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MEROMORPHIC UNIVALENT HARMONIC
FUNCTIONS WITH NEGATIVE COEFFICIENTS

JAY M. JAHANGIRI AND HERB SILVERMAN

ABSTRACT. The purpose of this paper is to: give sufficient coefficient
conditions for a class of univalent harmonic functions that map each
|z] = r > 1 onto a curve that bounds a domain that is starlike with
respect to origin. Furthermore, it is shown that these conditions are
also necessary when the coefficients are negative. Extreme points
for these classes are also determined. Finally, comparable results
are given for the convex analog.

1. Introduction

A continuous function f = u + v is a complex-valued harmonic
function in a domain D C C if both u and v are real harmonic in D. In
any simply connected domain we write f = h + g, where h.and g are
analytic in D. A necessary and sufficient condition for f to be locally
univalent and orientation preserving in D is that |h/(2)| > |¢'(2)] in D.
See [1]. There are numerous papers on univalent harmonic functions
defined on the domain U = {z: |z| < 1}.

(1) £(2) = h(z) + g(2) + A log|2],

where h(z) = az+ Y o0 ganz ™™, 9(2) =Pz+Y or bz, 06l <
|al, and a = f;/f, is analytic and satisfies |a(z)| < 1 for z € U. Hen-
gartner and Schober [3] used the representation (1) to obtain coefficient
bounds and distortion theorems. In this note, we give sufficient coeffi-
cient conditions for which functions of the form (1) will be univalent.

Received March 4, 1999.

1991 Mathematics Subject Classification: 30C45, 30C50.

Key words and phrases: harmonic, univalent, starlike, and convex functions.

The work of the first author was supported by KSU Research Council Grant
1999.



Jay M. Jahangiri and Herb Silverman

Under certain restrictions, we also give necessary and sufficient coeffi-
cient conditions for functions to be harmonic and starlike. Finally, we
characterize the extreme points for such classes of functions.

2. Main Results

THEOREM 1. Set f(z) = h(z) + g(2) + A log|z|, where h(z) =
az+ Y o 0anz " and g(2) =Bz + Y ee bz, 0<|B| < |al. If

o0

Z (lan! + 1bal) < laf — 18] — 4],

then f is orientation preserving and univalent in U.

Proof. To show that f is orientation preserving, we need to show
that |a(2)| = |fz/f.| <1, z € U. We have

229'(2) + A
22h’(z)+A1

2ﬂz~2z bz "+ A
202 -2 nayz- "+Al
210] + 23,21 nlbn] + | 4]
2ol 23,2, nlan| — 4]

and f is orientation preserving. The univalence follows upon noting
that

la(2)| =

<1,

’ f(z1) = f(=2)

h(z1) — h(z2) + A(log|z1| — log |22])
S ' g9(z1) — g(22)

- h(z1) — h(z2) + A(log|21]| — log |z2|)

Blar—2z) + 30 b2 — 23 ")

=1-
‘a(zl —29) + 207 an(z " — 2 ") + A(log | 21| — log |z2])
o
ol = 2nZy nlan| — 4] O
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We denote by H} the subclass of harmonic orientation preserving
functions f that are starlike with respect to the origin in U and are of
the form

(2) f(2) = h(z) + (2),

where .

(3) k) =oz+ Y anz™, g(e) =P+ S baz, 0< 18] <lal,

n=1 n=1

and a = f5/f is analytic and satisfies |a(z)} < 1 for z € U.

A necessary and sufficient condition for such f to be starlike in U is
(see [2]) that for each z, |2z| =1 > 1, we have Z(arg f(re?)) >0, z =
re, 0< 0 <2m, r>1.

We now give a sufficient coefficient condition for starlikeness of har-
monic meromorphic functions.

THEOREM 2. If f of the form (2) satisfies the inequality

m -
> llant+ b)) < lel ~ 18],
n=1

then f is harmonic univalent in U and f € Hz.

Prbof. That f is harmonic univalent and orientation preserving fol-
lows from Theorem 1. To show starlikeness, we note for |z| = r > 1,
that '

2 (arg 7(re®)) = Im 2 (tog 1(re®))
= M = 614&
= Re h) T ECZ—)— =R B’

Now Re(A(z)/B(z)) > 0ifand only if |1 + A(z)/B(z)| > {1 ~ A(z)/ B(z)|,
or equivalently, |A(z) + B(z)} — |A(z) — B(z)| = 0. We have
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|A(z) + B(z)| - |A(2) — B(2)|
= |h(z) + 2k (2) + g(2) — 29/ (2)] — |h(2) = 2 (2) + g(2) + 29/ ()]

[0 ] o0 [o o] oo
2az + Z anz " — Z nanz " + Z bpz—™ + Z nbpz—"
n=1 n=1 n=1 n=1
oo oo o0 (o o}
28z + Z anz" "+ Z nap,z " + Z bpz—" — Z nbpz—"
n=1 n=1 n=1 n=1

