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THE GENERALIZED WITT ALGEBRAS
USING ADDITIVE MAPS 1

Ki-BonG NamMm

ABSTRACT. Kawamoto generalized the Witt algebra using F[zi!,
-+, zt!] instead of Flxy,--- ,z,]. We construct the generalized Witt
algebra Wy 1, by using additive mappings g, h from a set of integers
into a field F' of characteristic zero. We show that the Lie algebra
W n.n is simple if g and h are injective, and also the Lie algebra Wy 5n
has no ad-diagonalizable elements.

1. Introduction

Let F be a field of characteristic zero contains the set of integers Z.
Let N be the set of non-negative integers. The Witt algebra is called
the general algebra by Rudakov (8]. Kac [2] studied the generalized Witt
algebra on the F-algebra in the formal power series F[[z;,-- - ,z,]] for a
fixed positive integer n. Nam [5] constructs the Lie algebra on the F-
subalgebra Fle*® ... je* z;,--+  Zyi1,++* , Tnim) in the formal power
series F[[zy, - ,x,]] for the given positive integers n and m.

Consider the generalized Witt algebra W (n, m) having a basis

B = {ealzl ...ea"z";cll‘ “'lenizaklal"" ,an,il,... )in+m € Z,
1<k<n+m}
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with Lie bracket on basis elements given by

{ealzl - eanl‘nxlil e Zn;ma eblxl .. ebnxnxtll . tni—ma ]
7l m n m
t
— blealzl+b1$1 e eanxn+bnzn$11+t1 . x:—:i%+ n+ma

a1 T1+hzy | || JGnTntben 0t | Zn+m+tn+m -19.
+ tie -+ - T TOondn gl x 1 0;

n+m
o ,eT1hT | anTatbats i1t | tntm+tnsm
aje eI TonTn g o e 8
_ 2 mn+hT anTntbnZn pit+tl | pintmtiom . —1
ije - o I TOnTn gl B NN 0y

wherebi=Oifn+1§i§n+m,andaj=01fn+1§j§n+m.See

(2], (5], (6]
In [3], it is noted that the Lie subalgebra W (0, m) of W(n, m) is the Witt
algebra on Flzf!,--- ,z!].

Let g and h be additive maps from Z into F', where Z is the set of
integers. Let us define the Lie algebra W, , with basis

{(?1) . (an> lay, -+ ,Qn, 01, i € Z,1 <k Sn}
0 in/ i
and a Lie bracket on basis elements given by
a3 an b bn
() (). G)- G
a1+ by a, + by
()
+h(je) <al + b1> ' ( ag ‘f‘bk ) <(?k+1 + l?k+l> o (an + bn)
i+ 0 i+ gk — 1) \Gks1 + Jkn1 thtIn/,
(B ) ()
ntn thtIn/y
—h(iz)<ql + b1> < a “.H)z ) <?l+1 +l?l+1> ((fn+l?n> ‘
1+ 5 G+ —1) \bs1+ 5n in+Jn/ g
We extend the above Lie bracket linearly to the given basis B (see [5],
[6], [8].) Here it is not hard to show that the above bracket satisfies the

Jacobi identity.
In this paper we will prove the following main theorem.

THEOREM. The Lie algebra W}, ,, is simple.
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2. Main results

The Lie algebra W, ;, , has a Z"-gradation as follows [3]:

(1) Wohn = @ W, an)»

(aly"‘ ,a,.)eZ"

where W(,, ... o) is the subspace of W, , with basis

B={<a1)(an) Ia’h'“’anaila"'ainGZ’ISkSn}.
1 n/k

Let W, ... o,) denote the (a,, - - - , a,)-homogeneous component of W,
and call elements in W, ... o,) the (ai,---,a,)-homogeneous elements.
Note that the (0,-- -, 0)-homogeneous component is isomorphic to the
Witt algebra W(n) [8]. From now on let the (0,--- ,0)-homogeneous
component denote the 0-homogeneous component.

Let us define H(l) to be the number of different homogeneous compo-
nents for any [ € W, ..

For the simplicity of W ,, we assume the map g and g are injective
maps. Now we introduce a lexicographic ordering on two basis elements
of Wy as follows:

For any two basis elements (‘:1‘) “e- (‘1’:)1 and (i’;) .- (g"")]c € B, we have
@G> G G it
(bl," . ,bmila"‘ ,jmk) < (al’... 7anail7' .. ,in,l)
by the natural lexicographic ordering in Z?* x Z.

