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Free Vibrations of Circular Curved Beams Resting on
Two-Parameter Elastic Foundation
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Abstract

This paper deals with the free vibrations of circular curved beams on an elastic foundation. Taking
into account the effects of rotatory inertia and shear deformation, the differential equations governing
free vibrations of circular curved beams resting on two-parameter elastic foundation are derived and
solved numerically. The lowest three natural frequencies for such beams with hinged-hinged, hinged-
clamped and clamped-clamped end restraints are calculated. Numerical results are presented to show
the effects on the natural frequencies of the non-dimensional system parameters: the horizontal rise to
span length ratio, the Winkler foundation parameter, and the shear foundation parameter. The effects of
rotatory inertia and shear deformation are also analyzed.

Keywords @ curved beam, free vibration, two-parameter -elastic foundation, rotatory inertia, shear
deformation

YR - d3dte ESER T, af co] E=EC] g EEL 20009 39 314971 £ &30
™ AEd - R ga BEEgea, a4 HUEAE 20009 693 1 e AAdst@sch

o oRgHg £53, A3

EERMATEZEE =28 H123 XM42(1999.12) 661

it



F A9 v R R BN ¥ 459 F

o
s %

-

)

i

lo,

X

ot

A

oX

=1

[V of

rlo 4 ra o
2 o2 N
an kI oo ofy

s
T
X
iz, T
|
+ 9
BN
el
o
}()1!
i
ol
=
i o
utd
e
g L

o W
28
=
kS
3
(o}
=
=
©
ol
o
i
4
%o,
vl

<

EAd g &a3 A7r) Y] e AAAE
7} A A Holof gt

et A A Hk ol g FRES AFAAA F
2 ol gdm & AMEFYL 18679 Winkler'7}
Atk Awtrdoltt, Winkler23& F3le %
gA ~xgor AukL T3 7P 23 A ut
ngolxgt, HlmA ol ZAMs Loldy] W ¥
e AFd olgHm Utk I Winkler®¥H &
YA axyoz ool 7] fie stFA
239 Aol 27 Ade Mo FFgF& 7HA
Lite 9¢d S kA Ut

oj9} Z& Winkler2¥e ZAHS 437 9
& ANE & ANIdEL S nejstr] st Paster-
nake Winkler®3e] AXHo| Wk (shear layer)

S AZsld A4S 2YEd F ANY wAESR
Edd+= AR (two-parameter elastic foun-
dation) & AAsETH?Y

gAx kel o] A FHAFEAC g AFEA
Panayotounakos®t Theocaris”s AHf-AH-59] ©E
2% Zre SR £ 95¥ FARAY A
FRAZd g dUdE HEIed, Wang®
Brannen'”& IABAH AdAd S nsA @
€ Bernoulli-EulerEo|&& =

2
grxds e 429 =
(o]

o
dx
opp
ol
o
QM
fd
ox

|
!
ox
lo,

o~
o~
[}
F.°,|_'
H
2
[
-4
A
oH
o
o
i
Ao
]
é
>
it
)
~
fol
©
«©
©
S

[
28, o FAHMT ] DRAEF
o

a8y o)4el

2,
o,
i)
N
rlo
r

2

2%
(LT

lo,
o <
Y
ol
o
R ™
o
iy
-
)
L2

B
oX
™
o
[
>
N
i
au
)

a7 1 ekdx|ekol



29 2% A5 AL Mansd 285 9
£2 U 222 M, T % Q 44 Fuu
E, WEYRNES Audoln, F9 Gt A7
dog $Aug gy ABBY oo
THE Mierd 483E olF FSEY WY
2w Ry, Ry Aol SARTYRAS A
WA (1)~@)3 2

a'Q —F,—Ry=0 (1)
a” M —Q+a T+ Cyp=0 (2)
a ‘M—a 'T"+Rr=0 (3)

A71M ()= d/ds °let.

