Formulation and Characteristics of the
Element Free Galerkin Method
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Abstract

For the effective analysis of an engineering problem, meshless methods which require only positioning
finite points without the element construction recently have been proposed and being studied extensive-
ly. In this paper, the element free Galerkin method which has been suggested by Belytschko, ete. is ap-
plied for the linear elastic analysis of solid problems and its convergence characteristics and stability
are shown according to the weight function, influence domain, basis function order and the scattered
points. As a result, it is found that the weight function and its influence domain have a great effect
on the solution stability but the basis function order and point scattering method not significantly.

Keywords : meshless method, element free galerkin method(EFGM), moving least square method,
weight function, domain of influence

.M B gel 2ol £8 84Me AR A WYl

Mg 2wy 2AY 24 BN a2 B4

FHHY BAY AAe 98 aAYY £EP2 o 9B oA} 2 BG4I Qe 2

* Shekdj et m o et whabay e o] =& et EES 19999 69 30U71A] B &3l B
> Fad-FF e A F R, ny WA 19999 9850 1 Aas AMSASU

SIRMMTEDE S| =27 122 M15(199.3) 47

i



A7 AABE AET Fosde 40 T 54
7} oJgEn). o] @& A 9t
o A G i ere EEH} FAHE
il —‘Vé_d Aol wjx|vte 2 &Ao] 7}
ol W (meshless method) o] A 5o} o]
o EH??_ -?7} gl Y=z Q)

Fasrgogs Aty A9 HE A
SPH (smooth particle hydrodynamics) ¥ -2 0]
A&oz AMEH o), o]F HA A5 (moving
least square method) & =4 3% DEM (diffuse
element method) ?o] A A=At ojF Hix A
ZHo| WY AAX EAE HaA¥A ST
(Lagrange multiplier method) &8 A z3slxz A
% 98 s 3 EFGM (element free Galerkin
method) ¥¢] Belytschko %o <&l A ¢t=sich
o] & W9 AAX EA9 HE A% HH WA
Y @ 3 49 ELE ELHO Tl
AR, T Fopel Al A& B
A7 AH/P-WEe] dFEHn 9t 53 EFGM
& g A l°ﬂ g3l FE3L gEH0R
3 :rL @4'” gl AHEHI QI
AAA A HYE 9
—T’-”’ W 23] g vk FelA

a2ye] & Wy RKPM (reproducing
kernel particle method) ol 2J3 tj¥d =&
Aoz HZo] AR Ytk FasHe
AT Azt wzd FE= Helde] dFHL
dom, B3 gy 2 a4 EACA 7S
a4 d¥e FEE aARHd FEdol
Hi

°1:|1°ﬂ/\1“ EFGME 24 983 A
ate] ool BEA& L, b dF B
g e JFe FEsLA T

r&

o o X
d oo i o ot

LU )

2. EFGM2| H 4|5
2.1 o1% 3 5ol AF 22y
A QdlNel Aol FF ux)el olF Ha 2

29 (moving least square method) ol <& A}
&4 (approximants) #'(x)& ool Aoz
Ehd 5= gluY,

A8 s=RIMEEFSE =27 M1238 M1Z(199. 3)

uh(x)= ii)i(X)ai(X) =p’(x)a(x) (1)

ol p(x)E

Az FAE 7)1A g4 (basis function) o]
A o] HEE g mE AP &
W 12909 A 2] A=z} 714 (linear basis), ©]#
Z] (quadratic basis) ¢} 4=} 713 (cubic basis)
= 47 ol e} gon

27 HEA x"=[z, v, 219 2

Nt e oo

p"(x)=[1, z], m=2
p"(x)=[1, z, z%, m=3
p'(x)=[1, z, z% 2°], m=4 2)

2219l L 714, ozt 71A 2 A 71A
t e 2o
p"(x)=[1, z, y], m=3

p’x)=[1, x, y, 2% xzy, ¥’], m=6

p"x)=[1, z, vy, 2% zv,
2

vh 2%, oy, v’ ¥¥], m=10 (3)

