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A CERTAIN CLASS OF ANALYTIC FUNCTIONS
DEFINED BY RUSCHEWEYH DERIVATIVES

S. K. LEE AND S. B. JosHI

ABSTRACT. This paper deals with a class H/'\’(A,B,a) of analytic
functions and we obtain coefficient estimates and related results.

1. Introduction and definitions

Let A denote the class of functions given by

(1.1) f(z) =2+ i an2"™, an >0

n=2

which are analytic in the unit disc U = {z : |z|] < 1} and normalized
such that f(0) = 0, f'(0) = 1. Also let S be the subclass of A consisting
of analytic and univalent functions of the form (1.1). We denote by
S*(a) and K (o) the subclasses of S consisting of all functions which
are, respectively starlike and convex of order o in U(0 < a < 1), that is,

(1.2) S*(a):{feS:Re(zfl(z))>a, 0<ax<l, zeU}

f(2)
and
Citea o (L ) 1,
(1.3) K(a)—{feS.Re(1+ f,(z))>a,03 <1l,zeU}.
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We use (2 to denote that class of analytic functions w(z) in U, satisfying
the conditions w(0) = 0 and |w(z)| < 1 for z € U. In [8] Ruscheweyh
introduced the class K as follows. Denote D* : A — A the operator
defined by

Df = $fy A> -1, zeU

z
(1- Z)A-H

113 ”

where the operation “*” is the usual Hadamard product of the series.
We note that D°f = f, DYf = zf', D%f = (f' + zf"/2) and

(1.4) szz{feA:Re(PI—;—;—jlri)>—;-, zeU}.

Let R, be the class of pre-starlike functions of order a, that is, f € R,,
if and only if

€ §*(a), a<l, Re(@)>l,a=1, zeU.

A
I g 5

Note that 2

(1 - z)2—-aa

is a well known extremal function in S*(a). Further, Ruscheweyh [9]
observed that

Sa(z) =

D2—2af

(1.5)  f € R, if and only if Re (—D'l_—'iz_x_f

)>%, a<ll, zeU,
and in [12] Silverman and Silvia proved that R, C S if and only if a < %

In [6] Aouf and Nasr introduced the class S; of starlike functions of
complex order b(b # 0), that f € S, if and only if

1 (zf '(2)
b f(2)

The class K and various other subclasses have been rather exten-
sively studied by Sheil-Small et al., [11], Schild and Silverman [10], Al-
Amiri [4, 5], Ahuja and Silverman (2, 3], Ahuja [1]. Motivated especially
by the work of Ahuja [1], we aim at presenting here a systematic study of
the class H(A, B; @), which provides a unified approach for the classes

considered by Ruscheweyh [8], Aouf and Nasr [6], Ahuja (1], and others
4, 5, 12, 13].

(1.6) Re (1 + - 1)) >0, z€ U.
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DEFINITION. A function f of A belongs to the class H2(A, B; ) if
A+1 D*'Hf_1 <1+(B+(A—B)(1—a))z

b DA f 1+ Bz ’
where 2 € U, -1 < B< A<1 0< a<l and “ <" denotes
subordination.

Equivalently, a function f of A belongs to HS(A, B; a) if and only if
there exists w(z) € Q such that for z € U,

A+1 (D Mf A 1+ (B+ (A-B)(1 - a))w(z)

b DX f - 1+ Buw(z) ‘

17) 1+

(1.8) 1+

2. Main theorems

Our first result provides coefficient estimates for a function f to be
in HS(A, B; a), but before that we state a following result which we are
going to use.

LEMMA 1 [7]. Let

g9(z) = dez”, G(z) = Z Dpz?P, ¢ > 0.

p=q p=q
If g(2) = w(2)G(z), where w(0) = 0 and |w(z)| <1, 2€ U, thend; =0
and
k k—1
Z ldp‘z .<_ ZIDPF)' k= q+ 1,‘1+2, .
p=qt+1 p=q
THEOREM 1. For a fixed integer m(m > 3), let
_A-Bp(1-a) - (i -2)B

Mi tj-1p  I=RI
and
A+ 1)p
C(’\vp) - (p _ 1)|

A+1D)(A+2)---A+p-1)
(p—1)! ’

p=23,



150 S. K. Lee and S. B. Joshi

Then
(2.1)

((m — l)lC(,\,m))z {(A — B’ (1 — o)?

m—1 P
£ 3" ((4 = Bb(1— @) — (p— 1B = (p— 12)(CO,p))? HMJ}

p=2 =2

:HM]-.

=2

PROOF. We prove (2.1) by the method of mathematical induction on
m. The equality (2.1) holds for m = 3. Assume that (2.1) is true for
m=4,5,--- ,t — 1. Then for m = t, the left side of (2.1) gives

((t_—T)%W) {a-Bpeea-ap

t—2 Y4
+3 (A= BWA —a) - (p—1)BP - (p—1)>)(CAp)* [[ M;
p=2 i=2

t—1
+ ((A = B)b(1 —a) - (t—2)B]> - (¢t - 2)2)(C(\t - 1) [] Mj}

=2

“(—L i t—2)C(\t—1 2HM-
= (w=news) (@ 2eme-1) 118

t—1
+ (A +t=1)2M, — (t - 2)*)(C(\,t —1))? H M,-}
=1

J
t
=[] M;.
j=2

Hence the theorem is proved. O
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THEOREM 2. Let f € HS(A,B;a), and f(z) = 2+ 3 o, ax2®, 2z €
U. Then :

