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ON THE SEPARATING IDEALS OF SOME
VECTOR-VALUED GROUP ALGEBRAS

RAMESH V. GARIMELLA

ABsTRACT. For a locally compact Abelian group G, and a commu-
tative Banach algebra B, let L1(G, B) be the Banach algebra of all
Bochner integrable functions. We show that if G is noncompact and
B is a semiprime Banach algebras in which every minimal prime
ideal is contained in a regular maximal ideal, then L*(G, B) con-
tains no nontrivial separating ideal. As a consequence we deduce
some automatic continuity results for L(G, B).

1. Introduction

For any locally compact Abelian group G, and commutative Banach
algebra B, let L(G, B) denote the convolution algebra of all integrable
functions on G with values in B. As one might expect, there are some
interesting similarities between B and L!(G, B). For instance, LY(G,B)
is semi-simple if and only if B is semi-simple, and the regular maximal
ideals of L'(G, B) are closely related in a natural way with the regular
maximal ideals of both L}(G, B) and B. Also, L(G, B) is Tauberian
if and only if B is Tauberian. Refer to [8,9] for the proofs of the above
results. Also it is easy to note that L'(G, B) is semiprime when B is
semiprime. The question whether the zero ideal is the only separating
ideal in a semiprime Banach algebra still seems to be open. However,
in this paper we prove that when G is a noncompact locally compact
Abelian group, and B is a commutative semiprime Banach algebra (not
necessarily unital) in which every minimal prime ideal is contained in a
regular maximal ideal, then L!(G, B) contains no non-trivial separating
ideal. As a consequence we deduce some automatic continuity results
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for the algebra L!(G, B). Our results extend some of the results in [11]
for non unital Banach algebras, and also extend some results in [7] for
semiprime Banach algebras. For relevant information on L}(G, B) and
for related results in harmonic analysis on Abelian groups, see [5,8,9,12].

2. Preliminaries

Let B be a commutative Banach algebra (not necessarily unital),
and let G be a locally compact Abelian group with Haar measure m.
Throughout the following, the dual group of G is denoted by I" and the

spectrum of B is denoted by A(B). Let L!(G, B) denote the Banach
algebra of all integrable function from G into B,

(fxg)(t) = /f(t —s5)g(s)dm for all f,g € L*(G,B) and t € G,
G

and let || fl|1 := fG lf(@®)l|dm(t) for all f € L}(G, B). Recall that for any
f € L}(G, B), and vy in the dual group I of G, f(v) = [, ~(t) f(t)dm(t)
is known as the vector-valued Fourier transform of f at «y. Furthermore
for any v € T, let M, := {f € L(G,B) : f(v) = 6} where 8 is the
zero vector of B. Clearly, M., is a closed ideal of L'(G, B). If B has no
non-trivial zero divisors, then M, is a closed prime ideal of L'(G, B).
Recall that an ideal I of a commutative Banach algebra is said to be
prime if the product zy € I only if either x € I or y € I. It is an easy
consequence of the Hahn-Banach theorem that OFM., is the zero ideal

in LY(G, B). For any v € T, ¢ € A(B), let ™
M,y :={f € L'(G, B)|¢(f(v)) = 0}.

The regular maximal ideals of L!(G, B) are given by M, 4 for some
v €T, and ¢ € A(B) ([8]).
For each f € L(G), and z € B, we let

(f®x)(s) = f(s)z for all s € G.

We recall some of the properties of the product f® x in the following
proposition.
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PROPOSITION 2.1. Let G be a locally compact Abelian group, and
let B be a commutative Banach algebra. Let x,y € B; f,g € L}G);
and «y a non-trivial continuous character on G, Then,
(i) fezelL'G,B), and |f @zl =fllz|
(it) (/f_:iig)@):v:f@x:tg@a:
(i) foz(y)=r0)=
(iv) (fe®z)*x(g@z)=(f*g9)®zy
(v) If B has the multiplicative identity 1, then (f xg) ® £ = (fox)*
(gel)=(fel)*(g®T)
(vi) If fo — f in L}(G) and &, — = in B, then f, ® zn — f@z in
LY(G, B).

