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FINSLER METRICS COMPATIBLE
WITH f(5,1)-STRUCTURE

HoNG-SUH PARK AND HAa-YONG PARK

ABSTRACT. We introduce the notion of the Finsler metrics compat-
ible with f(5,1)-structure and investigate the properties of Finsler
space with such metrics.

1. Introduction

In a manifold admitting a Finsler metric and an almost complex struc-
ture, if the manifold satisfies the Rizza condition, that is, the Finsler
metric is compatible with an almost complex structure, then the man-
ifold is called an almost Hermitian Finsler manifold or simply a Rizza
manifold. The notion of the Rizza manifold has been studied by G. B.
Rizza (8], Y. Ichijyo [4] and M. Fukui [1].

On the other hand, the f-structure in a Riemannian manifold was, for
the first time, introduced and studied by K. Yano [9]. Recently, in (5],
Y. Ichijyo introduced the notion of the Finsler metrics compatible with
f-structure and found the equivalent conditions for the Finsler metric to
be compatible with f-structure. The (4, 2)-structure in a Riemannian »
manifold was introduced and studied by K. Yano, C. S. Houh and B.
Y. Chen [10]. The Finsler metrics compatible with a ¢(4, 2)-structure
were introduced and studied by the present authors [7]. In [2] F. Gouli-
Andreou introduced and studied the f(5,1)-structure in a Riemannian
manifold.

In the present paper, we consider the Finsler metrics compatible with
f(5,1)-structure in analogous manner of [5] and [7]. We shall find the
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equivalent conditions for the Finsler metric to be compatible with f(5, 1)-
structure. An example of the Finsler metric compatible with f(5,1)-
structure is shown in the last section.

The authors would like to express their gratitude to Professor Y.
Ichijyo for his valuable suggestions and encouragement.

2. Preliminaries

In an n-dimensional differentiable manifold M™, let f be an f(5,1)-
structure [2] of rank r, that is, a tensor field f(# 0) of type (1,1) and
class C'* such that

(2.1) fP+f=0, rank f =r.
If we put
(2.2) t=-f% m=f*+E,

where E is the identity operator, we have

b+m=E, £#=¢0 tm=ml=0,
(2.3) mi=m, fl=Lf=f fm=mf=0,

f=—t, f*m=0, fPfm=mfi=0.
Hence, £ and m are complementary projection operators on the tangent
space at each point of M™. Let £ and M be the distributions correspond-
ing to £ and m respectively. Since the rank of f is r, the dimensions of

L and M are r and n — r respectively.
If we put F = f?, then the tensor F' of type (1,1) satisfies

and from (2.2) and (2.3) we have

(=~-F* m=F?+E, F¢{=(F=F,

2.5
(2:5) FY=—0, Fm=mF=0 F’m=0.
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That is, F acts on L as an almost complex structure operator and on M
as a null operator. It is well known [9] that, in a manifold with the struc-
ture F' satisfying (2.4), there exists a positive definite Riemannian metric
a;; with respect to which the distributions £ and M are orthogonal and
such that

(2.6) Qi = aqupinj + aipm”j, Fij = —Fji,

where Fij = aiprj.

3. An (f(5,1), L)-manifold

Let us assume that M"™ admits a Finsler metric L(z, y). As a matter
of course, L(z, y) satisfies

1) L(z, ky) = kL(z, y) for any k >0,

3.1 o
31 2) gij(z, y)&'& is positive definite,

where g;;(z, y) = 10,0;,L%(z, y), 0; = 8/dy.
For any point € M™, we define the norm of y in the tangent space
Tz(M) as

(3.2) lyll= = Lz, y).

Then T (M) can be regarded as an n-dimensional normed linear space
by the properties of Finsler metric L(z,y).

Now, we define the scalar product of a complex number é = |&|(cos §+
isinf) and any vector £y on the subspace £ in T, (M) as follows

(3.3) Ly = |(8% cosf + F*; sin 6) 47 yy*.
Then, we have || ¢y|| = L(x, fy) > 0 and
1€y1 + Lyall = L(z, byr + by2) < L(z,lyr) + L(z, Ly2) = [0yl + [|€y2]l-

for any £y, €y, € £. Since the dimension of T, (M) is finite, £ is com-
plete. Thus the tangent subspace £ of T,;(M) is a complex Banach space
with respect to F if and only if

(3-4) l1etyll = 1¢] fleyll.
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If we put @y = E cos@ + Fsin6, we have from (3.3)
(3.5) eyl = || L(z, poly).
Therefore (3.4) is equivalent to

(3.6) L(z, pely) = L(z, ty)

for any 6. If (3.6) holds, the Finsler metric L(z, y) is said to be
compatible with an f(5,1)-structure and the manifold with the Finsler
metric satisfying (3.6) is called an (f(5,1), L)-manifold.

