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GENERALIZED SOBOLEV SPACE OF ROUMIEU
TYPE AND SOME RELATED PROBLEMS -

YOUNG SIK PARK

ABsTRACT. We consider the relations between locally convex spaces
of generalized Sobolev spaces of Roumieu type.

1. Introduction

The purpose of this paper is to investigate the relation between the
generalized Sobolev space Wir»(€; [Mx]) of Roumieu type and the space
Ve (Q; [My]) (see Definition. 3.2).

Also we show the space D(SQ;[My]) coincides with the space Dp»
(Q; [My]) under some assumptions on a defining sequence of positive
numbers (see Theorem 3.6).

Consequently we have the relations:

D(K; [M]) = Dro(K; [Mk)) = D(K; [My41])
and
D(€; [Mk]) = Dpe(2; [Mk]) = D(€; [Mk4i])

if | is an integer greater than n/p and { My} satisfies (M.1), (M.2)’ and
(M.3)’ (see Theorem 3.8).

2. Locally convex space D(Q; [My])

Let {My}, k € Ng, be a sequence of positive numbers which satisfies
some of the following conditions:
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(M.1) (logarithmic convexity) M2 < Mg_1Mj41,k € N;
(M.2) (stability under ultradifferential operators) There are constants
K > 0 and H > 1 such that

< k M .
M. < KH Olélllélk Mle_l,k € Np;

(M.3) (strong non-quasi-analyticity) There is a constant K > 0 such
that

[o o]
3 Af\l/;ngkAyk . kEN;
et 1 k+1

(M.2)/ (stability under differential operators) There are constants K >
0 and H > 1 such that

Myy1 < KH* My, k € No;

M1
My

(o o]
(M.3)/ (non-quasi-analyticity) Z < 00.
k=1

DEFINITION 2.1. Let K be a compact set in R", let { My} be a se-
quence of positive numbers and let > 0. We denote by D(K; My, h)
the space of all f € C*°(R™) with support in K which satisfies (2.1).

| D= f ()|
2.1
®1) 1F i asr rekaeng P Mg, <

Clearly D(K; Mg, h) is a Banach space under the norm (2.1).

PROPOSITION 2.2. Ifh < r and K € L, then the inclusion mappings

D(K; My, h) — D(K; Mg,T),
D(K; My, h) — D(L; Mg, h)

are compact operators.

PROOF. We can find a proof in Komatsu {1}, p. 41. O
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DEFINITION 2.3. Let K be a compact set in R™ and let 2 be an open
set in R™. As locally convex spaces we define:

D(K;[My]) = ind lim D(K; Mg, n),
n—ro0

D(Q; [My]) = ind th’?n D(K, M_k’ n)
n—ro0

= ind Kl(i:nclg D(K; [Mg}).

THEOREM 2.4. D(K;[My]) and D($; [My)) are (DFS)-spaces.
PROOF. By proposition 2.2 the theorem is clear. (]

3. The generalized Sobolev spaces WL; (2 [My})
Let §2 be an open set in R™ and let 1 < p < 00.

DEFINITION 3.1. Suppose that {My} satisfies (M.2). Let Wr»(Q;
(My)) (resp. Wi»(S; [Mi])) be the space of all functions u € L?(Q2) such
that for every h > 0 there exists C = C(h) > 0 (resp. there exist h >0
and C > 0) satisfying

(3.1) I1D%uljLe < CRI* Mgl = 0,1,2-- .

We recall that Sobolev space W™P(Q) = {u € LP(Q) : D*u €
LP(Q) for 0 < |aj < m} is a Banach space with the norm {[ulimp =

{Zog{aigm HD"uN’L’pm)}‘/” if 1 <p<oo,

o = , 2% 1Dl

Obviously WoP(Q) = LP(Q). In particular W™?*(Q) forms a Hilbert
space with the inner product (u,) = fo Yo<|aj<m Dou(@)Dv(z)dz.
Clearly, we have '

(3.2)  Wio( (My)) C Wro(; [Mi]) C W™P(), 1<p< oo
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We define, for A > 0,
(3.3)

Were (S My, h) = {” € LP(Q); |5y = sup ( LI |X4“LP> < °°} '
a ||

Wi»(S; My, h) is a Banach space with the norm || - ||B*.
It is clear that

WLP(Q; [Mk]) = Up>oWire (Q, My, h)

(resp. Wi (€ (My)) = NpsoWire (€5 Mk, h).)
The imbedding, for 0 < h; < ho,

Wire (S My, h1) — Wie (S My, ho)

is continuous. Also Wi»(Q; Mk, h1) is a closed subspace of Wi (Q; Mg,
hs).

Hence we can define on Wi, (Q; [My]) (resp. Wirr»(£2;(Mk))) the in-
ductive (resp. projective) limit of the spaces Wr»(Q; My, h):

(3.4) Wire (Q; [Mk]) = ind hlim Wir»(Q; Mg, h)
—00

(3.5) (resp.  Wir» (S (Mk)) = proj ’111).’% Wi (2 M, b))

The inductive (resp. projective) limit space Wr»(S2; [My]) (resp. Wi»
(Q; (My))) is called to be the generalized Sobolev space of Roumieu (resp.
Beurling) type.

DEFINITION 3.2. Suppose that {M}} satisfies (M.1) and (M.3)/. Let
1< p<oo, h>0 and let  be an open set in R".
We define

(3.6) Ve (Q; My, h) = {u € LP(Q); l|ullp,n < o0},

o 1/p
3 [ Dullzs \”

la|=0

(3.7) where ||u|pn = (
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Then the space V»(Q; My, h) is a Banach space with the norm ||+ || 5.
The imbedding, for 0 < hy < ho,

VLP(Q; Mk, hl) - VLP(Q; Mk, h2)

is continuous. We define as locally convex spaces;

(3.8) Vie (Q; [Mg]) = ind lim Vi»(Q; Mg, h),
h—o0
(3.9) Ve (2 (My)) = prop }{li% Vi (2 My, h).