(A-B)pl(1 - o)
A+1 ’

and if |(A— B)b(1 —a) — B| <1 and k > 3, then

(A= B)|b|(1 — a)(k — 2)!
A+ 1)1 '

Furthermore, if |(A— B)b(1 —a) — (k—2)B| > (k—2), k>3, let

(A- B)b(1—a)— (k - 2)B|
k-2

(2.2) lag| <

(2.3) |ax| <

(2.4 M= |

be the largest integer less than or equal to the expression within the
square bracket. Then

1 k .
(2.5) |lak| < mg (A —B)b1—-a)—(j—2)B]

fork =3,4,--- ,m+2 and

28 ol < —E= T (4= B(1-a) - (G- 2]
T (m+ DA+ D ol

for k > M + 2.
The bounds in (2.2), (2.3) and (2.5) are sharp for all admissible values
ofb, A\, A and B, and for each k.

PROOF. Using (1.7), we have

A+l (D"“f *1) _ 1+ (B+ (A B)(1-a))u(z)

e LY 1+ Bu(?)

z €U, w e (. Simplifying (2.7) we have

(A+1)(1 + Bw)D*!f
={(A+1)+ ((A-B)b(1 —a) + (A+ 1)B)w}D*f
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that is,

(2.8)
(A+1)(DM1f - D f)

= {((A - B)b(1—a)+(A+1)B)D*f - B(A + 1)D’\+1f}w(z).

As -
D) =2+ Z C(\ p)apz?
p=2
and

A+
C( +1,p) = 52 C(A ),

it follows that (2.8) is equivalent to

Y (- 1)C(\p)ape®

p=2
(S~ Bpa-a) - o- DB)CON pap” )
p=1

where a; = 1. Making use of Lemma 1, we have

S (0 - DXC(AP)?lapl
p=2
k-1
<> ((A-B¥(l—a) -~ (p- 1)B[?)(C(X,p))?|ap/?

=1

b~

which leads to
(2.9)

2
jaxl? < ((7:171—0(7,5) {(A ~ BRI - a)?

k—1
+3(1(A - BYS(1 - 0)BI? - (p - 1)2)<0<A,p>)2|ap|2}

p=2
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for every £k =2,3,-.- . For k = 2, we get

NN CELTTEN

which implies (2.2). Let
(A-B)b(l1-a)-B|<1, k>3.
Then it follows that
(A-B)b(1—a)—(k—2)B|<k-2, k>3.
Since all the terms under summation in (2.9) are non-positive, we get

(A-BB(1-0)

ol < SE e 0 k2

which establishes (2.3). However, if
|(A_B)b(1_a)—(k_2)B| >k—2’ k23a

then all terms under summation in (2.9) are positive. We prove (2.5) for
integer £ > 3 and k < M + 2, from (2.9), by mathematical induction.
For k = 3, (2.9) contributes,

(A = B)[b|(1 — 0)|(A - B)b(1 — &) — BJ?
A+1)(A+2)

las|? <

which proves (2.5) for k = 3.
Suppose that (2.5) holds for k = 4,5,--- ,m — 1. Then for k = m,
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(2.9) yields

,am'2

J(== 1)10(A,m>)2 {a-prura-ar

m—1
+E:WA—BWO—a%%p—DBV—@—D%KX%MVMY}
p=2

<(m ) (A= B —a

m—1
+ 3" ((A-Bp(1—a) - (p-1)BI’ - (p— 1)?)

p=2

2 1y [(A=B)b(1 —a) — (j — 2)BJ?
e 11 et

11 (A= B)b(1 —a) — ( —2)B]?
_1:[2, (A +j-2)? ’

by Theorem 1, and it is very easy to prove (2.5) holds for k < M+ 2.
Lastly, suppose that k > M + 2. Then we can write (2.9) as

|ak|?
1 2
<(@=somn) {a-rwre-o

m+2

+ Y (1A= B - o) = (p— VB - (p— 1)*)(C(X,p))?|ap|”
p=2

+ S (- B)b(i-a) - (p- DB - (p- 1)2)(C(A,p>>2|ap|2}
p=M+43

m+2
+3°((A- B)b(1 - @) — (- DB — (p— 1)2)<0(A,p>)2|ap|2}
p=2
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1 2
<(w=gomm) {4-orwra-er
m—+2
+ 3 ((A-B(1— ) — (p— 1)B]? - (p— 1)?)
p=2

P |(A— B)b(1 — ) — (j — 2)B|?
| e e L LI

=<(M+2)C()\,M+3))2 ’ﬁ3|(A B)b(1 —a) - (j —2)]
(k—1)C(\ k) A +j—2)2 ’

_ (k—2)! 2m+3 .
= ((M+1)!()\+1)---(A+k—1)) ]1_:12 |(A—B)b(1 —a)—(j —2)B?

by using Theorem 1, and thus (2.6) follows immediately from the above
expression.

The equalities (2.2), (2.3) are sharp and are given by

2 { A1+ B0 4B B+o

[ N— :
(1 —2)A zexp(Llfi)f’—‘——), B=0

where |(A— B)b(1 —a) — B| <1.
The inequality (2.5) is sharp for

£ z _ z(1+Bz)uMl_az, B#0
(1—z)M1 zexp(Ab(1 — a)z), B=0
if |(A—B)b(l—a)—B(k—2)| > k-2, k>3 O
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