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BEST APPROXIMATIONS IN Lp(S, X)
Mun BAE LEE, SUNG Ho PARK* AND HYANG JOO RHEE

ABSTRACT. Let G be a closed subspace of a Banach space X and
let (S, 9, 1) be a o-finite measure space. It was known that L1(S, G)
is proximinal in L;(S, X) if and only if L,(S,G) is proximinal in
Ly(S,X) for 1 < p < oo. In this article we show that this result
remains true when ”proximinal” is replaced by ”Chebyshev”. In
addition, it is shown that if G is a proximinal subspace of X such
that either G or the kernel of the metric projection Py is separable
then, for 0 < p < 00, L,(8, G) is proximinal in Ly(S, X).

1. Introduction

Throughout this paper, X is a Banach space, G is a closed subspace
of X and (S, 2, 1) is a o-finite measure space.
Let K be a nonempty subset of X and let z € X. An element ky in
K satisfying
lz = koll = d(, K) := nf ||z — k|

is called a best approximation of z in K. For any z € X, the set of all
best approximations of z in K is denoted by

Px(z)={ke€ K : |z — k|| = d(z, K)}.

The set K is called proximinal (resp., Chebyshev) if for every z € X,
Pk (zx) is nonempty (resp., a singleton).
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Let K be a proximinal subset of X. The set-valued map Px : X — 2¥
thus defined is called the metric projection onto K and the kernel of the
metric projection P is the set

ker Px = {z€ X:0¢€ Px(z)}
= {ze€X:|z| =d(z,K)}.

A map p: X — K which associates with each element of X one of its
best approximations in K is called a proximity map.

Many authors investigated the proximinality of L,(S, G) in Ly(S, X)
when (5,8, 1) is a finite measure space (1], {3], [4], (5], [6], [8] and [10].
You and Guo [11] proved the equivalent relation between the proximinal-
ity of L,(S,G) in Ly(S, X) and the pointwise proximinality of L(S, G)
in L(S, X). From this result, they improved those in [3], [4], [5] and [8]
for a o-finite measure space. In particular, they proved that if G is a
separable and proximinal subspace of X then L,(S,G) is proximinal in
L,(S,X) (0 < p < 00). In order to prove the above result, they used the
measurable selection theorem due to Himmelberg and Vleck [2] (see also
Theorem 2.7).

In section 3, we improve the results of Khalil and Saidi [6] and Saidi
(10]. To do this, we also use the measurable selection theorem due to
Himmelberg and Vleck [2].

2. Preliminaries

DEFINITION 2.1. Let X be a Banach space. A function from S to X
is called strongly measurable if it is the pointwise limit of a sequence of
simple Borel measurable functions from S to X, equivalently, f is Borel
measurable and has a separable range.

Denote by L(S, X) the space of all strongly measurable functions from
(S,Q, 1) to X. Functions equal a.e. are identified. For 1 < p < oo,
L,(S, X) is the Banach space (for 0 < p < 1, Frechet space) consisting
of strongly measurable functions f : S — X such that [ ||f(s)||Pdu(s) is
finite. For p = 00, L (S, X) is the Banach space of essentially bounded
strongly measurable functions f : S — X. For f € L,(S, X),

£l = (/ IIf(S)II”du(S))% 1<p< oo,
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and
| flloo = ess supses|l f(s)l]-

For A €  and a strongly measurable function f : S — X, we write
I, for the characteristic function of A and I, ® f denote the function
defined by (I4 ® f)(s) = I4(s)f(s). In particular, for A€ Q and z € X,
(I4 ® z)(s) = I1a(s)z.

DEFINITION 2.2. [11] Let f € L(S,X) and D C L(S,X). fo € D is
called a pointwise best approximation of f in D if, for all g € D, we have

1£(s) = fo(s)Il < I £(s) — g(s)]] a-e.

In [11], You and Guo proved the following theorem.

