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A BASIS OF THE SPACE OF MEROMORPHIC
DIFFERENTIALS ON RIEMANN SURFACES

MAN-KEUN LEE

ABSTRACT. In this paper, we compute a basis of the space of mero-
morphic differentials on a Riemann surface, holomorphic away from
two fixed points. This basis consists of the differentials which have
the expected zero or pole order at the two fixed points.

0. Introduction

Let I' be an arbitrary compact Riemann surface of genus g > 2 with
two distinguished points Py. In [4], it is proved that there exists a basis
of the space of meromorphic vector fields on I', holomorphic away from
two fixed points P.. This basis is defined and uniquely determined up to
a constant by the following behaviour near P:

e; = afzf””"“(l + O(zi))éf—,
+

where g = g, i takes on integral values (i=---,-1,0,1,---) for even g
and half-integral values (i = ---,—1,1,-.) for odd g, and z, (resp. z_)
the local coordinate around P, (resp. P.).

We carried out the same task, in [1], for the quadratic differentials.
More precisely, we proved there exist a basis of the space of meromorphic
quadratic differentials holomorphic away from the two points Py, which

is defined by the following behaviour near Pj:

E; = 2T (1 + O(21))(dzy)?, ¢t eC,
where gy and 2z, are the same as above.
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In this paper, we compute a basis of the space of meromorphic differ-
entials on I', holomorphic away from the two fixed points Py.

THEOREM 1. There exist a basis of the space of differentials, holomor-
phic away from the two points P, which for |i| > { is defined by the
following behaviour near P.:

wi = b2 (14 O(2s))dzy, bE €C,

where i and zy are the same as above.

1. Proof of the Theorem 1

The group of isomorphy classes of line bundles over I' is isomorphic
to the group of linear equivalence classes of divisors. Using this fact, we
can translate the results on the existence of meromorphic functions to
the existence of holomorphic sections of certain line bundles. Let us just
formulate one result:

=0, degL <0
dim H'(X,L){ >1—g+degL, 0<degL <2g—1
=1—-—g+deglL, degL >2g—-1,
where L is a holomorphic line bundle on TI.

Suppose that P; are points and n; are integers (i = 1,2,...,k). We set
R=Q) Ly,
i

where Lp, is the line bundle which has a section with exactly one zero at
the point P, and vanishes nowhere else. And we set

M=L®R.

Then the space HY(T", M) of holomorphic sections of M is isomorphic to
the space of meromorphic sections of the bundle L which are holomorphic
outside the points P, and have at most a pole of order n; at the point P,
(have a zero of order at least —n; if n; < 0. i =1,2,...,k).

Let us take the bundles
M=we L, oLt
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Then

9 9

degM; = (29—2)+(i—2+1)+(—i—2

= g<29—1.

+1)

By Riemann Roch theorem for line bundles
dim HY(T,M;) > 1 —g +deg M; = 1.
We will show that
* dim HY(T, M;) =1,
and the corresponding meromorphic section of w has exactly the required
zero or pole order at P;. Leti—f+1= —n,ie, —i—§+1=—g+2+n.
Then

[

HO(Fa OK—nP+—(g—2—n)P_) = HO(P) Mz)
and

dim HO(F, OK—nP;—(g—2—n)P_) — dim HO(F; onP++(g—2—n)P_)
= 1—g+degM;=1.

Case 1. n>g— 1.
If n =g, then
dim H(T, Ok _4p_1op.) — dim H' (T, Oyp_op ) = 1.
Let us consider the points which satisfy
(1) dim HYT',Og_n,p) =g —mn, for g>n.

If (1) is not true for the point P, we call P a Weierstra point. Since
there are only finitely many Weierstra8 points on I', we can avoid these
points. So let Py be no Weierstra8 points. Then we get

dim HY(T, Ok _,p.) =0,
hence
dim HY[,0,p.) = —g-+1+deg(gP;)
= 1.
Let k be the generator of this space. We can choose such a P_ that it is

not a zero of k. So k is neither in H(T, O,yp_—p_) nor in HO(T, Ogp_—2p.)-

This means that
dim HO(F, ng__p_) =0
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and

dim H*(T', Oyp, —2p.) = 0.
Now we get

dim HO(F, OK_gP++P_) =0
and

dim HYT, Og_gp, 12p.) = 1.

