pz — Py)
seG €

>sup inf |AS(tss3)z + (1 — APz — Pyl
seGteG
—||Pz — Py||? — M>)?
=supinf | AS(ts)S(s3)x+(1-X) PS(s3) z—Pyl*
seGteG
—||Pz — Pyl — M2)\?
> ||PS(s3)z — Py||* ~ | Px ~ Py|f* — M?X*
=-MX2

Therefore, we have

sup mf(S(ts):r Pz,Pxr — Py) > ——MQ/\
seGLeC
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Letting A — 0, then we have

(3) sup mf (S(ts)x: - Pz, Pz — Py) > 0.
seGt

Let £ > 0. Then there is s4 € G such that

kt34 < €
for all £ € G. For such an s4 € G, from (3), we have

sup inf (S(ts}S(ss)x — PS(s4)z, PS(s4)x — Py)
seG teG

and hence there is s5 € G such that

tiéléf;(S(tss}S(sox — PS{(sq)z, PS(s4)x — Py) > —

Then, from PS(s4)z = Pz, we have

(4) tiélg(é'(at.s‘r,.s‘;)x -~ Pz, Px — Py} > —

Similarly, from (3), we also have

sup mf(S(ts)S(sss4)J PS(s5s4)y, PS(sss4)y — Pz) >

seGLEG

and there exists sg € G such that
teq
that is
(5) inf (Py — S(tsesssa)y, Pr — Py) 2 —
On the other hand, from (4)

(6) rigcf;(b‘(ts(;.sss‘l).1: — Pz, Pz — Py) > —¢.

>0

mf (S(tsesssa)y ~ PS(s554)y, PS(sss4)y — Px) > —

309
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Combining (5) and (6), we have

—2 < (S(tsgssss)z — S(tsessss)y, Pz — Py) — [Pz — Pyl®
S(tsssssa)z — S(tsssssa)yl - I1Ps = Pyl — 1Pz — Pyl
(1 + Ersgsssg)llz — 9ll - | Pz — Py|| = [Pz — Py|?
(1+e)llz gl - 1Pz ~ Py|| — ||Pz — Pyl*.

IA A A

Since € > 0 is arbitrary, this implies ||Px — Pyl € {lz — y|. Ths
completes the proof.

By using Lemma 2.1 and Theorem 3.1, we have an ergodic retraction
theorem for asymptotically nonexpansive semigroups with a nonempty
domain which is noconvex and nonclosed.

THEOREM 3.2. Let C be a nonempty subset of a real Hilbert space
H and let S = {S(t) : t € G} be an asymptotically nonexpansive
semigroup on C such that F(S) # 0. Then the following statements
are equivalent:

(1) NecgConv{S(ts)z : t € G}V F(S) # & for each z € C.

(2) There is a unique nonexpansive retraction P of C onto F(S)
such that PS(t) = S(t)P = P for every t € G and Px €
conv{S(t)x .t € G} for everyz € C '

We denote by B(G) the Banach space of all bounded real valued
functions on G with supremum norm. Let X be a subspace of B(G)
containing constant functions. Then, a real valued function ;¢ on X is
called a submean on X if the following conditions are satisfied :

(1) p(f +g) < p(f) + u(g) for every fge X
(2) plaf) = au(f) for every f € X and a >0
(3) f < g imphes u(f) < u(g)

(4) p{c) = c for every constant c.

The following corollaries are immediately deduced from above the-
orem.

COROLLARY 3.3. [7] Let C be a closed convexr subset of a Hilbert
space H and X a rs-invariant subspace of B((G) contarming constants
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which has a rght wmveriant submean. Let S = {S(t) : t € G} be a
Lupschitzian semugroup on C unth inf, sup, k%, < 1 and F(S) # 0,
where kg 1s the Lipschatzian constant. If for each x,y € C, the function
f on G defined by

[ty =Sz ~yl* forall teG
and the function g on G defined by

g(t) =k} forallteG

belong to X, then the followings are equwvalent:

(1) N,eq conw{S(ts)x -t € GY{YF(S) #0 for eachz € C.

(2) There 1s a nonexpansive retraction P of C onte F(S) such that
PS(#} = S(t)P = P for every t € G and Pz € @no{S(t)z .
t€ G} for everyx € C.

COROLLARY 3.4. [6] Let C be a nonempty closed conver subset of
a Hibert space H and let § = {S(t) : t € G} be o continuous repre-
sentation of a semutopologqical semigroup G as nonerpansive mappings
from C into itself. If for each z € C, the set [\, conv{S(ts)r .
t € GYF(S) # 0, then there erwsts a nonerpanswe retraction P of
C onto F(S) such that PS(t} = S(t)P = P for every t € G and
Pz ceonv{S{t)xr : t € G} for every x € C.
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