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A STUDY ON QUASI-DUO RINGS
CHoL ON KiMm, HonG KEE KiM AND SuNG HEE JANG

ABSTRACT. In this paper we study the connections between right
quasi-duo rings and 2-primal rings, including several counterexam-
ples for answers to some questions that occur naturally in the pro-
cess. Actually we concern following three questions and modified
ones: (1) Are right quasi-duo rings 2-primal?, (2) Are formal power
series rings over weakly right duo rings also weakly right duo? and
(3) Are 2-primal rings right quasi-duo? Moreover we consider some
conditions under which the answers of them may be affirmative, ob-
taining several results which are related to the questions.

1. Introduction

Throughout this paper, all rings are associative with identity. Ob-
serving the properties of quasi-duo rings was initiated by Yu in [14],
related to the Bass’ conjecture in [1]. Given a ring R the polynomial
ring over R and the formal power series ring over R are denoted by
R[z] and R[[z]], respectively. In [9], if R[z] is right quasi-duo then R
is right quasi-duo but the converse is not true in general: similarly R
is 2-primal if and only if R[z] is 2-primal by [2, Proposition 2.6] and
7, Proposition 4]. R is right quasi-duo if and only if R[[z]] is right
quasi-duo [9, Proposition 6]: similarly by [7, Proposition 12] if R[[x]] is
2-primal then R is 2-primal, but the converse is not true in general by
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[10, Example 1.1]. Considering the preceding results, we observe the
similarities or differences between right quasi-duo rings and 2-primal
rings.

A ring R is called right (left) duo if every right (left) ideal of R is
two-sided. A ring R is called right (left) quasi-duo if every maximal
right (left) ideal of R is two-sided. Commutative rings are clearly. right
and left duo; right (left) duo rings are right (left) quasi-duo obviously.
The n by n upper triangular matrix rings over right quasi-duo rings are
also right quasi-duo by [14, Proposition 2.1]. But the n by n full matrix
rings over right quasi-duo rings are not right quasi-duo.

As another generalization of commutative rings, there are 2-primal
rings. The term 2-primal was come upon originally by Birkenmeier-
Heatherly-Lee [2] in the context of left near rings. Shin [13] proved
that a ring R is 2-primal if and only if every minimal prime ideal of
R is completely prime, which was one of the earliest results known to
us about 2-primal rings (although not so called at the time.) A ring
R is called 2-primal if P(R) = N(R), where P(R) is the prime radical
of R and N(R) is the set of all nilpotent elements in R. It is straight-
forward to check that a ring R is 2-primal if and only if R/P(R) is a
reduced ring (i.e., a ring without nonzero nilpotent elements). Com-
mutative rings and reduced rings are 2-primal obviously, and the n by
n upper triangular matrix rings over 2-primal rings are also 2-primal
by (2, Proposition 2.5]. But the n by n full matrix rings over 2-primal
rings are not 2-primal.

2. Counterexamples and Related Results

An ideal I of a ring R is called completely prime if R/I is a domain.
PROPOSITION 1. Right (or left) duo rings are 2-primal.

Proof. Let R be a right duo ring and » € R. Then we have RrR C
rR. Suppose that P is a prime ideal of R and ab € P for a,b € R.
Then

RaRRbR C aRbR C abRC P

and so RaR C P or RbR C P. It follows that P is completely prime,
and hence R is 2-primal by [13]. The proof of the left case is similar.0]
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By Proposition 1 and the fact that right duo rings are right quasi-
duo, we may raise the following question:

QUESTION (1). Are right quasi-duo rings 2-primal?
But the answer is negative by the following Example 2.
EXAMPLE 2. There exists a right quasi-duo ring but not 2-primal.

Proof. We take the ring R in [10, Example 1.1]. Let F be a field and
let V be a infinite dimensional left vector space over F with {vy, vz, . ..}
a basis. For the endomorphism ring A = Endp(V), define

Ay = {f € A|rank(f) < oo and
f(vi) =a1v1 + -+ asu; for i = 1,2,... with a; € F}

and let R be the F-subalgebra of A generated by A; and 14. Let M
be a maximal right ideal of R. Then M is of the form

M = {r € R| (i,3) — entry of r is zero}

for some i € {1,2,...}. But M is also a 2-sided ideal of R and so R
is right quasi-duo. By [9, Proposition 6] the formal power series ring
R[[z]] over R is also right quasi-duo. However R|[[z]] is not 2-primal by
the argument in [10, Example 1.1]. O

-

The ring R[[z]] in Example 2 is not semiprimitive. We have an
affirmative answer to Question (1) when given a ring is semiprimitive.

PROPOSITION 3. Semiprimitive right (or left) quasi-duo rings are
reduced (hence 2-primal).

Proof. A semiprimitive right (or left) quasi-duo ring is isomorphic
to a subdirect product of division rings by [9, Corollary 3(1)]; hence it
is reduced. |
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REMARK. The converse of Proposition 3 (i.e., for a semiprimitive
ring R, is R right quasi-duo if R is reduced?) is not true in general by
the following Example 9.