Since dim H%(T', Ok _,p.+p.) = 0, the generator f; of H(T, Ok_yp, +2p.)
has the right pole order at P_. And since dim H%(I', Og_(g+1)p,) = 0, we
get

dim H'(I, Ogyyp,) = —g+1+g+1=2.

We can choose a P_(if it is necessary, we can change the point P_) which
has to satisfy

dim HO(F, 0(g+1)p+._p_) =1

Then the dimension of H*(T', O(y41)p,—2p_) is 0 or 1.
If dim H(T, O(g41)p,—2p ) = 1, then there is a basis {g1, g2} of H(T,
O(g+1)p.) Which satisfies the following equations for nonzero a;, as;

a191(P-) + a29:(P-) =0,

a191(P-) + a2gy(P-) =0, a;€C.
This implies
(9195 — 9192)(P-) = 0.

Because there are finitely many points satisfying the equation above,
we can avoid these points. So we always can get

dim HO(F, O(g+1)p__.2p_) =0
by changing P_ suitably. This means that
dim H(T, Ok_(g+1)p.+2p.) = 0,

so the generator f; has the right zero order at P,.
Now consider the case n = g + 1. The proof for the general case goes
by induction.
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Since
dim H(T, Ogp__op.) = 0,
we get
dim HO(F, ng__3p_) =0.
From Riemann-Roch
dim H*(T, Ok —gp_s3p.) = —g+ 1+ (29— 2) —g+3=2.
Let fi be as above and let f be a second element, such that {f;, f} is
a basis of this vector space. We can solve the equation
af{(Py) +cfO(P) =0, c#0.

f2 = afi+cf is a vector such that {f), f} is again a basis. f, has at least
a zero of order g + 1 at P,. We do not want f; to have a higher order
zero. For this we have to make sure that

afT*V(Py) + cfUrD(Py) # 0
by choosing P, suitably. Now f, generates the subspace of
HT, Og_(g1)p.+3P.)-

It has the right zero order at P,. If we assume that it does not have the
full pole order 3 at P_, it would be an element of H*(T", Ox_4p, 12p_), hence
it would be a multiple of f; which is a contradiction to its construction.

Case 2. n < —1.
If we change the role of P, and P_, then we get case 2.
Therefore we get
dim H*(I', M;) = 1
and the corresponding meromorphic section is given by differentials w;
with the following behaviour near Pj:

wi = bEL T (14 O(aa))(de), BEEC,
for [i| > £.
ACKNOWLEDGEMENTS. I would like to thank to referees for their
helpful comments and careful reading. Also I express deep thanks to Pro-

fessor Jong-Hae Keum of Kon-Kuk University for his valuable comments
and suggestions.



18 Man-Keun Lee

References

(1] J. H. Keum and M. K. Lee, A Basis of the Space of Meromorphic Quadratic Dif-
ferentials, To appear in J. Korean Math. Soc.

[2] I M. Krichever and S. P. Novikov, Algebras of Virasoro Type, Riemann Surfaces
and Structures of the Theory of Solitons, Funk. Anal. i. Pril. 21 (2) (1987), 46-63.

, Virasora Type Algebras, Riemann Surfaces and Strings in Minkowsk:
Space, Funk. Anal. i. Pril. 21 (4) (1987), 47-61.

[4] M. Schlichenmaier, An Introduction to Riemann Surfaces, Algebraic Curves and
Moduli Spaces, Lecture Notes in Physics, Springer-Verlag, 1989.

3]

Department of Mathematics
Dongyang University

Youngju, Kyoungbuk 750-711, Korea
E-mail: mankeun@phenix.dyu.ac.kr



