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THE JUMP NUMBER OF THE PRODUCT OF
GENERALIZED CROWNS

Dok RAK BAE, JoNG YouL KiM AND JEH GWON LEE

ABSTRACT. In this paper, we determine the jump number of the
product of generalized erowns:

s(SEx SL)y=2(m+D)(n+k)+2(m-2)n-2)~1

Let P be a finite ordered set and let |P| be the number of elements
of P. The length of a chain C in P is |C| — 1 and the length of P is the
maximum length of a chain in P. A bipartite ordered set is an ordered
set of length one. When a < b, we say that b covers a, denoted a < b,
provided that for any ¢ € P,a < ¢ < b implies that ¢ = b. A linear
extension of P is a linearly ordered set L such that ¢ < b in I whenever
a < bin P. For a subset S of P, min(S) and max(S) denote the set of
all minimal elements and all maximal elements, respectively, of S. For
disjoint finite ordered sets P and @, the disjoint sum P+ Q of P and @
is the ordered set on P U Q such that x < y ifand only if z < y in P
or z < yin Q, and the linear sum P & Q of P and Q is obtained from
P + @ by adding the new relations z < y forall z € P and y € Q.

For a linear extension L of a finite ordered set P, a (P, L)-chain is a
maximal sequence of elements 2,25, -+ , 2z, such that z; < 2, < -+ < 2z,
in both L and P. Let ¢(L) be the number of (P, L)-chains. A consecutive
pair (z;, Z;+, ) of elements in L is a jump of P in L if z; is incomparable to
Z;41 in P. The jumps induce a decomposition L = Co®C&- - -BC,, with
(P, L)-chains Cy, Cy, - - - , Cyp, where m = ¢(L) and (max(C;), min(C;41))
is a jump of P in L for i = 0,1,--- ,m — 1. Let s(L, P) be the number
of jumps of P in L. Then the jump number of P is defined to be the
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minimum number of s(L, P) over all linear extensions L of P, denoted
by s(P). If s(L, P) = s(P) then L is called an optimal linear extension
of P. For a positive integer n, we denote by n the n-element chain.

In this paper we are concerned with the jump number of the product
of certain ordered sets. We begin with two simple observations.

LEMMA 1. Let P and Q be finite ordered sets and let L = Cy @
Ci® ---® C,, be a linear extension of P x @ with (P x Q, L)-chains
Co,C1,-++ ,C. Then each C; is of the form {z} x D or E x {y}, where
D and E are chains in Q and P, respectively.

LEMMA 2. For any finite ordered sets P and Q,

T t
s(Px@Q <33 min{|Cd, D1} — 1..
=0 j=0
for any linear extensions Co® C; ®---® Cr and Dy ® D) @ --- ® D, of
P and Q, respectively.

EXAMPLE. There do not always exist such linear extensions of P and
Q for which the equality in Lemma 2 holds. Let P and () be the ordered
sets in Figure 1.

ag
a5 » 03 by
a4 as b4 b2
aq bl
P Q

Figure 1

Then any linear extension Co @ C, @ - - - @ C, of P is one of the following
types:

303, 10401, 16362, 20301, 2010162, 1616202,
1010201601, 2020101, 16030101, 1016301,
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and any linear extension Dy @ D; @ - - ® D, of Q is one of the following
types:
361, 262, 2011

In any case, we have D _;_g E;=0 min{|Ci}, |D;]} = 1 2 7. On the other
hand, s(P X Q) =6. In fact there is the following linear extension L of
Pwaxth s(L,P x Q)=
L = {(as,n), (@4, ba), (aa, bs)} & { ay, 1), (@2a by), (as, b)), (a6, bl)}

@ {(a1, b2), (a2, b2), (a5, b2), (a6, b2)} @ {(a1,3), (a2, b3), (a5, b3), (as, bs)}

b {(a'3; bl) (a3; b?) ((13, b3)} @ {(0’17 b4)7 (a2, b4)7 (a37 b4)}

® {(as, ba), (a5, ba), (a6, b4) },
which implies that s(P x @) < 6. By Lemma 1, for any lmear extension
L of P x @, the length of the longest (P x @, L)-cham is 3 and L contains

at mmost four (P x @, L)-chains with length 3. Since | P xQ |= 24, we
have s(P x Q) > 6.