There is another condition under which the answer to Question (1)
is affirmative. A subset of a ring is said to be nil if each element of it is
nilpotent. The index of nilpotency of a nilpotent element z in a ring R
is the least positive integer n such that ™ = 0. The indez of nilpotency
of a two-sided ideal I of R is the supremum of the indices of nilpotency
of all nilpotent elements in I. If such a supremum is finite, then I is
said to be of bounded index of nilpotency. By [6, Theorem 6], if R is a
right quasi-duo ring of bounded index of nilpotency and the Jacobson
radical of R is nil then R is 2-primal. Notice that for the ring R[[z]] in
Example 2, the preceding conditions are not satisfied.

A ring R is called weakly right (left) duo if for each a in R there exists
a positive integer n = n(a), depending on a, such that a”R (Ra™) is a
two-sided ideal of R. Weakly right duo rings are abelian right quasi-duo
rings by [14, Proposition 2.2].

LEMMA 4. Let R be aring. Then we have the following statements:

(1) R[[z]] is right quasi-duo if and only if R is right quasi-duo.
(2) If R|[[z]] is right duo then R is right duo.
(3) If R[[z]) is weakly right duo then R is weakly right duo.

Proof. (1). By [9, Proposition 6]. (2). Let a € R. Since R[[z]] is
right duo, aR[[z]] is a 2-sided ideal of R[[z]] and so R[[z]ja C aR[[z]]
implies Ra C aR. (3). Similar to the proof of (2). O

REMARK. We may obtain the same results for the left cases by
replacing “right” by “left” in the preceding lemma and its proof.

The converse of (2) in Lemma 4 is not true in general by (5, Example
4). So we raise the following as the converse of (3).

QUESTION (2). Are formal power series rings over weakly right duo
rings also weakly right duo?

But the answer is negative by the following Example 5. Recall that
a right Ore domain is a domain R in which every two nonzero elements

582



A study on quasi-duo rings

have a nonzero common right multiple, i.e., for each nonzero z,y € R
there exist r,s € R such that zr = ys # 0. Right Noetherian domains
are right Ore by [4, Corollary 5.16].

EXAMPLE 5. There exists a weakly right duo ring such that the
formal power series ring over it is not weakly right duo.

Proof. We hire the method in [5, Example 4]. Let F be a field
of characteristic zero, A = F[y] be the polynomial ring over F. Define
0:A— Awith o(y) = 14y, then ¢ is an automorphism of A. Let B =
Alz; 0] be the skew polynomial ring over A, subject to az = z0(a) for
all a € A. Then since A is right Noetherian and ¢ is an automorphism,
B is a right Noetherian domain by [11, Theorem 1.2.9]. Hence B is also
right Ore by the preceding argument and thus B is a right order in a
division ring by [4, Theorem 5.17], say D is the division ring. Then D
is a noncommutative division ring.

Foreachi=1,2,...,let D; = D and S = [[ D; be the direct product
of D;’s. Now define

R = {(d;) € S| there exists n such that d; = d,, for all i > n}.

Then R is a strongly regular ring and so it is right duo (hence weakly
right duo). Let e; = (d;) € R such that d; = 1 and d; = 0 for i # j,
and consider f = ze; + 2%esx + 23e322 + --- € R[[z]]. Then for any
positive integer k, f* = z%e; + 22kesz® + 23%egz2% + . ... Assume that
R[[z]] is weakly right duo. Then for some positive integer k, f*R|[[z]]
is a 2-sided ideal of R([[z]]; hence for g = (y,y,¥,...) € R there exists
h € R[[z]] such that gf* = f*h. Then

yenznkz(n—l)k — engfk — enfkh — znkenx(n—l)k(enh)
and so exh = enz ™y = e,(nk + y). This implies that h =
(nk + y) € S\R because the characteristic of F is zero, a contradic-

tion. Therefore R[[z]] is not weakly right duo. g

From [5, Theorem 4] we obtain conditions under which the converses
in Lemma 4 may be true as in the following.
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THEOREM 6. Suppose that R is a right self-injective von Neumann
regular ring. Then the following statements are equivalent:

(1) R is right (left) duo.
(2) R is weakly right (left) duo.
(3) R is right (left) quasi-duo.
(4) R is a reduced ring.
(5) R is a 2-primal ring.
(6) R|[z]] is right (left) duo.
(7) R][x]] is weakly right (left) duo.
(8) R[[x]] is right (left) quasi-duo.
(9) Rj[z]] is a reduced ring.
(10) R|[z]] is a 2-primal ring.

Proof. (1) = (2) = (3), (4) = (5), (6) = (7) = (8) and (9) = (10)
are straightforward. Since R is semiprimitive, we get (3) = (4) by
Proposition 3. (5) = (1): Since R is a semiprime 2-primal ring, R is
reduced and so R is right (left) duo by [3, Theorem 3.2]. (8) = (9):
By Lemma 4 R is right quasi-duo because R([[x]] is right quasi-duo.
So R is reduced by the proof of (3) = (4) and hence Rf[[z]] is also
reduced. (5) = (10): Since R is semiprime and 2-primal, R[[z]] is also
2-primal by [10, Proposition 1.2]. (10) = (5): By [7, Proposition 12].
(10) = (6): R is 2-primal by the proof of (10) = (5) and so R is right
(left) duo by the proof of (5) = (1); hence R is strongly regular by (3,
Theorem 3.2 and 3.5]. Now [5, Theorem 4] implies that R[[z]] is right
(left) duo because R is right self-injective by hypothesis. O

REMARK. The equivalences of (1), (2), (3), (4) and (5) in Theorem
6 hold only when R is von Neumann regular.