For any element | € W,,, | can be written as follows using the
ordering and the gradation:

l= Z C(Zl)azn7p)<a7illl>'(a;n) + -
n/p

ily'”,imp
. . a1 ag
Jurdng ! In/q
where (a11,+++ ,@1,) > -+ > (au," -+ ,ay) using the natural ordering on

VA4S
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Next, define the string number st(l) = ¢ for ! (see [5], [6]), and (l)
the max{i;,-++ ,4n," - , /1, ", Jn}. For any basis element ( . in
B,let uscall ay,-- - , a, the upper indices and 4,, - - - , %, the lower 1nd1ces

REMARK. If g and h are inclusions, then we have Wy, = W(n,0)
where W(n,0) is the generalized Witt algebra studied by Kawamoto [3].

LEMMA 1. Ifl € W, is any non-zero element, then the ideal ( [ )
generated by | contains an element whose lower indices are positive.

Proof. Take an element M = (]l) . (]9) such that j; >> --- >> j,

and ¢ such that either a; # 0 or 7; # 0 of l where a >> b means a is
sufficiently larger than b. Then 0 # [M, (] is the required element. 0O

LeMMA 2. If an ideal of W, , contains (0) ( ) where (1 < ¢ < n),
then we have I = Wy p.

Proof. The Witt algebra W(n) is simple, so we know the ideal in the
lemma contains W(n) (3].

For any basis element (‘;l‘) e (‘Z’:)t of Wy pn, if i = 0 and a; # 0, then
we have

0 a1 an _ ay an
0:6) ()]-sl2) ()
We can assume for any fixed p € N, (‘;) ‘e (‘z’:)t € I, that we have
0 ay an a3 an
—h 1
0,620 () )=o) (),
ay a,
= e I
oo, 1) (),
where a; # 0. We can assume for any fixed p € Z — N that
) () ()] o (5)- ()
y . e . —_— a DY N
[(0>1 (p ) 9(a) p I/
ai Ay
=h
0,21) (7)<

where Z — N is the set of negative integers. Thus, we have I = W ...
Therefore, we have proven the lemma. a

THEOREM 1. The Lie algebra W, , is simple.
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Proof. Let I be any non-zero ideal of W, ,. Let us prove this theorem
by induction on H(l) for any non-zero element of [ € I.

Let ! be any nonzero element of I whose lower indices are positive
integers by lemma 1. If H(l) =1 and | € W,... o) = W(n), then we have
proved the theorem by lemma 2.

Assume that we have proved the theorem for any element [ € I such
that H(l) = p. Consider the element [ € I such that H(l) = p+ 1. If |
contains a (0, --- ,0)-homogeneous component, then we have

o#u=(o), (o) [ 1),

is the element which has no (0, - - ,0)-homogeneous elements by taking
appropriate t. Then we have H(l;) < p+ 1, and the theorem is proved.
If I contains no (0,--- ,0)-homogeneous component, then ! has an

( 0”) , and take an appropriate ¢, then we have an element I, = [(_g‘) ‘.-
(7o) U # 0 such that H(ly) < p+ 1. Therefore, we have proven the
theorem by induction and Lemma 2. O

COROLLARY 1. The Lie algebra W(n,0) is simple.

Proof. If we take an additive embedding g,h : Z — F, then we get
the required result (see [5], [6]). O

It is interesting problem to find all the automorphisms of W, 1 ;, where
I:Z — F is an embedding.

THEOREM 2. For any automorphism 0 € Aut(W, 1),
0 0
0 - C'( .) ’
(<0) 1) ; "Ni/y

Proof. 1t is not difficult to prove this theorem using the gradation (1)
of W, 11 and the action of (8)1 on the 0-homogeneous component W
whose vector space basis is {(?)1|l € Z} as an adjoint map. 0

where C; € F.

If the lower indices of W, 1, are zero, then this is Block algebra [1],
thus all the automorphisms of this Lie algebra are decided by Block in

237



Ki-Bong Nam

Theorem 3 of [1]. The element [ € W, is ad-diagonalizable element if
(I, m] = a(m)m for m € B and a(m) € F.
We have a following proposition.

PROPOSITION 1. The Lie algebra W, , has no non-zero ad-diagonal-
izable elements with respect to the basis B.

Proof. Since W, , is Z™-graded Lie algebra, all the ad-diagonalizable
elements are in the (0, - - ,0)-homogeneous component. The (0,---,0)-
homogeneous component is isomorphic to the Witt algebra W(n) [8].
Thus all the ad-diagonalizable elements of W, ,, are of the form ) | C; ((1))1'

where C; € F.But >, C; (?)i, (S)J] # a(g)]. for any a € F' where a # 0.
Therefore, we have proved the proposition. O

REMARK. For the non-existence of ad-diagonalizable elements of
W (n,0) see Corollary 1 of [5].
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