3. Main Results
Before we get to the main results, we need the following lemmas.

LEMMA 3.1. Let G be a noncompact locally compact Abelian group,
B a commutative Banach algebra, and f a non-zero function in L*(G, B).
For a given v in the dual group T' of G and a positive number €, there
exist fi, f2,.-. , fn in L*(G) with compactly supported Fourier trans-

forms and zy,%s, ... ,Tn in.B such that “f"Zfi@’fUi” <e+IfFMI,
i=1 :

where fi(y) =0 for 1 <i<n.

Proof. Since finite linear combinations of the elements of the form
h®z where h € L'(G), and © € B are dense in L*(G), and the functions
in L'(G) with compactly supported Fourier transforms are dense in
LY(@), there exist hy,hg,... ,hy in L'(G) with compactly supported
Fourier transforms and z3,z2,... ,%, in B such that '

”f—z hi®x;|| < g— For 1 <i < n, let Supp h; = {@ € I': hi(a) # 0}.

i=1
For each 1 < ¢ < n, we define

X(up_, Supp hy)

g(t) = (),

m( 1 Supp fzj)
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where X (U, Supp hy) is the characteristic function of (U7, Supp izj),

and f; = h; — izz-('y)g. Clearly g and the f;’s belong to L!(G). It is easy
to see that g(v) =1, fi(y) = 0 for each 7, and ||g|j; = 1. We have

If - Z(fi ®z:) — 9@ f(7)]
i=1

=[f =Y (h®z)+ Y (@)= (fi®oz:) —g® f()ll

<|If- Z(hi ® )| + || Z(hi ~f)®zi—g® f() -..(4)
1=1 =1
Furthermore,

I (hi = f) @z = g® FN = 1Y k(Mg ® 2 — g ® f()]
=1

=1

G/ 132 R0 s0mm 3 OB Xz oy HOFO ()

—

- / IS ha)as — F()lldm(2)

m(U™_, Supp h;
( =1 pp J)(U’Jf’zlsupp h;)

1

bz~ f)I <If =Y ozl < ...(B)

1 i=1

&

1

From (A) and (B) it follows that HF—Z fi®z;—g®f(7)| < e. Hence
i=1
|]f—Z fi®z;]| < €+ f(7)]|. This completes the proof of the Lemma.O]

i=1

740



On the separating ideals of some vector-valued group algebras

LeEMMA 3.2. Let G be a noncompact locally compact Abelian group,
B a commutative Banach algebra, and f a non-zero function in L*(G, B).
For a given v in the dual group T’ of G and a given positive number
€ > 0, there exist gi,92,... ,9n in L'(G), a neighborhood V of ~y, and
zi,T2,...,Tn in B such that

IF=> g @zl <e+ | f)
=1

where g; =0onV for1 <i<n.

Proof. By Lemma 3.1, there exist fi, fo,... , fn in L}(G) with com-
pactly supported Fourier transforms, and @y, s, ... ,z, in B such that

- Zfz ®zi| <z + I1F

i=1

where fi(v) = 0. Since LY(G) satisfies the Ditkin’s condition ([12]),
there exist gl,g - ,gn in L}Y(G), and a neighborhood V of v such
that §; = 0 on ‘i and

€

1+ Z ”%’”)

=1

I fi — gl < (

for 1 <17 <n. Now

Hf Egz @zl < ||f - zfz ® zifl1 + I Z - 9:) ® il

i=1

g + I FI + Z IFi = gillall: |

<s+IFI+ . (Z nms)
2 (1 + Hxill) =
1=1 / :

=e+fMI.
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COROLLARY 3.3. Let f € L}(G,B), and ~ € T such that f(v) = 6.
Given € > 0, there exist g1, 92, ...9n in L'(G) with a vanishing Fourier
transform in a neighborhood V of v, and 1,2, ... ,Z, in B such that

1= g@al <
i=1
Proof. Obviously follows from the Lemma 3.2. |

Now we are ready for the main results of the section.