Now we consider a characterization of right quasi-duo rings, obtained
from [9, Proposition 1] and the proof of [14, Proposition 2.1].
LEMMA 7. For a ring R, the following statements are equivalent:

(1) R is right quasi-duo.
(2) Every right primitive factor ring of R is a division ring.
(3) R/J(R) is right quasi-duo (J(R) is the Jacobson radical of R).
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By Lemma 7, every right primitive factor ring of a right quasi-duo
ring is Artinian. Whence we have the following useful result if given a
ring is both 2-primal and right quasi-duo.

PROPOSITION 8. Suppose that R is a 2-primal right quasi-duo ring.
Then the following statements are equivalent:

(1) R is strongly w-regular.

(2) R is w-regular.

(3) R is weakly m-regular.

(4) R is right weakly m-regular.

(5) R/J(R) is right weakly m-regular and J(R) is nil where J (R) is
the Jacobson radical of R.

(6) Every prime ideal of R is maximal.

Proof. By Lemma 7 and [6, Theorem 3]. O

By this result, Question (1) and the following Question (3) may be
meaningful. Recall that a ring R is called a PlLring if R satisfies a
polynomial identity with coefficients in the ring of integers. PI-rings
are another generalization of commutative rings. As the converse of
Question (1) one may ask the following.

QUESTION (3). Are 2-primal rings right quasi-duo?

But the answer is also negative by the following example, although
it is a semiprimitive PI-ring.

EXAMPLE 9. There exists a ring S such that

(1) S is a domain (hence reduced and so 2-primal),
(2) S is a semiprimitive PI-ring and
(3) S is not right quasi-duo.

Proof. We take the ring R|[z] in [9, Example 9]. Let R be the Hamil-
ton quaternion over the field of real numbers and S = R[z] be the
polynomial ring over R. Then clearly R[z] is a domain and so it
is semiprimitive by [12, Reproof of Amitsur’s Theorem (2.5.23) after
Lemma 2.3.41]. R[z] is also a Pl-ring because R is a Pl-ring by [4,
Prologue]. But R[z] is not right quasi-duo by [9, Lemma 8]. O
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As we see in the proof of Theorem 6, R is 2-primal if and only if R
is right (left) duo if and only if R is weakly right (left) duo if and only
if R is right (left) quasi-duo if and only if R is reduced, when R is a
von Neumann regular ring.

Note that a semiprimitive right (or left) quasi-duo ring is a subdirect
product of division rings, and if the polynomial ring over a ring R is right
quasi-duo then R/J(R) is commutative [9, Theorem 12] where J(R) is
the Jacobson radical of R; hence one may suspect that semiprimitive
right quasi-duo rings are PI-rings. However the answer is negative be-
cause there is a division ring which is not a PI-ring. Recall that aring R
is right quasi-duo if the polynomial ring R[z] over R is right quasi-duo.
The preceding suspicion is affirmative when R|[z] is right quasi-duo by
[9, Corollary 14]. However this argument does not hold in general for
the formal power series rings. Let D be a noncommutative division
ring, then D is semiprimitive right quasi-duo obviously and Df[z]] is
right quasi-duo by [9, Proposition 6]; but D[[z]] is noncommutative.

Lastly we obtain similar results to [14, Proposition 2.1].

PROPOSITION 10. Let R, S berings and gMs be a (R, S)-bimodule.
Let E = g A.S/{ . Then F is a right quasi-duo ring if and only if R

and S are right quasi-duo rings.
Proof. We use Lemma 7. (=) : Take

o (1 O g (00
1=%o0 0/ 2%®2= o 1/

Then clearly e; and e; are nonzero idempotents of E. By [9, Theorem
5], e1Ee; = R and ezFe; = S are right quasi-duo because E is right
quasi-duo. (<=) : First note that every right primitive factor ring of E
is one of the following forms:

(57 §) = (§ sjg) =0

where P, are right primitive ideals of R, S respectively. Since R and
S are right quasi-duo, every right primitive factor ring of F is a division
ring and hence F is right quasi-duo. g
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For a ring R, let T(R,R) = {(a,z) | a,z € R} with the addi-
tion componentwise and the multiplication defined by (a1, z1)(az,z2) =
(a1a2,a172 + x102). Then T(R, R) is a ring which is called the trivial
ertension of R by R. T(R, R) is isomorphic to the ring of matrices

(8 z) with a,z € R.

PROPOSITION 11. For a ring R, T(R, R) is a right quasi-duo ring if
and only if R is a right quasi-duo ring.

Proof. Similar to the proof of Proposition 10. O
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