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EVALUATION FORMULAS OF
CONDITIONAL YEH-WIENER INTEGRALS

J. M. Ann, K. S. CHANG, S. K. KIM AND . YOO

ABSTRACT. In this paper, we introduce conditional Yeh-Wiener in-
tegrals for generalized conditioning functions including vector-valued
functions. And also we establish various evaluation formulas of con-
ditional Yeh-Wiener integrals for generalized conditioning functions.

1. Introduction

J. Yeh [15] introduced the concept of conditional Wiener integrals
E[F|X] of F given X as a function on the value space ‘of X and de-
rived a Fourier transform inversion formula for computing conditional
Wiener integrals. Using this formula, he obtained some very useful re-
sults including a Kac-Feynman integral equation and a Cameron-Martin
translation theorem [15,16]. Using Yeh’s inversion formula, Chang
and Chang [4] evaluated the conditional Wiener integral of F given
X(z) = (x(ty), - ,x(ty)) where 0 =ty < t; < tp < +++ < t, S T.
And Chang [3] also extended the above results to those for conditional.
Yeh-Wiener integral of F' given X (z) = (z(s1,%1)," -+ , #(Sm, tn)) Where
0=55< 81 < >~ < sm§SandO=to< h < - <L tnéT.
But Yeh's inversion formulas for conditional Wiener and Yeh-Wiener
integrals were very complicated to apply when conditioning functions
were vector-valued.

In [7], Park and Skoug introduced a very simple formula for the
conditional Wiener integral of F' given X(z) = (2(t1),:-- ,z(tn)). In
particular, they expressed the conditional Wiener integral directly in:
terms of an ordinary Wiener integral. Also using this formula, they
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generalized the Kac-Feynman formula and obtained a conditional ver-
sion of Cameron-Martin translation theorem involving vector-valued
conditioning functions. Moreover they extended the conditional Wiener
integral theory in [7] to the conditional Yeh-Wiener integral theory with
vector-valued conditioning functions [8].

The purpose of this paper is to develop an useful formula to convert -
conditional Yeh-Wiener integrals of generalized conditioning functions
into ordinary Yeh-Wiener integrals and then to obtain various evalua-
tion formulas of conditional Yeh-Wiener integrals for these generalized
conditioning functions.

2. Preliminaries

Let (Ca(Q),Y,my) denote Yeh-Wiener space where C3(Q) is the
space of all continuous functions z on @ = [0,5] x [0,7] such that
z(0,t) = z(s,0) = 0 for every (s,t) € Q.

Let {a;;} be a complete orthonormal basis for Ly(Q). Now we define
the corresponding stochastic integrals

i () = /Qaw<s 1) di(s, )

fori=1,2,---,and j=1,2,--- where fQ ij(s,t) dz(s,t) denotes the
Paley-Wiener-Zygmund integral discussed in [2,4]. Then {v;;} forms a
set of independent standard Gaussian random variables on C2(Q) with

(2.1) Elz(s,t)vij(z / / a;j(u, v) dudv = B;5(s,t).

For each m and n € N, let X,,,, : C2(Q) — R™" be the conditioning
function defined by

(22) an(m) = (’711(37), e 77171,(37)) e a’le(x)a Tt a'Ym'n.(x))-

Let F*np = {Xmn Y(B)|B € B™"} where B™" denotes the o—algebra
of Borel sets in R™”. Then by the definition of conditional expections
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' (see Doob [6], Tucker [10] and Yeh [13]), for each F € Ly(C2(Q),my), ;

(2.3) W(B) = /X oy FlIm(a2)
= [, BIFIF malm (i)
Xmn(B)

= /B E[F ()| X () = 1Px,,., (&)

where Px._ (B) = my(Xz1(B)) and E[F(X)|Xmn(z) = € is a Lebes-
gue measurable funétion of € which is unique up to null sets in R™”.
Let X.* be the conditioning function defined by

(2.4) Xk*;(w) = (mi(@), -, Mr-1(2), Y2 k-2(2), - - - Y-11(2))

for k=2,3,--- and let Xoo : Co(Q) — R be defined by

(2.5) Xoo(®) = (m11(2), m2(x), v21(2), M13(x), v22 (), Y81 (®), - - -)-

Then X" is equal to X, if mn = &kz"—l)- Let Fi" be the o-algebra

generated by the sets {Xk*"l(B)lB € Bk(kfl)} and let F* be the o-
algebra generated by ;o , Fi*. Then {F}*} is an increasing sequence -
of o-algebras of Yeh-Wiener measurable sets, hence for Yeh-Wiener
integrable function F', {E[F|F}*]} is an martingale sequence. Thus
E|E[F|F*)| £ E{|F||F"] < E|F|, for every k, and so by the martin-
gale convergence theorem,