THEOREM 2.3. [11] Let 0 < p < co. Then the following are equiva-
lent:
(i) L(S, G) is pointwise proximinal in L(S, X);
(ii) L,(S,G) is proximinal in Ly(S, X).

THEOREM 2.4. If L(S,G) is pointwise proximinal in L(S,X), then
Lo(S,G) is proximinal in Ly(S, X).

Proof. Let f € Lo(S, X). Then there exists fo € L(S,G) such that
1£(s) = fo()I| < If(s) — q(s)]| ae. for any g € L(S,G) and so || f(s) —
fo(s)| < 11£(s)~g(s)|| ae. for any g € Loo(S, G). Since 0 € G, || fo(s)]| <
2||f(s)|l a.e. Thus fo € Le(S, G). Therefore fy € P (s6)(f)- O

By Theorem 2.3 and Theorem 2.4, we get the following corollary. This
corollary is a generalization of Theorem 1.1 in [1] for a o-finite measure
space.

COROLLARY 2.5. Let0 < p < co. If Ly(S, G) is proximinal in L,(S, X)
then L.(S,G) is proximinal in Ly (S, X).

Now we state some measurable selection theorems.

THEOREM 2.6. [9] Let (M, d) be a separable metric space. If a mul-
tifunction F : S — 2M having complete values is weakly measurable, in
the sense that for each open subset O of M the set F~1(0) :={s € S:
F(s)N O # 0} is measurable in S, then there exists a M-valued Borel
measurable function f : S — M such that f(s) € F(s) foralls € S.
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THEOREM 2.7. [2] Let (M,d) be a separable metric space. Then a
multifunction F : S — 2M having complete values is compactly mea-
surable, in the sense that for each compact subset K of M the set
FYK) :={s € S: F(s)N K # 0} is measurable in S if and only
if there exists a countable set {V, : n € N} of M valued Borel measur-

able functions defined on (S,Q, n) such that F(s) = {V,(s): n € N} for
alls € S.

3. Main Results

In [11], You and Guo proved the following theorem. In this article we
want to replace proximinality by Chebyshevity.

THEOREM 3.1. [11] Let 1 < p < oo. Then the following are equiva-
lent:

(i) Li(S,G) is proximinal in L,(S, X);
(i) Lp(S,G) is proximinal in L,(S, X).

Similar to the proof of Theorem 1.1 in [5], we have the following

THEOREM 3.2. Let 1 < p < oo. If L,(S,G) is proximinal in L,(S, X),
then for any f € L,(S, X)

4(5,Ly(5,6)) = ( [ d(s(e),Gpaus ))

Proof. Case1: p=1.
This is a special case of Lemma 2.10 in [9].

Case2: 1 <p<oo.
Define a map ® : L,(S, X) — L(S, X) by

(f)(s) = LI f(5)
for all f € Ly(S,X). Then ® is 1-1. Take any g € L;(S,X) and put

f(s) = ||g(s)||%“lg(s) if g(s) # 0 and f(s) = 0 otherwise. Then f €
L,(S,X) and

&(f)(s) = IFGIPf(s) = [1£ )P Hlg(s)I1P g (s)
= |lg()II"#|lg(s)152g(s) = g(s)-
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Hence ® is onto. Suppose that L,(S, G) is proximinal in L,(S, X). Let
f € Ly(S,X). By Theorem 3.1, LI(S G) is proximinal in L;(S, X)) and
so there exists g € L,(S, G) such that

12(f) — 2(g)lh < [|2(f) — (W)l
for all h € L,(S,G). By Case 1, for almost all s € S, ®(g)(s) is a best
approximation of ®(f)(s) in G and so for almost all s € S,
12(£)(s) — 2(g)(s)II < I@(F)(s) = [IF ()P "2
for any z € G. Put w(s) = ||f(s)II'Pllg(s)I[""g(s) if f(s) # O and
w(s) = 0 otherwise. Then for almost all s € S,
1£(s) —w(s)ll < 1 £(s) — 2]l

for any z € G. Since |w(s)|| < 2||f(s)|| for a.e. s € S, w € Ly(S,G) and
so w is a best approximation of f in L,(S,G). Hence

%UJM&GD=Hf—Mb=(/dU@LGWW@O? .