From the definition of the Finsler metric tensor, we have

3¢3jL2(x, ly) = 2gpq(x, Cy)lP:l%;,
0;0;L*(z, voly) = 20pq(T, ©oly)wePrpe?sl L%},

where  pp*; = 8% cosf+ fi.f7; sinf.
Therefore, if (3.6) holds good, then

(3.7) Ipq(T, Poly)pe?rpe? LMl = gpe(x, Ly)lP:l?;.

Conversely, by the homogeneity of L(z, y) in y, we get easily (3.6),
so (3.6) is equivalent to (3.7).
Thus we have

THEOREM 3.1. Let M™ admit a Finsler metric L(x, y) and an f(5,1)-
structure. The tangent subspace £ at each point x of M™ is a complex
Banach space, if and only if (3.6) or (3.7) is satisfied.

Next, differentiating (3.7) with respect to 8, we have

2Cpgn(z, wofy)—fkty P rpe?s b7 il°;

dye
(38) +gpq( ’ (Peey) do (P(?qs[r es

d S or pSs
+gpq(m) cpgﬁy)cpgpr (ZBH A i= Oa
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where 2C,01(Z,Y) = Ongpqe(, V).
Using the following equations:

diy’; i i i
[ d0]]9=0=Fj, 00 Tlo0 =55

the equation (3.8) is reduced to
(3.9) gpq(x, Ly)NPild;+gpg(a, Ly)ATj€P;+2Cpg (2, Ly) N vy*LPil?; = O,

where we put A\P; = FP.0";.
Now we assume that (3.9) holds good. Differentiating the left side of
(3.7) with respect to 6, we get

d
@{gpq(w, ‘POEy)‘PBP'rQOGqs[riesj}

d
(310) = {2Cqu(m) <Pofy) Sose kfktyt(pepr(»OOqs

d p" d qs T )8
+ 9pq(z, Poly) Z’; ©6s + gpg(T, Poly)pe’r 3‘; }L’ ;.

From (2.5) we have

dpe™
do

Substituting (3.11) in the right side of (3.10), we obtain

(3.11) = o e n s, 0oTml™ s = 0 pp" ;.

d 8
d_é{gpq(x, (p9£y)(p0pr(p0qs[ri£ J}
= ‘peri%sj{?cpqm(x, Logy) ™ hoo™ ey P 0

+ gpa(, Lpgy)APrles + gpg(z, &poy),\qsepr}: 0

by virtue of (3.9). Therefore gpq(z, woly)pePrpedsl i£°; is independent
of §. That is, (3.7) holds good. Thus (3.7) is equivalent to (3.9).
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Next, transvecting (3.9) by y‘y’, we get
Ipa(T, NG L7 + gpg(@, y)ATP3y"y =0,
that is,
(3.12) Ipq(T, LY) NPy 095y7 = 0.
Differentiating (3.12) with respect to y", we have

2Cpqr (2, Ly)ETRAP Y 517
+ gpq(x’ gy))‘pheqjyj + gpq(xa ey)/\piyigqh =0,

from which

(3.13) {gpq(x’ Ly) AP + gpe(2, ey)Apquk}yj =0.

Conversely we assume that (3.13) holds good. Differentiating (3.13) with
respect to y*, we easily get (3.9). Thus (3.9) is equivalent to (3.13).
Consequently we have

THEOREM 3.2. In order that a Finsler metric be compatible with an
f(5,1)-structure, it is necessary and sufficient that one of the following
four equations be satisfied:

(1) gpg(z, woly)pePrpesl il®; = gpo(T, Ly)lP:tl;,
(2) Gpa(Z, LYINPL9+gpa(T, CYIAT ;0P +2C an (T, Ly) AN 1y*L71£%5 = 0,
(3) gpql@, y)WPay't?y? =0,
(4) {gpa(; Ey) APil?; + gpq(, Ly)NP5%% Y7 = O,
where \'; = f'.f7 05,
THEOREM 3.3. If an (f(5,1), L)-manifold satisfies

(3.14) gii(z, ty) = gpe(z, Ly)FP:F9y,

then g;;(z, fy) is a Riemannian metric.



