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IMPLICATIVE ORDERED FILTERS
OF IMPLICATIVE SEMIGROUPS

YOUNG BAE JuUN

ABSTRACT. This paper continues the investigations of implicative
semigroups and of their ordered filters which were started in gen-
eral case by M. W. Chan and K. P. Shum [3]. In particular, the
notion of an implicative ordered filtex of an implicative semigroup is
introduced. We state some equivalent conditions for an ordered filter
to be an implicative ordered filter and obtain the so called extension
property for implicative ordered filters.

1. Introduction

The notions of implicative semigroup and ordered filter were intro-
duced by M. W. Chan and K. P. Shum [3]. The first is a generalization
of implicative semilattice (see W. C. Nemitz [6] and T. S. Blyth [2]) and
has a close relation with implication in mathematical logic and set theo-
retic difference (see G. Birkhoff [1] and H. B. Curry [4]). For the general
development of implicative semilattice theory the ordered filters play an
important role which is shown by W. C. Nemitz [6]. Motivated by this,
M. W. Chan and K. P. Shum (3] established some elementary properties,
and constructed the quotient structure of implicative semigroups via or-
dered filters. Y. B. Jun, J. Meng and X. L. Xin [5] discussed ordered
filters of implicative semigroups. For a deep study of implicative semi-
groups it is undoubtedly necessary to establish more complete theory of
ordered filters.

This paper continues the investigations of implicative semigroups and
of their ordered filters which were started in general case by M. W.
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Chan and K. P. Shum [3]. In particular, the notion of an implicative
ordered filter of an implicative semigroup is introduced. We state some
equivalent conditions for an ordered filter to be an implicative ordered
filter and obtain the so called extension property for implicative ordered
filters.

2. Preliminaries

We recall some definitions and results.

By a negatively partially ordered semigroup (briefly, n.p.o. semigroup)
we mean a set S with a partial ordering “<” and a binary operation “.”
such that for all z,y, z € S, we have:

1) (z-y)-z2=z-(y-2),
(2) c<yimpliesz-z2<y-zand z-z < z-y,
3 z-y<zandz -y<Ly.

An n.p.o. semigroup (S;<,-) is said to be implicative if there is an
additional binary operation * : S x S — S such that for any elements
z,y,z of S,

(4) z<zxyifandonlyifz-z < y.

The operation * is called implication. From now on, an implicative
n.p.o. semigroup will be called simply an implicative semigroup.

An implicative semigroup (S;<,-,*) is said to be commutative if it
satisfies

(5) z-y=y-zforallz,y €S,
that is, (S,-) is a commutative semigroup.

In any implicative semigroup (S; <, -, *), the following hold: for every

z,y €5,
(i) zxz=y=*y
(ii) z * z is the greatest element, written 1, of (5, <).

PROPOSITION 2.1 ([3; Theorem 1.4]). Let S be an implicative semi-
group. Then for every z,y,z € S, the following hold:
(6) 2<l,zxzx=1z=1=*z,
(7) z<yx(z-y),
(8) z <z xz?
(9) z<yxuz, ‘
(10) fz <y thenzxz>yxzand zxx < z %y,
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(11) x <y ifand only if z xy =1,

(12) z* (yx2) = (z-y) * 2,

(13) if S is commutative then z xy < (s -x) * (s -y) for all s in S.

DEFINITION 2.2 ([3; Definition 2.1]). Let S be an implicative semi-
group and let F' be a non-empty subset of S. Then F is called an ordered
filter of S if

(F1) -y € F for every z,y € F, that is, F is a subsemigroup of S.

(F2) ifz€e Fandz <y, theny e F.

The following result gives an equivalent condition of an ordered filter.

PROPOSITION 2.3 ([5; Proposition 2]). Suppose S is an implicative
semigroup. Then a non-empty subset F of S is an ordered filter if and
only if it satisfies the following conditions:

(F3) 1 € F,

(F4) zxye F andxz € F implyy e F.

Now we note important elementary properties of a commutative im-
plicative semigroup, which follows from (5), (6) and (12).

OBSERVATION. If S is a commutative implicative semigroup, then for
any z,y,z € S,

‘ (14) z* (y*2) = y* (z * 2).

(15) y*z < (z*y) * (z * 2).

(16) z < (z*y) *y.

3. Implicative ordered filters

In the first place, we give an equivalent condition of an ordered filter.