THEOREM 3.4. Let G be a locally compact Abelian group, « a con-
tinuous character on G, and P a prime ideal contained in M. Then P
is dense in M,.

Proof. Let P be a prime ideal of L*(G, B) contained in M. Let f be
a function with f identically equal to the zero vector in a neighborhood
V of 4. We claim that f belongs to P. For, if g belongs to L!(G)
with g(v) # 0, § =0on I — V, and z a non-zero vector in B, then
(g®z)* f = © (the zero vector of L!(G, B)). Since P is a prime ideal of
LY(G, B), either g®z € P or f € P. But ¢ ® z(y) = §(v)x # 6. Hence
f € P. Thus all the functions f in L'(G, B) with vanishing Fourier
transforms in a neighborhood of v belong to P. Hence by Lemma
3.2, it follows that P is dense in M,,. This completes the proof of the
theorem. ' a

THEOREM 3.5. Let G be a noncompact locally compact Abelian
group, and B be a commutative Banach algebra. If P is a closed prime
ideal of L*(G, B) contained in M., 4 for some~y € T', and ¢ € A(B), then
P contains M. Furthermore P does not contain M, for any o # v.

Proof. Let f € M,,. By Corollary 3.3, f can be approximated by a
function g in L!(G, B) with vanishing Fourier transform in a neighbor-
hood V of v. By an argument similar to the one given in Theorem 3.4,
we can show g € P. Since P is a closed ideal, it follows that f € P.
Thus M, is contained in P. Let 0 € I' such that ¢ # ~. Suppose
Vs and V, are compact neighborhoods of o and + respectively such
Vo NV, = 0. Then there exist functions f, and f, from G into the

complex plane with the support of f:, contained in V,; and the support
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of. f7 contained in V,, such that fa(a) =1 and ﬁ,('y) =1 Letz,ye B
such that ¢(z)é(y) # 0. Then fr ® z, f, ® y € LY(G, B) such that
(fo ® z) * (f ® y) = O. Since P is a prime ideal contained in M, 5,
we get fo @z € P. Obviously f, ® y € P. However f, ®y € M,.
Therefore M, is not contained in P. [

4. Applications

Recall that a closed ideal S of a commutative Banach algebra A
is called a separating ideal ([3]) if it satisfies the following condition:
For each sequence {ax}r>1 in A there is a positive integer n such that
a1az---a,S = a1az---axS (k > n). For any derivation D on A, let
(D) =: {a € A| there is a sequence {a,} in A with a, — 0 and
Da,, — a}. For any epimorphism h form a commutative Banach algebra
X onto A, let S(h) =: {a-€ A| there is a sequence {z,} in X with
zn, — 0 and h(z,) — a}. It is easy to show that $(D),and S(h) are
closed ideals of A. By the closed graph theorem D is continuous if
and only if (D) is zero. Similarly h is continuous if and only if S(h)
is zero. It is well known that (D) and (k) are separating ideals of
A ([13]). For further information on separating ideals, their relation
to the prime ideals of the Banach algebra, and for related results on
automatic continuity theory, see [1,2,3,4,6,10].

Now we are ready to state one of the main results of the section.

THEOREM 4.1. Let G be a noncompact locally compact Abelian
group G, and B a commutative semiprime Banach algebra in which
every minimal prime ideal is contained in a regular maximal ideal. Then
LY(G, B) contains no nontrivial separating ideal.

LeMMA 4.2. Let G be a noncompact locally compact Abelian group
G, and B a commutative semiprime Banach algebra. For any v € T,
M, = Al P where I, is the set of all minimal prime ideals of L*(G, B)

Y

containing M., .
Proof. Let f € PQI P. Since there is a one-to-one correspondence

~

between the prime ideals of the quotient algebra L'(G, B)/M,, and
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the prime ideals of the algebra L!(G, B) containing M., there exists a
positive integer n such that f  f * --- % f € M.,. This implies (f(7))" =
—————

n times

6. Since B is semiprime, f(vy) = 6. Hence f € M,,. O

Proof of Theorem 4.1. If possible assume that & is a nontrivial
separating ideal in L}(G, B).