Finsler metrics compatible with f(5,1)-structure 207

PrOOF. Differentiating (3.14) with respect to y*, we have
(3.15) Cijr(z, y)ly = Cpgr(z, Ly)FPF;{7y.
Transvecting (3.15) by /5, and using (2.3), we have
(3.16) Cijr(z, Zy)frkéjh = Cpqr(;v, Ly)FP,FIpl7 .
Since C;jr is symmetric in the all indices, we get
(3.17) Cogr(z, ty)FP;FIplTy = Cpqr(x‘, Ly)FP,F90"),.
From (3.15) and (3.17), we have
(3.18) Cijr(z, )l = Cpgr(z, Ly)FP; F L ;.
Using (2.3), (3.18) is rewritten as

Cijk(z, by) — Cijr(z, Ly)mTk
= Cpgj(z, ty)FP:F — Cpgr(z, Ly)FP Fiem” ;.

(3.19)

Transvecting (3.19) by F%,,FJ %, and using (2.5), we get
Ciji(z, ty)F'mFI 45, = —Cpgj(a, ty)PmFInFl,.

That is,

(3.20) Ciju(x, y)FimF? 5, =0

by virtue of (3.17). Therefore, from (3.15) and (3.20), we have

2C;jr(x, ty)ly = ék{gij(a:, y)} =0,

that is, g;;(z, fy) is a Riemannian metric. a
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4. An example of (f(5,1), L)-manifold

In an n-dimensional manifold M™, let a;;(z) be the positive defi-
nite Riemannian metric, b; be a nonvanishing covariant vector field and

J¢;(z) be an almost Hermitian structure. A Finsler metric L(z,y) de-
fined by

L("L‘, y) = V aijyiyj + \/(bmym)2 + (bm'-]mryr)2-

is called an (a, b, f)-metric [3].
Now we consider a Finsler space with an analogous (a, b, f)-metric
defined by

(41)  Llz,y) = /a5y + V/(bny™)? + (bmf™s fory")?.
Since s’y = 6;, cosf + F'y, sinf, we have

aij(pGip(Pqufpreqsyrys
(4.2) = {cos? § a;;¢* 07 ; + sinfcos (as; €' F7 g+ a;i F' ol )
+ sin2 0 aijFi,.Fjs}yrys.

Now, from (2.5) and (2.6) we get

i i i .
aij(? ,.233 = az-jF pr'rF]qus

— - t\FP F4, — P R4
= (apg — aptm'q) FPrF9s = apgF'+ Fis,

(4.3)

(4.4) (@il FI s + ai ol JyTy° = (Fislis + Firll Jy'y°
’ = 2Fis£irysyr =0

by virtue of F;;¢*,. = —F,, and (2.6).
Substituting (4.3) and (4.4) in (4.2), we have

(4.5) a;j o' ppe” Py Y = aii € pt qyPy?.
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Next, from (2.3) and (2.5)

F™ 0Pl g = F™p(£P5 cosf + FP, sin 6)
= F™,lP, cosf — L™ sind.

Therefore, we have
(bmpo™rl py)? + (b F™ ppoP ol 5y°)?
= (080 by ™,y +sin0 by F™ L7 4y°)?
+(c08 0by, F™ L7 5y° — sin 0 by ™, y")?
= (bmf™y")2 + (b F™ L7 53°)2.

(4.6)

From (4.1), (4.5) and (4.6) we have
L(ZII, (p9€y)
= aij(PGipSOquepreqsyrys + \/(bm(pemr[rpyp)z + (bmFmp(peprersy3)2

=4/ aijgipgqupyq + \/(bmemryr)2 + (brnfmsfg'rfrt'.‘/t)2 = L(z, Ly),

that is, the Finsler metric L(z, y) defined by (4.1) satisfies (3.6).
Thus we have

THEOREM 4.1. A Finsler space with a metric (4.1) is an (f(5,1), L)-
manifold.
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