PROPOSITION 3.1. Let S be a commutative implicative semigroup
and let F' be a non-empty subset of S. Then F is an ordered filter if and
only if it satisfies for all z,y € F and z € S:

(F5) * <y=xz implies z € F.

PROOF. Assume F is an ordered filter and z < y*z for all z,y € F
and z € S. Thenz*(y*2) =1¢€ F. Since z,y € F, it follows from (F4)
that z € F.

Conversely, suppose F’ satisfies (F5). Sincez < zx1forallz € F, we
have 1 € F' by (F5). Let z*y € F and « € F. Note that z < (zxy) xy
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by (16). Using (F5) we get y € F. Therefore F' is an ordered filter,
which completes the proof. a

DEFINITION. Let S be an implicative semigroup. A non-empty subset
F of S is called an implicative ordered filter of S if it satisfies (F3) and
(I) zx(yx2) € Fandzxy € Fimply zxz € F
forall z,y,z € S. '

EXAMPLE 3.2. Let S := {1,q,b,¢,d,0} be a set with Cayley tables
(Tables 1 and 2) and Hasse diagram (Figure 1) as follows:

1 a b c d 0
1 1 a b c d 0
a a b b d| 0 0
b b b b 0 0 0
c c d| 0 c d 0
d d 0 0 di| o0 0
0 0 0 0 0 0
Table 1
* 1 a b c 0
1 1 a b c | d| 0
a 1 1 a c [ d 1
b 1 1 1 c c c a c
cfll|lal|b|1]aldb b
d 1 1 a 1 1 a 0
0 1 1 1 1 1 1
Table 2 Figure 1

It is easy to see that (S;<,-, ) is an implicative semigroup, and F' :=
{1,a,b} is an implicative ordered filter of S.
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PROPOSITION 3.3. Every implicative ordered filter is an ordered fil-
ter.

PROOF. Let F' be an implicative ordered filter of an implicative semi-
group S. Let cxye Fandz € F. Then 1x(z*xy)€ Fand 1xz € F
by (6), which imply that y = 1 xy € F. This completes the proof. [

REMARK 3.4. The converse of Proposition 3.3 is not true as is shown
in the following example.

EXAMPLE 3.5. Let S be the implicative semigroup in Example 3.2.
Then {1} is an ordered filter of S, but not an implicative ordered filter,
since d*(a*0) =d*d=1¢€ {1} andd*a=1€ {1}, but dx0=a ¢ {1}.

Let S be an implicative semigroup. For any a € S, we define
F(a):={z € Sla < z}.

Clearly, 1 € F(a) and a € F(a).

REMARK 3.6. In general, F(a) is not an ordered filter as shown in
the following example.

EXAMPLE 3.7. Let S be the implicative semigroup in Example 3.2.
Then F(a) = {1,a} is not an ordered filter of S, since a xb € F(a) and
a € F(a), but b ¢ F(a).

Using Proposition 2.3, we give an equivalent condition for the set F(a)
to be an ordered filter: Let S be an implicative semigroup. Then F(a)
is an ordered filter of S for alla € Sifand only if 2 < z*yand z <=z
imply z <y for all z,y,z € S.

LEMMA 3.8. Let S be an implicative semigroup. Then F(a) is an
ordered filter of § for all a € S if and only if {1} is an implicative
ordered filter of S.

PROOF. Assume that F'(a) is an ordered filter of S for alla € S. Let
zx(yxz) € {1} and x *y € {1}. Then z < y* 2z and z < y. It follows
that < z and so x * 2 = 1 € {1}. Hence {1} is an implicative ordered
filter of S.
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Conversely, suppose {1} is an implicative ordered filter of S. Let
z*y € F(a) and z € F(a). Thenax(zxy) =1 € {1} and axz =1 € {1},
which imply that a *y € {1}. Therefore a xy = 1, i.e.,, a < y. This
means y € F(a), and the proof is complete. g

Let F be an ordered filter of an implicative semigroup S and let a € S.
Define F, := {z € Sla*z € F'}. Note that F; = F'.

REMARK 3.9. For an ordered filter F' of an implicative semigroup S,
the set F, may not be an ordered filter of S for some a € S.

ExAMPLE 3.10. Let S be the implicative semigroup in Example 3.2.
Consider an ordered filter F' := {1,c}. Then F, := {1,a,c,d} is not an
ordered filter, since a xb=a € F, and a € F,, but b ¢ F,.