(e o] o
2az — Z(n ~Danz "+ Z(n + 1)bp2z—™
n=1

n=1

20z + i(n + 1Danz™" — i(n —1)bpz—"
n=1

=
>2la|z| - gm — Dlanllzl™" - i:jl(n +1)[ballzl ™
—2|8)lz ~ i(n + Dlanllz| ™" - if” — 1o}z
= 22| {|a| — 18] - gjlnuani + |bnt>|z|-"-1}
> 22| {Ial —18] - (fj n(Jan] + |bn|>) } >0,
and the result follows. " 4

Denote by TH2 the subfamily of H consisting of functions f of the
form (2) for which the coefficients in (3) are restricted by

o0
h(z) = —az - Z anz™ ",
n=1
(4) o0
9(2) =Pz =Y bpz™™ (@>F>0, an >0, by >0).
n=1
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We next show that the sufficient condition for starlikeness is also nec-
essary for functions in TH}.

THEOREM 3. Let f(2) = h(z) + g(z) where h and g are of the form
(4). A necessary and sufficient condition for f to be in TH} is that

o0

(5) Zn(an+bn) <a-p

n=1

Proof. In view of Theorem 2, we need only show that f ¢ T if the
coefficient inequality (5) does not hold. In fact, we can do more by show-
ing that f would not even be univalent. Setting z = r > 1 and differenti-
ating f with respect to r we obtain, f'(r) = —a+8+3 wey nanr " 4
S0 mb,r L Since f/(r) = —a+ B+ Yor i Nan + D ey nbp > 0
asrT — 17 and f'(r) - —a+ < 0 as r — o0, there must exist an
To, 1 < 1o < 00, for which f'(r,) =.0. Hence, f(r) must have a local
minimum on the positive real interval (1,00) and so cannot even be
one-to-one there. O

Consequently, we obtain the following

_ CoRrOLLARY 1. f € TH; if and only if f is harmonic univalent in
U.

We next give a distortion result.
THEOREM 4. If f € TH} and |2| =7 > 1, then
(a=B)r - (a= B < [f(@)] < @+ P)r+ (@ = Hr "
Proof. For f € THL, we see from (4) that

FI < @+ Br+ Y (an+b)r ™ < (at Br+ 3 (an +ba)r
n=1

n=1
and.
F@ 2 (@=B)r =D (an+b)r™ 2 (a=B)r = (an+b)r .
n=1 n=1

Now the theorem follows by applying (5) to the above two inequalities.[] ‘
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3. Extreme Points

The family 7H is not locally uniformly bounded. For instance,
fn(2) = —nz is in TH} for every positive integer n, but f,(z,) is
not uniformly bounded for any z, in U. However, the family is locally
uniformly bounded if we fix the coefficient of z. In this section, we
examine the extreme points for functions in 7TH}, for each fixed a,
when f is defined by (4). This family is still not compact under the
topology of locally uniform convergence. To see this, observe that for

n=12..,
an
fn(2) = —az + n+1

ZeTH,

but
limnoofn(2) = —az + az & TH,.

Nevertheless, we can still use the coefficient bounds of Theorem 3 to de-
termine the extreme points of the closed convex hull of TH} (clco TH3).

THEOREM 5. Set ho(z) = —z, go(2) = —z + Z and hnfz) = —z —
27"/n, gn(2) = —2—2"/n (n =1,2,---). Then f € cleco TH}, if
and only if f can be expressed as f(z) = Y reo(Anhn + Yngn), Where
A 20, v, >0, and 302 ((An +70) = .

In particular, the extreme points of clco TH? are {h,}, {gn}, (n =
0,1,2,---).

Proof. Note first that

o

oo 0o oo
S 200) = = 50 70407 32 2270 T
=0 n=1 n=1

n=0

is in clco TH}.

Conversely, if f € clco TH}, then we may write f(z) = —az + 3z —
Y 2T =3 baZ ", whered >0, a > 3>0, a, >0, b, >0,
and Y o7 n(an + bn) < a — B. Setting A, = na, and v, = nb, (n =
L2,4), Yo =By Ao = a— -3 10(A + n), we get f(z) =
32 o(Anhn + Yngn)- O
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4. The Convex Case

A function f of the form (2) is said to be convex in U if it maps each
|z] = > 1 onto a curve that bounds a convex domain. Such functions
[ are characterized (see [2]) by

9 O . i B
5 (arg{-géf(re )}) >0, z=re"”, 050 <2, r> 1.

One can apply this necessary and sufficient condition for convex func-
tions, much like the characterization for starlike functions led to Theo-
rems 2 and 3. The convex meromorphic harmonic functions were also
studied by Jun {4]. We state our results as

THEOREM 6. A sufficient condition for f of the form (2) to be convex
in U is that Yoo an®(lanl + 1ba]) < laf —|8]- This condition is also
necessary when the coefficients of f are restricted by the conditions in

(4).

REMARK. The extreme points of the closed convex hull of convex
harmonic functions in U whose coefficients satisfy (4) may be obtained
from Theorem 6, much as the starlike analog in Theorem 5 followed
from Theorem 3. The extreme points {h,} and {g,} for this class are
found to be those given in Theorem 5, with n replaced by n? in the
denominator. '
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