Fnded nEARAES o g9 oz Y
EiE 24 (1), (5)s 2.Y

M=Ela" Y (¢— ") (4)

T=Gla (¥ +¢) (5)

o S R PER
E 9 B9, B9 G 7—}74 Ass Wy 1
s
-

Eza’ v=U+4 (6)

gad Aey Qe 4 (1) 2o,

=0, AGB= a, AG(a v — ¥) (7

= 47 4 (8), (9 2o

F,=—yAc%, Cp=—7I*¥ (8,9

= /4 FF (rad/sec) ol th.

a8 3(a)e % JlY wESe o Exo] %3
& g elel ¥ AR wuIYT g
Y7oz A% wHHdS yed Aez BY D
= Ztzh bty Aste gHE 9 oo

A<=t %i"&x] g ol T}
¥ 3(a)d B upe} o] F Il biviyR
AWMEAo] FHHE= Pasternakﬂ‘%‘}E%’% EES RS

A8 s Ao YA BAAS oA A
o e 4 107 2
K, 6) = ke, 0) — 4 4RO (10)

HEZZE g uizolnz z(r,fHe A (11)
i go] JERE 4 3t}

z2{r,=v—rd (11)
2 (1D)E ’—‘1 (10)ll

q e8A ¢
(12)8} #o] THAY,

HEMATRES S =2X H123 M45(1999.12) 663



5 Jhel MiANSE EdEE B4 Re F9

rie,
}o{:
ofl
M

(a) displacement and twist of the beam
cross-section

ry
p(-B/2,6),

Y

| .
LT oo

(b) pressure diagram of the contact area

(c) vertical and torsional reactions acting
on the center line of the beam

a8l 3 Xgtnt FMETL Hets HWoll 23s5t= ©

P(r,0)=k(v—r¢)—%(%—rﬂ> (12)

4 (12258 w9 FEEdre 48e Fau
4 (13)% g,

(B oo BS54
(13a)

PR 2 2\ dif 2 de
(13b)
a8 3(b)= ©lde AH}E o3t FAE ?
Wol ZgaE FALEE e Ao ok 1Y
3(c)ol ozl e} o] FAHAR FAl & @ o
elg sAwe Ry AFWY Rr2 ekl

664 FEFMPARTES| =2F MI12H M4E(1999.12)

i

24

HRE

 9em RySt Rre 27 4 (14) 2 (15)¢
i

Ry=kBv— Bg" %2% (14)

Rp= 1'2522 (/eqbaz—cp%;?) (15)

Awl PlEEEAE FA0 U Jenlsl Aot
of ngs BAN USRS EYUT

n=v/l, p=all, f=h/l (16-18)

s=IVIIA, e=GJ/(ED, p=aG/E (19-21)

A=kO/(AED, g,=G,I*/(r°ED, b=B/Il
(22-24)

Ci=w; I yA/(ED , i=1,2,3, (25)

A71M f s' A4 FHEol AtdoH B A
vl e pe A4 BRAASTY ADGAF, A, g,
9 b= A2 FAdset WinklerA vHAS, A
WAl gl F & Zjoln, ' FAY 1
%< (frequency parameter)e]t}.

2 194 FHE A7kl & 4 (26)%
ol Yed + .

1= 2a—Wtan(a/2) =NV &* —(a—h)*? (26)

2 (17), (18), (26)= ol &38ld, A FEN
B o % FA4 et A% A 2D 2 (2903 2
o ERE

_ A+l 27)

e 87

_ 1 4f

a=2tan (1_4f2) (28)

2 (7)), (8) & (14)E 4 (D)l st Fxdd
WSS olgdtdd BYsn 4 (279 FAd Fg
WAL st g A s 2 5 o



2 2
7" = _.Jilﬁ_i’_ll__(n./lb c),H__/iJiLL":D_.W'

8A us® + T2g,b)
(29)

8472 (us®+ n* g4b)

4 @), 5), () 2 9O 4 (@9 d9az
v Wesd
Qe

‘\_?__
(30)& + o

v [M(#Szﬁs—zcg)+s ¥

64f° l (30)
+(1+e¢ —~ —4%#5 7

4 @), 5) 2 (15 4 (3 NGz 32
S g el EREAe 9% 4 g

"o 1 AL (4F 7 +1)*
¢ 126+ r°g,b’ 12+ 64f* ¢ (31)
_ 120t 4
12e+ 7’2, b3

ol gAA 4 (29)~(31)& AR HawY
¢ 2 T Y wAdSE Zde AR
o 3 93% FHRY ARAEE o

2o
=
S
rir
S
B

THgHolm, g, =09 A% o JEe Y (12)
o] Winklerd A ¥teiol <9 9353 SHR A4
o2 Had

AEE Auhstes e g oz ¥

gARNE 4 BFAY, NERL 2 4 (@)
9 B2 oo, 2 haowz Ay
MEYZ ¥ gugAge] ColRE FAw @
—o)dd HAT B ngud 3
24 242 *4 (32)~(34) 2 4 (35)~(37)%
yd