AMe AF ox)e T HE x9 FFola
.29 [,=527] (norm) o) 713 &= (weight func-
tion) & F3lo] th&m o] Hedtn ol&F H4
g A & F drh

J=Sw(x—x)p (x)a(x) ~ ] )

ol ne& 7tE T wx—x)#0¢ IF 29
(domain of influence) =+ 9& ¢ (circle of
influence) o1} E st 99X x W AH A
$8 e, we B 94A xolAY &5 u
o] AAgE vehdTh

2 (4) & ax)dl dste HES HsE ¢
AR gL 78 5 gk

Ax)a(x)=Bx)u )]



2B A Zzte FEL o 2o
Alx)= iwz(X)pT(XI)p(xl) (6)

B(x)=[w(x)p(x1), w:x)p(x2),

----- , wa(x)p(x.)] (7
wi(x)=w(x—X,) (8)
uT=[u1, Uz, oo ’ un] . (9)

2B AA alx)E Ttz A1) dYdsted A
g3 oL AL 98 4 .

w(0) =32 ) (A OBt

=3 0/(x)u (10)

webd ¥4 ghst 94 ¥ BRFSE o
&3} 2ol 7Y & 3

2:(x) =3, (x) (AT (X)BG))s (1)

Dy, = i(?i, {A™'B)y+p{(ATIB+ATB, )}
’ (12)

22| t}&3} o] Kronecker delta Z7-& W&
Al71A] Rtk
QI(X])#:(SU (14)

ol2X Bt gl o Al 34 4z A
5y 410NN wutx)#wE THF AFA
o] ZAIZEE AH I 9 99 <o nE HA

e FE o} ol5d FEHHL ULSE E 7

_{

MYz B

AT Ao #e
He HAxZ '131 WiHol Brhwsi o)y
& 2 ol A=Ak B =&
g A= 18R] %’“ ¥ (Lagrange multiplier
method) ¥& o] &3 WHE A3t

2.2 7V ¥+

4@ 7% BFE 4F Aole Aglel o
# $4z e Qo] gaHT,

W(X_XI):U)I(d) (15)

d=x—x (16)

u} st 2e A g4 wed
AgRoEE dfoln vinee 2

o ole) 4ol o) =
A28 & d. W gel 4

(1) A48 7}= &< (exponential weight

function) :

—(F 2
e {d/0.4y ,

w@):{ .

d<1

L 1

51 17

(2) ¥4%3% 7% < (conical weight func-
tion) :

w@:[ 1’0"2’ =1 (18)

, d>1

3) Az ~Z8d 71E &< (cubic spline
weight function) :

2 yge 4 <1
s —4d*+4d . d<y

WD fgreg-47 , lg< 19
0 , d>1

BHRIAMT TS| =27 M122 1501993 3) 49



el AARE AT Pase FA% 1 54

(4) A2 AZ2¢l 7= 84 (quartic sphne

weight function) :

—_[1-6d’+8d°—3d", d<1
w@=| R R )

O W d=d/duu®]® duwc BF FY wHE 2
9 =278 vz, 71A s

o AHFE ¥¥3e 9oz HFH v
elo wet zt e g3 3 5
Aol A AR 7t7he Ao A

AT o8 F3t b2 2ol A

Ao AN~ Q02 FEF 7tF F4E B
arzle] 4Fg F99 st 2P oz vt
B Fig. 13 Zth Fig. 194 7% e
EXoz dLold njnge RYolx Y HEAH
AA AN = A3 7HE Fed wet 2 kol
Z2eix Axde e R % Afol7t BT

2 #3s ¥ > Aok

ol

3.