(2.6) lim E[F|F,"] = E[F|F"]

almost surely and for every 4 € |Upey Fr",

@7)  Jm /A BIF(@)|Fe]m, (dz) = /A E[F(2)|F}my (do).
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From this and definition of conditional expectations, it follows that for
every Borel set B in R™

(2.8)
/B E[F@)hi(2) = €50 = 1,2, j = 1,2, | Px..(d6)
= kli_)ngo i E[F(x)|vij(z) =&; ¢ +j < k| Px,- (dé?),
where
k
(29)  Px-(@)=]] II {(270—% eXp< b )dﬁw}

1=25+j=l

= I o oo ) )

=2 i+j5=l

3. A Simple Fomular for Conditional Yeh-Wiener Integrals

Let {a;;} and {v;;(z)} be as in Section 2. Now we define the pro-
jection map P(y,n) from Lo(Q) into LZ(Q) by

(3.1) Pimnyh(s,t) ZZ(h ai5)ai(s, t).

i=1j=1

For z € C2(Q) and f: (E11, €1y 1 &miyr -+ 5 Emn), let

(32)  Timm(s,t) = /Q ProamyTi0.1x [0, (4, v) (s, )
-ZZ%J :c)/ / a5 (u,v) dudv
=1 j=1
and

f(mn) s,t) ZZé / a,-j(u,v) dudv

i=1j=1 OS]XOt]
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where Ijg 5x[0,¢} is the indicator function of [0, s} x [0,¢] for (s,t) € Q.
Similarly, we define the projection map Py : Lo(Q) — L2(Q) by

Poh(s,t) = Z Z (h,aij)aij(s,t).

k=2i+j=k’

For z € C5(Q) and € = (€11, €1, €21, €13, €22, €31, ), let

(33) a’oo(S,t):/Q,Poo Ijo, 5% [0,4(u, v) dz(u, v)
i s t )
= Z Z 7¥i5() / / @ij(u,v) dudv
k=2i+j=k 0 JoO
and

goo(S,t)ZZ Z 513[) A aij(u,v)dudv.

k=11i+j5=k

THEOREM 3.1. If {z(s,t}|(s,t) € Q} is the standard Yeh-Wiener -
process, then the processes {z(s,t) — 2o (s, )|(s,t) € Q} and 4;;(x) are
independent fori = 1,--- j = 1,---. Also, {x(s,t) — Z(mn)(s,t)|(s,t) €
Q} and v;;(x) are independent fori=1,--- mandj=1,--- ,n.

Proof. For each i and j, we know that Elvy;;(z)(z(s,t) — Teo{s,t))] =
0. Since both v;;(z) and z(s,t) — Z(3,t) are Gaussian, it follows -
that they are independent. The second argument follows in the same
manner. (]

CoOROLLARY 3.2. The processes {z(s,t) = Too(s,t)|(s,t) € Q} and
{zo(s,t)| (s,t) € Q} are independent, and so are {z(s,t) — T(mn)(s, t)]
(s,t). € Q} and {z(mn)(s,t)| (s,t) € Q}.

The following theorem plays an important role in the dévelopment
of a simple formula for conditional Yeh-Wiener integrals of géneralized
conditioning functions.
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THEOREM 3.3. Let F be an Yeh-Wiener integrable function. Then

(3.4) E[F(z)lvij(z) = &;j,t1=1,2,---, 5=1,2,---]
= E[F(z — Too + £x)], -and
E[F(z)lyi(z) = &j, i =1,-+-,m, j=1,--- ,n]
= E[F( ~ Z(mn) + &mn)]-

Proof. Using the results of Theorem 3.1 and Corollary 3.2, we have
:E[F(x_xOO+$OO)I’YlJ($) :£ij) 1=1,2,---, 5= 1a2a]
= E{F(y — Yoo + €0} = E[F( — Too + £c0)].

Also the second formula of (3.4) follows by the same reasoning. d

COROLLARY 3.4. Let F' be an Yeh-Wiener integrable function. Then

E[F(.’L')l")’”(l‘) :€ij7 Z: 1)2’ ) .7= 1)2,] :F(E'OO)

The following corollary is an immediate consequence of the second
formula in Theorem 3.3.