£ APoNE 4 (20)~(31)e el sug
2 487 fetel B9 (13-15) B4 1 A8
gol HAE v Y FAHE YA ABRe 3

oy - WA . 047

gabdlo] A" A EA7HE o] &3tA .
g2l £AAEe Runge-Kuttay'®g o
gatpen, AMdT2e Fad a{AEE G
= AMEHA FHPIAE S H Lt A oA
Regula-Falsi®'¥g o] &3la] 1319}, o]t &)
Mqagoz gdRe dRzxA 2 Hi$ £, o
e, u, A, g B b7t AEHE 1HAEFI} A

AE =8 FORTRAN77912 Z2adslgt), o] =
oA AR 39 FAY /A ETFEE A
st ¥ 1 % 28 4~129] 2 A5 AAsta 2
Zstic

FAE] Fggo] Ao £} 0or £
st B¢ dNZFde desHe drzdn AdS
Zte ARy a/er2 Fhdort g F 1
< o HHdRze FERFE Jed Aoz
=09 A% ¥ d7dse 29 (3) 2 2E (17)

A 4 AL 2{/AEF, G
(#=0.25) d i=1 i=2 i=3
g3-34 0.100 | 17.76 44.03 79.08
s=25 0.050 | 18.60 45.89 81.86

€=0.2865 | 0.010 | 18.92 | 46.53 | 82.79
x=257 | 0.005 | 18.93 | 46.55 | 82.82
£ =253.3 | 0.001 | 18.93 | 46.55 | 82.83
5=001 |0000*| 1893 | 46.56 | 82.83

3 A-2% 0.100 | 26.44 | 59.93 | 106.1
s =50 0.050 | 27.25 | 62.00 | 109.8
e=1.146 | 0.010 | 27.53 | 62.70 | 111.0
1=33.33 | 0005 | 2754 | 62.73 | 111.0
2,=133.3 | 0.001 | 2754 | 62.73 | 111.0
=003 |0.000°| 2754 | 62.73 | 111.0

2-13 0.100 | 19.95 45.63 77.98

s=25 0.050 | 20.89 47.47 80.62
€=0.2865 | 0.010 | 21.23 48.08 81.50
A=10 0.005 | 21.24 48.10 81.53
g, =5 0.001 21.25 48.11 81.54

5 |0.000%| 21.25 | 48.11 | 81.54
HdE e Az

BEHMTEBES =24 X128 NM45(1999 12) 665



2 %

i

5 el v

1.146, £=0.347)

b=0.03, ¢

( s=20,

o = ul SR HRA
ol .cumw I ,N:_n \m_ ,_ﬂme
N W aw..k.o 10° mm.. yl
® R (I ™
DE Ly @ gk
o ﬂNlO [l
NS
to mr — u}umwi T,_t
ﬂLAT‘uoW‘Ul ,_/.nﬂ.eo_A M
Tag S JEHwR
MUl TS E gy
tu‘*ﬂ am, Hpau‘wul
of il -
ﬂnﬁ]o ,:‘LOTXLIAT
n- X o oy © o T NN o
Mo g L
mﬂiro@A Ew.mﬁumw
H._ﬂ%_lﬁTuHm\MﬂW.ﬁn_ﬁTﬂ
x }won/_NE%L
SR I - ) W
R R g A RE
PR L ® tenEs
LAATFWJ!_I_ Qu.ﬁMﬂﬂ.W_L_o
o P LY F o
o O T O TT
oo g alo o
jule el o= o
Jl~Le 79|L WY
© o~ - | © b~ I~ | © B~ b~
4
502208 v O~ oW
iyl RLeo|as = |Na
El ol oo w3 oW
ﬂ [ B SIS I a s B e TR N il BRasIRan I )
w
Rl lwoww|lown oo w
T R R e BRI A
SsZglgiggse
R RRR|RRR| TR
G Ehnlgndlen
5 EEREENEET
TR AR w H| e
%0 =3 =) N
Em S0 T T
..m. ~ ~ & ~ 5

im

A

e

e s

Zolth. 94714 G

2 =
- T

T~9% ARA AL g, 9 W3lel] w

o

ol
o

=

i

a2
=

il

Winklerd A #kgjel ¥

=
=

=0

i
- &

}\1 C wi

uhsh 7.