By using the set F,, we state an equivalent condition for an ordered
filter to be an implicative ordered filter.

THEOREM 3.11. Let F' be an ordered filter of an implicative semi-
group S. Then F is an implicative ordered filter if and only if for any
a € S, the set F, is an ordered filter of S.

PROOF. Assume that F is an implicative ordered filter of S§. Clearly,
leF, Letzxyc F,andz € F,. Thenax(z*y)€ Fanda*xzxz € F.
Since F is an implicative ordered filter, it follows that a xy € F), i.e.,
y € F,. Hence F, is an ordered filter of S.

Conversely, suppose F, is an ordered filter for all a € S. Let

zx(yxz) € Fandzxy € F.

Then y * z € F, and y € F,, which imply that z € F;, ie,, zx2z € F.
Hence F is an implicative orderd filter. This completes the proof. 0

LEMMA 3.12. Let S be a commutative implicative semigroup and let
F be a non-empty subset of S such that

(F3) 1€ F,

(F6) zx(yx(y*z2)) € Fandz € F implyyxz¢€ F
for all z,y,z € S. Then F is an implicative ordered filter of S.
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PROOF. Let z*(y*2) € F and z *y € F. Using (14) and (15) we
have
zx(yx2z) =yx*x(Tzx2) < (z*xy)*(z*(z*2)).

It follows from (F2) that (zxy) * (zx (z*2)) € F. Sincez *y € F, by
(F6) we get 2z € F. Therefore F is an implicative ordered filter. This
completes the proof. ]

LEMMA 3.13. Let S be an implicative semigroup. If F is an implica-
tive ordered filter of S, then it satisfies:

(F7) zx(z*y) € F impliescxy € F
for all z,y € S.

PRrROOF. Straightforward. O

LEMMA 3.14. Let F be an ordered filter of a commutative implicative
semigroup S.
(i) If F satisfies (F7), then it also satisfies:
(F8) zx(y*z2) € F implies (xxy)x (x*2) € F
for all z,y,z € S.
(ii) If F' satisfies (F'8), then it also satisfies (F6).

PROOF. (i) Let z * (y x z) € F. Note that

z*(y*2)
<z ((zxy)*(z*2)) [by (10) and (15)]
=z (z* ((z xy) * 2)). [by (14)]

It follows from (F2) that z * (z * ((z xy) * 2)) € F. Using (F7) and (14)
we have
(zxy)*(z*x2z)=zx((z*xy)*x2) € F.

(ii) Assume z* (y* (y*2)) € Fand x € F. Then y* (y*(z*2)) € F
by (14). It follows from (6), (14) and (F8) that

Tx(yxz)=(y*y)*(y*(x*2)) €F.

Since F'is an ordered filter and z € F, by (F4) we have y x 2 € F. This
completes the proof. (]

Combining Proposition 3.3 and Lemmas 3.12, 3.13 and 3.14, we have
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THEOREM 3.15. Let S be a commutative implicative semigroup and
let F be a non-empty subset of S. Then the following are equivalent:
(i) F is an implicative ordered filter of S.
(i) F' is an ordered filter, and F satisfies (FT).
(iii) F is an ordered filter, and F satisfies (F8).
(iv) F satisfies (F3) and (F6).

Finally we give the extension property for implicative ordered filters.

THEOREM 3.16. (Extension property for implicative ordered filter)
Let S be a commutative implicative semigroup and let F' and G be
ordered filters of S such that F C G. If F is an implicative ordered
filter, then so is G.

PROOF. Let z x (y*z) € G. Then

zx(y*((z*(y*2)*2)
=(zx(yx2z))*(z*(y*2) [by (14)]
=1€ePF. [by (6)]

It follows from (F8) that
(z*y)*(@*((z*(y*2)) *2)) € F,

whence

(z* (y*2)) * ((z*y) * (T *2))
= (z*y)*((z*(y*x2)) *(x*2)) [by (14)]
=(z*xy)*(zx((z*x(yx2))*z)) e F CG. [by (14)]

Since G is an ordered filter and z * (y * 2) € G, by (F4) we have (x *y) *
(z * z) € G. This shows that G satisfies (F8). Thus, by Theorem 3.15,
G is an implicative ordered filter of S. This completes the proof. O
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