13

E-i?l X Al

- o

M

SAANA BA IS ZE #4499 29 A
W ggas A 2R Bed 2o

1 =
| . ——EXPONENTIAL
0.9 B GONICAL
08 \-\ —*CUBIC
= [7?*auarTic
—~ 07 [ \
g 06 N
D057 \\
2 04 .
03 [ AN
02 | Y
ot N\
\
0
0 0.2 0.4 0.6 0.8 1

(d/d max )

Fig. 1 Weight functions over the same influence
domain

50 si=FMTzasEs| =27 Hi12E HM13(1999.9)

Vv - 0+b=0in £ (22)

- n=t on I', (23)

u=u on I, (24)
o]E A o £3 ®HiMolH, u} b 47
He 4 Y #Weojw ng ZAAWY 9F 54
g E 2 vehdoh § AdA ¥ AA 24
& REIEE Haxkzx $5E E2YEe AA
AR E A3 o] HES HIH g
AL de 5 U9

{ 5(v, ur) : 042~ ! su-bd2— I SuT-tdr

- f SAT-(u—u)dl — f Su-Ad=0
Ty . Ty,

VéusHY, AcH® (25)
21 @2B) oA Ae BagA ol ol F T
Zo] AHXEA BT}

A(x)=Nis)A, xEr, (26)

ol Nis) iz B3t Foln s&= A7
dAdlA 3 FHFAE dehdth. 264 3
(weak form)o. 2 A sl ¢]213} WAooz
YeERiH o33 2o

& o)l @)

2 @D AN ZAzte] FE e it Zo] 2R

K,~ [BIDB,dQ 28)
Q
Gi= _fdeNxdF (29)



f,= f &, 1dI'+ f &, bdQ (30)

ax=— | NxudTI' (31)

T,

g A4 g9l A
#H HEZ cel) o] FHHM & )

E =129 X A E dAYd, olayd &
AldlA 71A  2}4= (basis order) ) 7% g
Wale] wWE A3kS wpotdta oY) oA 3}
FE e 7S e 78 39 9 FE A
o H&3ld s Fgw 9 84S HESIL
2 g},

4.1 AL EA

Fig. 29} Zo] A& (body force)o] Aoz
g8t A Fig. 33 2 AZEA dd wix
Wl gisted 714 24 (basis order) &} 4 (17)
~ @202 243 7E HEA I o] uf

A=
zg"'l"a

A2 FAH AF CE WINA Y 99
dnxE HOIHA A S Y3 A9 Az
P Aol AR E JdUA 2 A 7338t o
& X82 Y 959 Tables 1~33 2t}

olg HA AFH 715 et A 2858
A 7bE vk 24 AR wix g giste] 1A
Ab4 (basis order) 9F 9% 999 WAsld A

ol vy <tFH AnE Jehlli les o
= 31, o2 7]1A (quadratic basis) U} A+ 7]

A (cubic basis) 9} Zo] 7]A 3ol a7t &
oA 7tE e I 99E 2A Folot 3

ooER 71A e A5E B e Aol 8

b(x)=x
_— —  — -

X

.
:

ANNNNNE

L >
>

Fig. 2 One-dimensional problem
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Fig. 3 Some types of node arrangement for the

one-dimensional problem

Table 1 Displacement ratio at end node using node arrangement A

. Weight C,
Basis .
Function 1.1 16 2.1 2.6 3.1 3.6 4.1
Exponential 0.998 0.998 0.998 0.997 0.998 0.999 1.005
Y Conical 0.998 0.995 1.075 1.708 4417 23.857 1.011
inear
Cubic Spline 0.998 0.998 0.997 0.997 1.003 1.031 1.077
Quartic Spline| 0.998 6.006 4761 20.181 305.020 6.806 936.099
Exponential - - 0.999 0.997 0.998 1.001 1.008
. Conical - - 1.081 1.766 1.290 6.150 32.564
Quadratic - -
Cubic Spline - - 0.999 0.998 1.003 1.015 1.0756
Quartic Spline - - 1.056 248.371 132.850 3702.17 1459082.
Exponential - - - - 0.999 1.006 1.013
. Conical - - - - 29.010 27.234 1.237
Cubice - -
Cubic Spline - - - - 1.000 1.004 1.481
Quartic Spline - - - - 186.114 3.069 179.964
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Table 2 Displacement ratio at end node using node arrangement B