z:,—l.

o sl o

2=

a8 4~600A

9 g, degHE FAUE

EX

a8 7~94dA 72

CilCodll #oll 52

Mo

=
=1

w:

C

&

Ci/Cyiol Aol =

i

g 4~604 f7F OET

T T
[ I -
L q &
[ 2 s
C 2 ]
C TLLEE ]
- S5 77 B
¥ 3STLT 2
s .W‘M_Jn
, e

dmm__ 1]

NPT PRI BN Bt B Sl
3 8 2 g & g
— < (=4 =3 (=] (=}

57/ ‘oryel Ksusnboig

T ™)

[ 5 ]
r 3 g ]
[ 2 2
C 5 £
- iy o -
: BiELEE
- ESTTUTMES
C SIS 55
Be |97

EL 10T ]

RPN TR PO R RO S
g 8 2 g 8 8
— [= < < [=] =}

#7/7 ‘ones Aouanbaig

A —

- ~ .
C B ]
C T g
[ 3 s 3
- 5 £
: SALSE
[ B o ek ok E
: 22977 2]
i EgAELEET
Be| 1197

EL L]

R PRV RIPU PSP EPER A S
g 8 2 g 8 8
- < (= (=3

=] <
#7 ‘oned Aouanbaig

0.1 02 03 04

Horizontal rise to span length ratio, f

0.0

0.2 03 04
Horizontat rise to span length ratio, f

0.1

0.0

0.1 02 03 0.4

Horizontal rise to span length ratio, f

00

Ci/C; 2l st

=
=

=l 6 foll m

t

H5

Ci/Ca @l

=2
=

a8 5 rofl o

CilC ol Eist

=
=

gl 4 ol

5(1999.12)