CLAIM. S is contained in all but finitely many M., for v € I'.
Proof of the Claim. Let M be the set of all minimal prime ideals of
LY(G, B) not containing 3. By [3] M is a finite set. Let
Ma = {P € M|P C M,,, for some (v,¢) € T x A(B)}

and Ma = M — M. By Theorem 3.5, each member of Mx contains

a unique M., for some v € T. Let Trq, = {7y € T'|M, C P for some

P € Ma}. Obviously I'zq, is a finite set. Since $ is contained in all

but finitely many closed prime ideals of L!(G, B) ([3]), and since any

prime ideal contains a minimal prime ideal, it follows that I'r¢, is not

empty. Let y € ' ~Tpq,. By Lemma 4.2, M,, = PQI P where Z, is the
Y

set consisting of all minimal prime ideals of L*(G, B) containing M,.
Write Z, = Za UZas U Zpv where

In = {P € I,|P C M, 4 for some ¢ € A(B)};
In = {P € Z,|P contains S, and P € M, 4 for each ¢ € A(B)}

and
Ia» = {P € Z,|P does not contain I and P Z M., 4 for each ¢ € A(B)}.

Notice that Za~ is at most a finite set, and each P in Za contains 3.
Obviously
M=(_ nP_ )N NP ).
PETAUL s PELpm

In the above, if Za~ is empty then pQ%P is taken to be L(G, B).
AII
Since Za~ is at most a finite set, and M, 4 is a prime ideal for each ¢ €
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A(B),PQ;P;” Z My4 Let fe pe PABIAI. Choose g € (PQIKN\MAW).

Then fg € M,,. Since ¢(§(7)) # 0 for each ¢ € A(B), by the assump-
tion on B, f(y) belongs to every minimal prime ideal of B. Since B

is semiprime, f(v) = 0. Thus M, = e ??EJI . This implies & C M,.
72N Y

This completes the proof of the claim.

For the remainder of the proof, the argument is similar to Theorem
3.3 of [7]. Let Taqy = {71,72,+ ,¥n}- Let h € (G N (Nimp M, )\ M,,.
Since there exists a minimal prime ideal P € M contains .M, but
not any of the M,,’s for 2 < i < n, such a function h exists. Since
h(71) # 6, there exists a continuous linear functional A on B such that
A( f {(71)) # 0. Consider the basic open set

N = {y €T : \) = MAm))] < MG}

of I" containing ;. Since G is a noncompact Abelian group, 1 is not an
isolated point in I'. By the choice of h, the characters v2,v3, - , v, do
not belong to N. Hence there exists a character vo € T\{v1,72," - ,n}
such that v9 € N. Since S is contained in M,,, (o) = 6. Hence
IMR(M))] = IMR(11)) = A(A(70))] < |A(R(71))|. This is a contradiction.
Therefore L!(G, B) does not contain a non-trivial separating ideal. OJ

The following result extends Theorem 3.3 of [7] (which in turn ex-
tends Theorem 5 of [11]) to some semiprime Banach algebras which do
not posses the multiplicative identity.

THEOREM 4.3. Let G be a noncompact locally compact Abelian
group, and B be a commutative semiprime Banach algebra in which
every minimal prime ideal is contained in a regular maximal ideal. Then
every derivation on L(G,B) is continuous. Also every epimorphism
form a commutative Banach algebra onto L'(G, B) is continuous.

Proof. Obviously follows from Theorem 4.1 and the closed graph
theorem. 0
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REMARK. If B has the multiplicative identity then every proper

prime ideal is contained in a maximal ideal of B. Even if B does
not have the multiplicative identity, in most of the algebras every min-
imal prime ideal is contained in a regular maximal ideal. Therefore
the assumption in the above theorem that every minimal prime ideal
contained in a regular maximal ideal of the algebra is not too restrictive.
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