H. C. Jung [1] obtained the result that if T is an upward tree, that
is, a finite ordered set containing no induced subset isomorphic to (1 +
1) @ 1, then there is an algorithm to find an optimal lmear extension
Co®Ci®---®C, of T such that

s(T'xn)= Zmin{[C,-l,n} -1

=0

For a linear extension L of a finite bipartite ordered set P, we denote
the numbers of one-element (P, L)-chains and two-element (P, L)-chains
by o(P) and t(P), respectively. Then the followmg is 1mmediate from
Lemma 2.

COROLLARY 3. | Let P and Q be finite bipartite ordered sets.
s(Px Q) < 2-t(P) - H{Q) + t(P) - o(Q) + o(P) - H{Q) + o(P) - o(Q) — 1

W. T. Trotter [2] defined the generalized crown Sk, for integers n > 3,
k > 0, to be the bipartite ordered set with min{S¥) = {a1,a2, " - , Gnsr}
and max(S%) = {b1, by, - - , b4k} such that each b; is incomparable with
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aj for j =4,i+1,---,i+k and b; > a; otherwise. We see that o(SF) =
2(n — 2), t(S¥) = k + 2 and s(S¥) = 2n + k — 3 (see Figure 2 for S3).

Figure 2. S?

Now we determine the jump number of the product of generalized
crowns in the following theorem.

THEOREM. For any integers n, k,m and [ with n,m > 3 and k,! > 0,
s(SEx SL)y=2(m+1)(n+k)+2(m~2)(n—2) - 1.
Proof. Consider H = Sk x S! for fixed integers n > 3, k > 0 and let

A= mln(Sﬁ) = {ah az, - - 7an+k}7 B= ma‘x(sﬁ) = {bh b?a te ;bn+k}1
C= mm(an) = {Cl, Co," " 7Cm+l}; D= max(S,’n) = {dl, d2, s adm+l}-

Then we observe that min(H) = A x C and max(H) = B x D. From
Lemma 1, we first see that there do not exist (a,¢) € A x C and (b,d) €
B x D such that (a,c) < (b,d).

Let L be an arbitrary linear extension of H. For all s,¢ with 1 < s <
n+kand 1 <t<m+l let (as,d}) and (b}, c;) be the least elements of
{as} x D and B x {¢;}, respectively, in L. Rearranging the subscripts, we
may assume that (a1, di) < (a2, dy) < -+ < (Gntk, dy ;) and (b}, c1) <
(b, €2) < -+ < (b,41, €m+t) in L. Suppose, without loss of generality,
that (an_2,d),_5) < (b, 2, Cm—2) in L. Then (an_2,d;,_,) < (b},c1) or

(0, ¢p) < (@n—2,d;,_5) < (b1, ¢pp1) for some p. Since the former case

can be treated similarly, we only assume the latter. Set

n—2

p
S=|Jd¥, ;) and T = | d(a;, d}),
=1

i=1
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where d(z,y) = {(a,¢c) € Ax C | (a,¢) < (z,y) in H}. We shall prove
that 'S U T contains the at least (m — 2)(n ~ 2) one-element (H, L)-
chains. Since S = |Jf_, d(b], ¢;) is a disjoint union and |d(¥}, ¢;)| =n~—1,
it follows that [S] = p(n — 1). Similarly, we have |T| = (n — 2)(m - 1).

CrAM 1. For any element (b, ¢;) € B x {¢} (1 < 1 < p) with
b # b, if (b, ¢;) makes a two-element (H, L)-chain with an element of
S U T, then there is a unique integer j with 1 < 7 < n — 2 such that
d(b;, C,;) N d(aj, d_ly) = Q)

Let (b, c;) be any element of B x {¢;} with (b,¢;) # (b}, ¢;) for 1 <
i < p. Then (¥, ¢;) < (b, ¢;) in L and d(b,¢;) N d(b}, c;) = 0 for all j
with j # . Hence there is no element (z,y) € S such that [(z,9), (b,c)]
is a two-element (H, L)-chain. Suppose that there is an element (a,¢;) €
T — S such that [(a, ¢;), (b, ¢;)] is a two-element (H, L)-chain. Then there
is a unique integer j with 1 < § < n — 2 such that a = a; and (a, ¢;) €
d(ay, d;). Since d(b}, ¢;) N d(a;, dj) € {(ay, ¢;)} and (a;, &) < (b, ¢;) in
L, it follows that ( ,¢i) < (aj,¢) in L, that is, (b, ¢;) is incomparable
with (a;,¢;) in H. Thus (b}, ¢;) Nd(ay, dj) = 0.