=3 M12H M4

o
[y



E 3 Winklerd X[gt9ol &2 ZME BXl9l 1 E 4 $=10002 BAMES 2X& IRFIST C,(A
RESF Culs=20, 5=0.03, £=1.146, « =3, 5=0.03, ¢=1.146, »=0.347)
=0.347)
B nRUES, Cy
s F e g grzA
19| ayaa [t 2FEEL, Co T i=1 | =2 | =3
=1 | i=2 =3 /=01 |#sm=52 | 9.344 | 37.04 | 83.80
f=0.3 | 3Ad-gdA | 3.340 20.30 45.15 g, =2 HA-13 14.56 |. 47.05 98 .47
A=1 W%-i%j; 7.2598 25.68 | 50.34 23-24 | 21.16 | 58.20 | 114.3
#23-324 | 12.1 30.82 | 55.17 >
“o1 ;ﬂ_;ﬂ 5399 | 3178 1 =03 | sd-81" | 4.599 | 22.63 | 55.23
7=0.1 ) -5 8, : 63.41. g,=2 | ®a-14 | 8597 | 3015 | 65.90
=1 AA-24 | 12.92 | 3753 | 68.67 28-28 | 1365 | 3836 | 77.33
zA-14 | 17.98 | 43.01 | 73.57 e i : -
£=0.3 | 3A-3A | 4.760 | 2057 | 45.27 f__o'l ?ﬁfﬁ ?fgi ig'zg gggg
A=5 AA-14 | 8313 | 2590 | 5045 &= f: :}j ol i
~ {mA-uA | 1257 | 31.00 | 55.27 I 00 | 57.97 2
F=01 | &4-82 | 9055 | 3193 | 6349 /=03 | ad-sld | 4154 | 2228 | 5491
1=5 A-1%4 13.35 37.68 68.75 g, =0 HAA-1% 8.321 29.87 65.62
n%3-14 | 18.30 | 43.14 | 73.64 nY-u4 | 1347 | 38.12 | 77.08
a8 7~994 g,7t OUEG & A% C/CuE 5 g,9 93] AN, s} FUF AL AV FE
4 UEn AW g, 7 FA4EE g8 Frtetd F5 g, Y0l FE& & F U B ERAA
Z Ao wdsR FHYE AEkgd B0 ZAR of AETE g,9 dFo] FF & Yot
= Winklerd Autelol 9l MR A9 74 28 10~12¢ AAY 9 Aghide] dg&
A 34 ¢ ¢ ¢ Ao 283z AR A7 Hetd AAgule c/c,d BAE YER
L+E C/C7F AN g v AAREZY o & °§ Rolt}, 4714 ¢ FAREGH Ad¥ygE 1y
L AL & 5 It ato] A& A mHRETFed, e A
©H o] IPEANM A7 FLE AL ) E s=1000(1/s=0.001)° tiste dojxd x4 =
L AR RLASA RERE. LR e e e 104 P e
[ hinged-hinged k " hinged-clamped b I clamped-clamped
i 5=20, 5=0.03, £=1.146, ;=0.347 I 5=20, b=0.03, p=1.146, ;,=0.347 [ $=20, b=0.03, £=1.146, ;;=0.347 L
[ —— /0.3, x=1 1 fF03,)=1 1 =03, x=1 1
Fooeeee 2001 . SR 0.0, 0=1 . b e 0L = L
13010 o o:f03,A=5 - 1090 o 0:/£03,)=5 1.03}e o o:f03,)=5 -
H L0 0 0:f0.1,A=5 ] 0 0 0:/0.1,%=5 T F 0 0 0:f0.1,A=5 . 4
U\ - i=1,2,3 : from top to bottom e R b i=1,2,3 : from top to bottom % I i=1,2,3 : from top to bottom <
S L ) c L S ¢ 4
S 1 s | s I / A
£ 120 S 106 g 1mF A
Iy oy oy o () 0 4
5 5 5 L ey ]
= = = .
g T g r ¢ 6 o7
= 2 1 3 i K g q
110 1.03_- 1.01_— g /’c_—g__o,.@-'-
5 L o7
'cH -
_____ : e i Sl :
LoVt deh Lol AN W P T
0.0 1.0 2.0 3.0 4.0 5.0 00 10 30 40 50 0.0 1.0 20 3.0 4.0 50

Shear foundation parameter, g,

a8l 7 ng“ e C/C.o w3t

(EH-21™)

Shear foundation parameter, g,

a8 8 gﬁoﬂ mE Cj/C..2 @t
(3 H-1H)

Shear foundation pararneter, g,

a8 9 g0 @& c/C.ol #sl
(n™-18)

BIRMATEEES| =27 M12H M45(1999.12) 667

ie



B A

L

o=

Mol wiAHsz T8

=
*

- T T
& e 2
o o @
ol ™
FELTLL
. ek o o oS
5 Lo © %. @€ M_H AJ\_A

[ i=1,2,3 : from top to bottom

006 008 010
Us

0.4

0.02

0.00

(Y| FEEEE FEUTN FEETE SRS SR

.1,0=3, ,=2

— 01
| -eeeee 03
o0 001

A=3, gp=2
A=3,8,=0

LSS LU BLELELEL B

.1, A= ,g,,=0

1,2,3 : from top to bottom

i

[ inged-clamper
foo o;f=043

006 008 010
Us

004

0.02

601 10,03, ¢=1.146, 1,=0.347

]
IS &
S

3 S
10/ ‘oner Asusnbary

0.00

odoluasteraaduaa bl

004 006 008 010

0.02

3 <
15/ ‘ones Aouanbaig

0.00

oqolosea by leonalasealsnsy

o~ g
FLLLLE
11778
EEREERE
I AREET
m L i " " W " L 1 W L L L

L3
o
Kl
ol

d-313

Ly

Z
#HA 2 374

=

A GE Ayl

A-37, 3

2o
3]

pd

L

L.

A3

ul
o o] A

ng-1% Heol Afe Hald

o 22

AE7E

o, F3

‘TR 2o} 3

3

i

0.