COROLLARY 3.5. If F is an Yeh-Wiener integrable function, then
for every Borel measurable set B in R™",

69 [ gy Pl = [ B @ = 2tm) + Enoa)) P (08)

REMARK 3.6. For each partition 7 = Tynn = {(51,%1),** , (Sm,tn)}
with0=sp <81 < <spm=8and 0=ty <t; <---<tp, =T, let
X, : C2(Q) — R™ be defined by X,(z) = (x(s1,t1), ", Z(5m,tn))-
In (8] they considered vector-valued conditional Yeh-Wiener integrals
of the type E[F(z)| X (z) = ] for Yeh-Wiener integrable function F.
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We next find the mlatzanship between the Qrdinary'conditionmg func-
tion X and the generalized conditioning function Xny,. If we deﬁne

It . i} s q(&,t).
a;i(s,t)y = loimg 24l xity—1)t5] then

V(simsis) X (ti=ti-1)’

B{F(z)X,(2) = €] = E[mw)lxmn(:c)

&g —&icag— &g H i1
/(8; = $4-1) X (&5 —tj—1)

,t=k-,m, j_—;l,.u’n]

where &y =g =0fori=1,--- ,mand j=1,--- ,n.

4. Evaluation Formulas of Conditional Yeh-Wiener Inte-
grals

In this section we establish various evaluation formulas of conditional
Yeh-Wiener integrals for generalized conditioning functions.
Using the same notation as in Section 3, for h € Ly(Q), let

(4.1) h(mn)(s,t).= P(mn)h(s, t) = Z Z(h,aij)cxij(s, t),

i=1 j=1
and

-
P(ooy(8,t) = Pooh(s,t) = Z Z (h, aij)aij(s; t).
‘ k=2 i+ ik
The following propositions give interesting relationships involving
h, Rimn), T and Z(mn) that are very useful in computing cenditional
and ordinary expectations of functions including the stochastic integral

' fQ h(s>t) gx(mn)(s>t)' ,
PROPOSITION 4.1. Let h € L3(Q). Then

(4.2) / 1, )y (5, ) dsdlt = / hmy2(5, 1) dsdl,
/Q Q

and also the above formula holds when mn = .
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PROPOSITION 4.2. Let h € Lo(Q). Then for each x € C2(Q)
(4.3) / h(s,8) d2mmy (5, 1) = / By (5, 8) d(s, 1)
Q Q
= Lh(mn)(s,t) Jx(mn)(svt),

and the above formula also holds for mn = oo if we consider |, o hls,t)
dzeo(s,t) = Zz‘;z Zi—{-j:k Yij () (h, 04j).

Proof. 1t follows from the fact that the above integrals have the same
value 3770, 3701 vij(2) (R, ci)- O

THEOREM 4.3. Let h € L2(Q), and assume that
F(z) = f[ / h(st) Jx(s,t)}
Q
is in Ly (C2(Q), my).-

(i) If {h, 011, " -+ , @mn} Is a linearly dependent set of functions in L2(Q),
say h(s,t) = 3_i2; > 5 Cijau;(s,t) on @, then

(4.4) E[f [ /Q h(s, t) da(s, t)] Xoun() = ] (chng,J

=1 j=1

(ii) If {h,a11," * ,mn} is a linearly independent set of functions in
L2(Q)7 then

(4.5) E[f[ /Q h(s,t)dw(s,t)}[an(x)zg}

= [on (102 = Unt?) |

X /Rf(U) exp{— (v~ Johs,t) dg(mn)(s’t)f } du.

2“h - h‘(mn)“2

N
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Proof. (i). Using Theorem 3.3 and Proposition 3.2, we have

E[ f [ /Q h(s,?) Jm(s,t)] Xonn(z) = 5]

Il

B[ [ o8 da = 0+ €}
E[f[ /Q <h(s,t)—h(mn)(s,t)) Jx(s,t)+ /Q h(s,t)df(mn)(s,t)”

f[ /Q h(s,t){d(ii&j /0 S /O taij(u,v)dudv»(s,t)}

i=1 j=1

= f (i zn: &j%) .

i=1 j=1

H

i

(ii). In this case, we use (3.4),(4.3) and a well known Yeh-Wiener
integration formula to obtain

5s] [ sty dnte ] Pmn(e) = §
_ EH /Q ({5, ) = hmmy (5, £)) dx(s, ) + /Q hs.t) dg”(mn)(s,t)”
= @) [ 1(Ih=hemmto+ [ it vy exp{._?;} o

= [2n(I1h = homey 9]

(1= Jo (s, (e >)2
U - Sat mn ’37t
X/Rf<“)e"‘°{" Znh—h(m;n; }d’“"

The following two corollaries are the special cases of Theorem 4.3
when h = a;; for some 7 and j or when h is orthogonal to all the a;;s.