CLAIM 2. For any element (a;,d) € {a;} x D (1 < j < n-2)
with d # d}, if (a;, d) makes a two-element (H, L)-chain with an element
of SUT, then there 1s a unique integer ¢ Wlth 1 < i < p such that

d(b;, c:) ﬂd(ay, ) =
This claim can be proved by a similar method to Claim 1.

CramM 3. For p+1 < ¢ < m+1, every element (b,c;) of B x {c,}
cannot make a two-element (H, L)-chain with any element of SUT.

Suppose that, for p+1 < i < m+1, there are elements (b, ¢;) € Bx{c¢;}
and (a, ¢;) € SUT such that [(a, ¢;), (b, ¢;)] is a two-element (H, L)-chain.
But (a,¢;) < (an-2,d,,_5) < (b,¢;) in L, which is a contradiction.

CrAaM 4. For n -1 < j < n+k, every element (a;,d) of {a;} x D
cannot make a two-element (H, L)-chain with any element of SUT.

This claim can be proved by a similar method to Claim 3.
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Set X = { (¥, ) | 1< i <phand ¥ ={(a df) | 1<j<n—2}.
Let U be the subset of [(A X D) U (B x C)] — (X UY) each of whose
elements makes a two-element (H, L)-chain with an element of SUT and
let V={(ij) |1 <i<pand 1< j<n—2with d(b}, c;) Nd(ay, d}) =
0}

Now we define a map 9 from U to V. For u € U, Claims 3 and 4 imply
that u € B x {c¢;} for some ¢ with 1 < ¢ < por u € {a;} x D for some
j with 1 < j < n — 2. In either case, there is a unique (aj,¢;) € Ax C
such that (aj,¢) < uin L with1 <i<pand1 <j <n-—2 Set
¥(u) = (i, 7). Since Claims 1 and 2 imply that d(b}, ¢;) Nd(a;, d}) = 0,
¢ is a well-defined 1-1 map from U to V, whence |U| < |V|. Since
|SNT|=p(n—2)—|V|, we have

|SUT|=|S|+I|T|-|SNT|
=p(n—-1)+(n-2)(m—-1)-p(n—-2)+|V|
=n-2)(m—-2)+(n—-2)+p+|V|
> (n—2)(m—-2)+ |X|+ Y]+ |U].
Now we conclude that |SUT| has at least (n —2)(m — 2) elements except

for the elements which can make two-element (H, L)-chains, that is, there
are at least (n — 2)(m — 2) elements in A x C which are one-element
(H, L)-chains.

Note that o(SF) = 2(n — 2), t(S¥) = k + 2, o(S},) = 2(m — 2) and
t(S! ) = 1 + 2. By Corollary 3, we have

s(H)<2(m+D(n+k)+2(m-2)(n-2)—1.

To prove the other inequality, let L be any linear extension of H. By the
above argument L has at least (m — 2)(n — 2) one-element (H, L)-chains
in A x C. Since H is self-dual, L also has at least (m — 2)(n — 2) one-
element (H, L)-chains in B x D. Thus there are at most 2(n + k)(m +
) = 2(m — 2)(n — 2) two-element (H, L)-chains in H. Hence we have

s(H, L) >2(n+k)(m+1)=2(m—-2)(n—2)+4(m—-2)(n—-2) -1
=2(m+D(n+k)+2(m-2)(n-2) -1,
and so
s(H) > 2(m+1)(n+k)+2(m—-2)(n—2)~1,

as desired. O
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For n > 3, the crowns C, = S3% (see Figure 3 for Cs) and the
n-dimensional standard ordered sets S, = S (see Figure 3 for Sg) are
important examples in theory of ordered sets. From our theorem we have
that s(Cy, x Cp) = 2nm + 1 and that (S, x Sp) = 4(n — 1)(m — 1) + 3.

Cs ‘96
Figure 3
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