. Weight C,
Basis .
Function 1.1 1.6 2.1 2.6 3.1 3.6 4.1
Exponential 0.997 0.992 0.990 0.993 0.996 1.032 2.823
L Conical 1.013 24178.8 151.778 10.982 1.722 3.178 3.163
inea
g Cubic Spline 0.996 0.987 0.992 0.997 1.057 34.109 27.057
Quartic Spline| 1.054 17.897 20291.83 5.509 6.128 83.174 4.174
Exponential - - 0.999 0.996 0.998 1.007 1.262
. Conical - - 1.199 2.867 27.593 1.783 94.091
Quadratic - -
Cubic Spline - - 1.001 0.997 1.004 1.210 14.787
Quartic Spline - - 16.806 3.952 70.233 38.239 24.143
Exponential - - - - 1.008 1.009 1.173
. Conical - - - - 518.698 1.241 1059.03
Cubic - -
Cubic Spline - - - - 1.012 1.017 1.022
Quartic Spline - - - - - 19.245 3.378
Table 3 Displacement ratio at end node using node arrangement C
) Weight C,
Basis .
Function 1.1 16 2.1 2.6 3.1 3.6 4.1
Exponential 1.003 1.008 1.000 0.995 0.9%4 0.999 1.002
L Conical 1.701 15.3756 1.418 1.094 244.209 2.897 2.946
e Cubic Spline | 1.002 1.024 1001 0.996 1.006 3.302 1.102
Quartic Spline| 1.003 4.395 372.658 2.064 562.915 425.159 253.319
Exponential - - 1.023 1.001 1.000 1.012 . 1.011
. Conical - - 1.184 3.201 2.295 1.093 1.348
Quadratic - -
Cubic Spline - - 1.050 1.010 1.018 1.091 1.153
Quartic Spline - - 2.063 110.306 15.874 679.478 6.013
Exponential - - - - 0.998 1.023 1.069
. Conical - - - - 2.613 7.254 23.998
Cubic - -
Cubic Spline - ~ - - 1.014 2.415 16.222
Quartic Spline - - - - 7.573 10.623 14.977
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Fig. 4 Cantilever beam under end traction
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(a) Regular node arrangement
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Table 4 Tip deflection ratio at point A
Basis c, Exponential Conical Cubic Spline Quartic Spline
Regular | Irregular | Regular | Irregular | Regular | Irregular | Regular | Irregular
2 - - - — — — — —
4 0.841 0.693 1.094 0.762 1.209 0.781 0.839 0.7156
Linear 6 0.992 0.936 0.828 0.839 1.906 2.002 0.999 0.962
8 1.012 0.994 0.792 0.888 2.992 4.292 1.007 0.989
10 1.018 1.015 0.853 1.061 5.182 6.335 1.010 1.003
12 1.017 1.018 0.782 0.998 7.049 9.666 1.011 1.005
2 - - - - - - — —
4 0.000 - 0.000 - 0.000 - 0.000 -
) 6 0.000 1.007 0.000 1.043 0.000 1.148 0.000 1.008
Quadratic
8 1.012 1.009 1.038 1.041 1.059 1.394 1.011 1.008
10 1.012 1.011 0.981 1.007 1.054 1.802 1.011 1.010
12 1.012 1.019 0.979 1.039 1.061 2.343 1.011 1.010
2 — —_ — - - - - -
4 0.000 - 0.000 - 0.000 - 0.000 -
Cubic 6 0.000 1.041 0.000 1.099 0.000 1.063 0.000 1.051
8 0.000 1.014 0.000 1.063 0.000 1.133 0.000 1.015
10 1.012 1.013 1.011 1.049 1.191 1.246 1.011 1.012
12 1.012 1.024 1.014 1.082 1.212 1.419 1.011 1.013
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Table 5 Comparison of EFG results with respect
to exact solution

Weight K /K gxacr
Function Case 1| Case 2 | Case 3 | Case 4
Exponential | 0.8831 | 0.8839 | 0.8907 | 0.9509
Conical 0.8837 | 0.8771 | 1.0389 | 1.0391
Cubic Spline | 0.8894 | 1.0056 | 1.0217 | 1.1721
Quartic Spline| 0.8709 | 0.8966 | 0.9060 | 0.9546
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