COROLLARY 3.3. Let 1 < p < oo and let L,(S,G) be proximinal in

L,(S,X). Then g € L,(S,G) is a best approximation of f € Ly(S, X)

if and only if for almost all s € S, g(s) is a best approximation of f(s)
from G.

Proof. The necessity is clear. Let f € L,(S,X) and g be a best ap-
proximation of f in L,(S,G). Then by Theorem 3.2,

41, Lp(5, G)) = UdﬂG%MY
and so

/w f6)Paus) = [ d(r(e), Gy auts)
Since d(f(s), G)? < [|£(s)~g()|I orall's € S, llg(s)= ()| = d(£(s), C)

for ae. s € S Thus for almost all s € S, g(s) is a best approximation
of f(s). O

COROLLARY 34. Let 1 < p < oo and L,(S,G) be proximinal in
L,(S, X). IfG is Chebyshevin X then L,(S, G) is Chebyshev in L,(S, X).

THEOREM 3.5. Let 1 < p < oo. If L,(S, G) is Chebyshev in Ly(S, X),
then G is a Chebyshev subspace of X.
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Proof. Clearly G is a proximinal subspace of X [7]. Let zp € X and
y € Pg(z). Choose a measurable subset A such that 0 < u(4) < oo.
For any =z € X define f, : S — X by

f2(s) = (14 ® z)(s)
for all s € S. Since ||zg — y|| < ||zo — 2|| for all z € G, we have

Ifzo(8) = Fu(S)| <l fzo(5) — g(s)ll

for all s € S and g € L,(S, G). Since L,(S, G) is Chebyshev in L,(S, X),
fy is the unique best approximation of f,,. Thus y is the unique best
approximation of zy in G. a

Next we can get some corollaries by Theorem 3.1, Corollary 3.4 and
Theorem 3.5.

COROLLARY 3.6. Let 1 < p < co. Then the following are equivalent:

(i) Li(S,G) is Chebyshev in Li(S, X);
(ii) Ly(S, G) is Chebyshev in L,(S, X).

COROLLARY 3.7. Let 1 < p < oco. Then the following are equivalent:

(i) 1(G) is Chebyshev in li(X);
(ii) I,(G) is Chebyshev in l,(X).

THEOREM 3.8. Let G be a proximinal subspace of X. If, for every
f € L(S, X), there exists a closed separable subspace Y of G such that

Po(f(s))NY #0 forae seS,
then L(S, G) is pointwise proximinal in L(S, X).
Proof. Since 0 € Y, we may assume, without loss of generality, that
Po(f(s))NY # 0 forall s € S.
Define ¢ : S — 2Y by
$(s) = Pe(f(s))NY

for all s € S. Then each ¢(s) is a nonempty closed subset of Y so it is a
complete subset of Y,
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Now we want to prove that ¢ is compactly measurable. Let B be a
compact subset of Y. Since B is proximinal in X,

¢7Y(B) = {s€S:¢(s)NB +# 0}
= {se€S:Psf(s))NYNB+#0}
= {s€S:d(f(s), B) = d(f(s), O)}.
Since the subtraction and the norm in X are continuous and f is mea-
surable, the mapping s — d(f(s), A) is measurable for any set A. Thus
¢~Y(B) is measurable. Therefore, ¢ is compactly measurable. By Theo-
rem 2.7, there exists a measurable function g : S — G such that g(s) € Y

and g(s) € Pe(f(s)) for all s € S. Hence L(S, G) is pointwise proximinal
in L(S, X). 0

COROLLARY 3.9. Let G be a proximinal subspace of X and 1 < p <

oo. Then for every f € Ly(S, X), there exists a closed separable subspace
Y of G such that

Po(f(s))NY #£0 forae se€S
if and only if L,(S, G) is proximinal in L,(S, X).