L

@ whst 2ot

tgon 1 Anes

5]

TTE AE

l

EEES

4

z:f_]_—

F+ £=0.1° ©h

g 73
£=0.3%0 Aol "3 n{FAF5H 7 2ot

o] B¢

o

&

Winkler

73t

a7} ag,

1_1_73

|

2] ukel

74%-7} Winkler3

1

(o]
pis

X

H
ol

-

J’]’l‘

-
i

o-
Gy

ol

1A
Hr

]

Bl F2

Winklerd |

=
©

SRR

ol

o
oW

elh

tst

i
7o

ik

3]

A5 Ay,

uj
™
X
ol

el

Winkler] ¥4 57}
WinklerAl

[e]

L

I

AR WhA <=2

R R

kis

FHEo| A 7HAoulst BY

H
~

Hr

w

—_

)
Ho

wr
4

o
=

FAl 47} &

34

H

(1999.12)

k=1

H12# A4



A FAEE Winklerd A9 ¥ FHH
va ARY R ASHF GaFo] Fr

1

#HAlel 2

o] &2 19984 ¥t TG FedT

Ao atel o]0l ATFATY AR2A A

. C. Franciosi and A. Masi, “Free Vibrations
of Foundation Beams on Two-Parameter
Elastic Soil,” Computers & Structures,
Vol. 47, 1993, pp.419~426

.S.Y. Lee and C.C. Yang, “Non-Conser-
vative Instability of Non-Uniform Beams
resting on an Elastic Foundations,” Journal
of Sound and Vibration, Vol. 169, 1994,
pp.433~444

ol T, TAYERE 2 BN £ B
o A2 WY AT =23, Al
6¥d A|3&, 1994, pp.107~115

. T. Yokoyama, Vibration Analysis of Timo-
shenko Beam-Columns on Two-Parameter
Elastic Foundations,” Computers & Struc-
tures, Vol. 61, 1996, pp.995~1007

. M.A. De Rosa and M.J. Maurizi, "The
Influence of Concentrated Masses and
Pasternak -Soil on the Free Vibrations of
Euler Beams-Exact Solution,” Journal of

Sound and Vibration, Vol. 212, 1998,
pp.573~581
E. Volterra and J.H. Gains, Advanced

Strength of Materials, Prentice-Hall, 1971

. E. Winkler, Die Lehre von der Elastizitit

und Festigkeit, Dominicus, 1867

. A P.S. Selvadurai, Elastic Analysis of Soil-

Foundation Interaction, Elsevier, 1979

9. D.E. Panayotounakos and P.S. Theocaris,
“The Dynamically Loaded Circular Beam
on an Elastic Foundation,” Journal of
Applied Mechanics, ASME, Vol. 47, 1980,
pp.139~144

10. T.M. Wang and W.F. Brannen, Natural
Frequencies for Out-of-Plane Vibrations of
Curved Beams on Elastic Foundations,”
Journal of Sound and Vibration, Vol. 84,
1982, pp.241~246

11. M.S. Issa, ‘Natural Frequencies of Con-
tinuous Curved Beams on Winkler-Type
Foundation,” Journal of Sound and Vibra-
tion, Vol. 127, 1988, pp.291~301

12. o|¥, 47, oA, "ggz|uted
#4% Timoshenko® e Af7E," a4t
T2383 =83, A11d A2%E, 1998,
pp.273~280

13. B.K. Lee and J.F. Wilson, ‘Free Vibrations
of Arches with Variable Curvature,” Jour-
nal of Sound and Vibration, Vol. 136, 1989,
pp.75~89

14. J.F. Wilson, B.K. Lee and S.J. Oh, Free
Vibrations of Circular Arches with Variable
Cross-Section,” Structural Engineering and
Mechanics, Vol. 2, 1994, pp.345~357

15. S.J. Oh, B.K. Lee and I.W. Lee, "Natural
Frequencies of Non-Circular Arches with
Rotatory Inertia and Shear Deformation,”
Journal of Sound and Vibration, Vol. 219,
1999, pp.23~33

16. J.H. Mathews, Numerical Methods, Pren-
tice-Hall, 1987

17. T.M. Wang and J.E. Stephens, "Natural
Frequencies of Timoshenko Beams on Pa-

=0]
T

sternak Foundations,” Journal of Sound
and Vibration, Vol. 51, 1977, pp.149~
155

(H==X} : 1999. 8. 12)

SE8MTEESEE =28 M123 M45(1999.12)

669

ie