THEOREM 3.3. We have the following relations: For 1 < p < oo,
Wie(Q; Mg, h) C Ve (2 My, h+n) € Wiro(Q; My, h+n) for every n > o,
WLP(Q; [Mk]) = VLP(Q; [Mk])

PRrOOF. We can show the relations easily. 0

DEFINITION 3.4. Suppose that {M;} satisfies (M.1) and (M.3)’.
Let 1 < p < oo, h >0 and let K be a compact set in R®. We define

(310)  Dro(K;[Mel,h) = {# € Dic : gl ™ < oo}
where

0o o p\ /P
(1) e = (]:;0(——-————”1),113’;’;7;"* ")) ) .

Then Dr-(K;[Mg],h) is a Banach space with the norm (3.11). If
hy < hg, then we have

Dr»(K; [M], 1) C Do (K; [My), ha)

and the inclusion mapping is continuous.
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DEFINITION 3.5. Let © be an open set in R"®. Under the same as-
sumptions as in Definition 3.4., we define as locally convex spaces

(3.12) Dy»(K;[Mg]) = ind hl_iq)n;() Dy»(K;[Mk], h),
(3.13) Dpr»(Q; [Mg]) = ind KlicrrclQ Dpe(K; [My]).

We may also define
Dy»(Q; [Mi], k) = ind Jm_Di (K; [Mg], h),
and

Dy»(Q2; [Mk]) = ind hlim Dp»(2; [My], h)
—00
= ind Kléncln Dy»(K; [Mg], h).

h—o00

THEOREM 3.6. Suppose that { M} satisfies (M.1), (M.2)r and (M.3)/.
Then we have the following relations:

D(K; My, h) C Dpo(K; [Mk|,h-+n) forevery n>0,
Dy (K; [Mg),h) C D(K; Mi,h +1n)
for every n > ph for some p > 0,
D(K; [Mg]) = Dr»(K; [Mi)),
D(Q; [Mk]) = Dpe(; [Mk)).

PROOF. If ¢ € D(K; My, h), then |D%¢(z)| < Ahl*IM,y), || € No,
for some constant A > 0. Therefore,

”Da¢||LP(R") < Ahla'MlallKll/pa

where | K| is the Lebesque measure of K.

For every n > 0 we can show that l|¢||§h[f,';] < 00.
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If ¢ € Di»(K; My}, h), then l'Da¢1'Lp(Rn) < BhlaM|a,, la} € Ny, for
some positive constant B.

By Sobolev’s theorem, there is a constant Ax depending on K such
that, for d > n/p(d € Np,1 < p < 00),

NDdllcx) £ Ak Z D) Lo
{Bl=d
By (M.2)/, there are constants C > 0 and H > 1 such that

M‘al+d < Cde(la|+d)_£g%ﬂz

Hence we have the following
wp D790
zeK,a (h+n)l* Mg

< sup | D*dllc(x)
- (h‘ + ﬂ)'“lM|a|

sup Ak Z;m:a ”Da+ﬂ¢"LP
T a (h+7))|a|M|a|

n+d-1 "Da+'3¢"Lp
< L s | L
=4 "( d )s‘ip (h+ )™ Mo

where max|g|—q | Do+8 @) o = | DT\ Le,

M|a|, ]al € Np.

ol ¢, M b =

+d-1 R Miogq
< BAgh? (n ) —_—
= BAK d )R ErneM,
d-1 2 _ d(d+1) |ex|
< afn+ d pyd
< BAkh ( g )C H 2 Sl;p(_h-l-n) < 00,
for n > h(H?¢ - 1). O

ProPOSITION 3.7. ([1], Prop. 8.4.). Ifl is an integer greater than
n/p, we have

D(K;[Mi)) C Dro(K; [Mi]) € D(K; [Mr+i)),
D(; [Mi]) € Dra(; [Mi]) € D(S2; [My+1])

and the inclusion mappings are continuous.
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THEOREM 3.8. If! is an integer greater than n/p and { My} satisfies
(M.1), (M.2) and (M.3)1, then we have the followings:

D(K; [Mg]) = Do (K; [Mi]) = D(K;; [Mk+1)),
D(Q; [Mg]) = Dr»(; [Mg]) = D(; [My14)).

PrROOF. We can prove it by Theorem 3.6, Proposition 3.7 and the
following Proposition 3.9. a

PRrROPOSITION 3.9. Under the same assumption as in Theorem 3.8,
we have the following relation:

D(K; M1, h) C Do (K; [My), h +n)

for every n > ph for some p > 0.
PROOF. Let ¢ € D(K;Mgti,h). By (M.2)/, there exist constants

C >0 and H > 1 such that M|,4; < ClHl(|°‘|+l)“Ll;—llM|a|.
There exists constants A > 0 such that || D*¢||Le(rn) < AR M4

|K|'/?, |a| € No, where |K| is the Lebesgue measure of K.
Therefore,

o N » 1/p
|| — Z | D¢l Lr(rm)
p.h+n (h + ﬂ)la|M|a|

laf=0

> h& M, P v
< AK 1/p jal+l
< AlKl (Z ((h+n)""Msa|

|a|=0

1/p
© 1\ lalp
< AlK,1/PCle2—5‘§—Q (Z (:THU) ) < 00,

|| =0
if p > h(H' - 1).
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