Proof. (=) Similar to the proof of Theorem 3.8, we obtain a strongly
measurable function g : § — G such that g(s) € Y and g(s) € Pg(f(s))
for all s € S. Since g(s) € Pg(f(s)) for all s € S, we have that
llg(s)ll < 2[f(s)|| for all s € S and so g € L,(S,G). Moreover, g is
a best approximation of f in L,(S, G).

(<) Take any f € L,(S,X) and let g be a best approximation of f in
L,(S,G). Since g(S) is separable, there is a countable subset {a,} of
9(S) such that {a,} is dense in g(S). Let Y = span{a,}. Then Y is
a closed separable subspace of G and ¢(S) C Y. By Corollary 3.3, for
almost all s € S, g(s) is a best approximation of f(s) in G. Thus

Ps(f(s))NY #0 forae se8S. O

REMARK. (1) We can easily show that the sufficiency of Corollary
3.9 holds for 0 < p < 1 and p = oo.

(2) In Theorem 4.1 of [10], Saidi proved that for a finite measure space
(5,Q,u), 0 < p < 0o and a proximinal subspace G of X, L,(S,G) is
proximinal in L,(S, X) if the following two conditions hold:
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(i) There exists a positive constant R > 1 such that
B(0,1) + kerPg C B(0, R) + kerFPg

where B(0,7) = {g € G : ||g|| < r}.
(ii) For f € L,(S, X), there exists a closed separable subspace Y of G
such that

Po(f(s))NY #£0 for ae. s€S.

(3) In Remark 4.1 of [10], Saidi proved that for a finite measure space
(5,9, p) and 1 < p < o, if Ly(S, G) is proximinal in Ly(S, X), then for
every f € L,(S, X), there exists a closed separable subspace Y of G such
that

Po(f(s))NY #0 forae seS.

THEOREM 3.10. Let G be a proximinal subspace of X. If G or kerPg
is separable, then L(S,G) is pointwise proximinal in L(S, X).

Proof. If G is separable, it follows from Theorem 3.4 in {11]. Now we
suppose that kerPy is separable. Let f € L(S,X) and define ¢ : § —

2kerPc by
¢(s) = f(s) — Pe(£(s))
for all s € S. Then each ¢(s) is a nonempty closed subset of ker Py so it
is a complete subset of kerFg.
Now we want to prove that ¢ is compactly measurable: Let B be a
compact subset of kerPz. Then

¢71(B) = {s€S:¢(s)NB#0}
{s € S: (f(s) — Ps(f(s))) N B # 0}
{s€S: f(s) e B+G}
= f(B+QG).

Since B is compact and G is closed, B + G is closed. Thus ¢~(B) is
measurable. Therefore, ¢ is compactly measurable. By Theorem 2.7,
there exists a measurable function g : S — kerPg such that f(s)—g(s) €
Ps(f(s)) forall s € S. Let g = f — g € L(S,G). Then

1£(s) = g = 1£(s) = (£(5) — g(Nl = d(f(s), G)
for all s € S. Hence L(S, G) is pointwise proximinal in L(S, X). O

fl

fl

fl
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COROLLARY 3.11. Let G be a proximinal subspace of X. If G or
kerPg is separable, then for 0 < p < oo, Ly(S,G) is proximinal in
L,(S, X).

Proof. This follows from Theorem 2.3, Theorem 2.4 and Theorem 3.10.

]

REMARK. Let G be a proximinal subspace of X. In Theorem 1.1 of

(6], Khalil and Saidi proved that for a finite measure space (.5, §2, 1) and

a proximinally null compact subspace G of X, if G or ker Py is separable,
then L,(S, G) is proximinal in L;(S, X).
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