COROLLARY 4.4. Let h, F and f be as in Theorem 4.3. Then

4o E[f[ [ aij<s,t>dx<s,t>]txmn<m):-é]=f<¢ij>;‘

a
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while if {h, 11, -+ ,mn} Is an orthogonal set of functions in Ly (@),

(4.7) E[f [ /Q h(s,?) cix(s,t)] Xy (2) =§}

= i)t [ s ep{ g o
=E[f[/Qh(s,t)d~w(s,t)H.

Proceeding as above, we obtain the following formula which is a
generalization of (4.7).

COROLLARY 4.5. If {¢11,"+ , ki, 11, * ,Qmn} is an orthonormal
set of functions in Lo(Q) and

F(m)=f[ /Q b1 (5,1) des, ), - /Q ¢kl<s,t)cix<s,t)]

is an Yeh-Wiener integrable function, then

[ [/ b11(s,t) dz(s, 1), /¢kl s,t) da(s, t)} | Xmn(z) = ]
_E[ [/q&stdx(st /¢kz(std:v )”

= (2) __/ fluag,- - ukz)eXp{ Zzu—gi}dﬁ

i=1 j=1

where U = (u11,- - ,ug).

Our next corollary follows from the fact that [, (h o(B(5,) = h(mn)(s, 1))
d{(mn)(s t) =0and (h— h(mn))(mn)(s t) =0.
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COROLLARY 4.6. Let h,F and f be as in Theorem 4.2. Then

B [f { / h(s,t) d(a(s,t) - m<mn>(s,t>>] Xonn() = 5]
=[] 6.8 = B, 0|

_ [27!'"h - h(mn)||2]*% /R f(w) exp{_m} du.

Many interesting examples of conditional Yeh-Wiener integrals are
obtained as special cases of the following theorem.

THEOREM 4.7. Let g € L2(Q). Then
E [exp{/ g(s,t)x(s,t) dsdt}len(w) =€]
- exp{z:iﬁm(g,ﬁ”) + = / [/ / g(u,v) dudv] dsdt

1=1 j=1

3 S ws)

i=1 j=1
Proof. Using the integration by parts formula, it follows that

g(s, tyz(s,t) dsdt = } Sg(u,v)dudv dz(s, 1)
Q QLJt Js

and that

/Q[/tT /SS g{u,v) dudy] C!ij(s,‘t) dsdt

= /Qg(s,t),@ij(s,t) dsdt = (g, Bs;)-
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Hence using Theorem 3.3, we obtain

E[exp{/@g(s,t)x(s, t) dsdt}len(x) = S_]

- E [exp [ /Q [ /t ' / ” o) dudv] {d(& = Ttmm) — Eormy)}(5,1)
- exp{gjz:;&j [ /Q [ /t ) f ” own) dudv] aij(s,1) dsdt] }

E[exp/Q [/tT /SS g(u,v) dudv dz(s,t)

m n

Sl [ sersforoa]

n

—exp{ijzlﬁw(g,ﬂw)-k /[// uvdudv} dsdt
_%ii (9, i) }

=1 j=1

The following corollary is a special case of Theorem 4.7.

I[si_l,si]x[tj_l,tj](ua'v)

V0si—sim1)(ti—t-1)

COROLLARY 4.8. Let g(s,t) =1 and a;;(u,v) =
Then

E[exp{ /Q 2(s, 1) dsdt}|an(:c) =§}

= exp{izn:&j\/(si ~ 8i-1)(t; — tj-1)

i=1 j=1
11 1 -
— Zsi— Zsie — ;- T
(s 55— 59 1)(T 5t~ ti- >+185

1 >
3_22 _311 t""t] 1(31+81 1) (t +t_7 1)}
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‘Using The@mm 4.7 and Corollary 4.8 we- obtam various iormulas for
condttmﬁal Yeh-W&ener mﬁegrals

COROLLARY 4 9 If m=1ln=1 and au(s t) = 71??, f:hen A |
{exp{ / g(s, z&3x(s, t)dsdt}]a:(s T) ]

‘ -exp{ o7 / stg(s t)dsdt+ / [ / / gfu, v)dud'v] dsdt

—--2-‘%5,[‘/ stg(s,t)dsdt] }', ‘

‘ E{exp{/Qst (s, 1) dsdt}}:v(S,T) = cf] ,

SR exp{ gSzT2 4(1);05‘51’5}

and

;E'[;xp'{ /Q 2(s,0) d‘sdzvt}lfl?(‘s,j;). = '5]‘

= exp{%ST+ 2—;§SVBT3}.: o
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