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Material and Geometrical Nonlinear Analysis
of Reinforced Concrete Columns under Cyclic Loading
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ABSTRACT

This paper presents an andlytical prediction of the hysteresis behavior of reinforced concrete long column with
rectangular section under the cyclic loading state. The mechanicd characteristic of cracked concrete and reinforcing
bar in concrete has been modeled, considering the bond effect between reinforcing bar and concrete, the effect of
aggegate interlocking at crack suface and the stiffness degradation affer the crack has taken place. The strength
increcse of concrete due to the lateral confining reinforcement has been also taken into account to model the
confinred concrete. The formulation of these models for concrete and reinforcing bar has been based on the smeared
crack concept that the stressstrain relationship of reinforced concrete element would be defined wsing the average
values. In oddifion to the material nonlinear propertfies, the dlgorthm for large displacement problem that may give an
additional deformation has been formulated wsing fotal Lagrangian formulation. The andlytically predicted behavior was
compared with test result and they showed good ogreement in overdll behavior.

Key words : hysteresis behavior, large displacerment problem, total Lagrangian formulation

1. Introduction crete structure and its adequate analytical
modeling can be indeed a difficult practice

Reasonably close identification of an inelastic because of its nonlinear and an-isotropic pro-
and hysteretic response of the reinforced con- perties. An analytical approach by finite element

method produces reliable result, provided that
the constitutive models for reinforced con-
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the material nonlinearity with confining effect
of the lateral reinforcement and geometric
nonlinearity based on total Lagrangian for-

mulation®

were taken into account to predict
an inelastic behavior of the reinforced concrete
column.

It is generally assumed that the reinforcing
bar in the reinforced concrete element resists
forces only in axial direction. Base on this
assumption, the stress and strain of the
reinforcing bar can be obtained using truss
(or line) element regarding as an independent
element. The formulation of reinforcing bar
using truss element is effective, particularly
when the structural behavior is governed by
reinforcing bar.

The reinforcing bar in the reinforced concrete
is generally distributed in orthogonal direction
and several distributed cracks are assumed
to occur. Thus it is appropriate to consider
the overall behavior after the crack develops
rather than the initiation and propagation of
each crack. The analytical models for the
reinforced concrete element are described using
the smeared crack approach that is regarding
the tributary area with several cracks and
reinforcing bars as a finite continuum elementa),
where the constitutive equations are expressed
using the average stress and the average
strain relationship. The material models emplo-
yed in this paper are based on the multi-
directional orthotropic models whose reference
coordinates are set to the cracks.

2. Nonlinear material models

The reinforced concrete can efficiently be
expressed as the superposition of the concrete
and reinforcing bar. However, the reinforced
concrete is not of simply adding each of these

analytical models but of properly combining
each of them, recognizing that there exists a
bond effect between the concrete and the
reinforcement. Hence, an analytical model of
concrete and reinforcing bar in the reinforced
concrete should be considered independently.

2.1 Modeling of uncracked concrete and
cracking criteria

The Elasto-Plastic and Fracture model® for
the biaxial state of stress was used as a cons-
titutive equations of uncracked concrete. Using
this model, the nonlinearity and anisotropy
of the concrete can be expressed regardless of
the loading history including strain-softening
domain. In this model, the equivalent stress-
strain relation is formulated using the initial
elastic modulus, the fracture parameter and
equivalent plastic strain. The equivalent plastic
strain is defined as a strain when the stress
is reversed to zero. The fracture parameter
indicates the degradation of stiffness in un-
loading process. The equivalent plastic strain
and the fracture parameter are not changed
unless the equivalent strain exceeds the
maximum strain previously reached.

It was assumed in this paper that the crack
takes place when the principle tensile strain
e+ reaches the cracking strain ¢ and this
value represents the principle tensile strain
when the stress of concrete reaches the fracture
envelope. In this paper, Niwa model® for
the compression-tension domain and Aoyagi-
Yamada model® for the tension-tension domain
were used respectively as the fracture envelopes
under the biaxial state of stresses (Fig. 1),
where o3, 0> are the principal stresses and
o¢{, o are the uniaxial tensile and com-

pressive strength of concrete, respectively.
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Fig. 1 Cracking stress criteria for 2-D stress state

It is assumed in the smeared crack concept
that the first crack perpendicular to the principle
tensile stress takes place when the principle
stress of concrete at the gauss integration
point reaches the fracture” envelope. By the
way, a new crack appears in a direction
different from that of existing crack under
the reversed cyclic loading. But it can hardly
be treated as a new crack when the angle
between them is less than 15 degrees.(é) Hence,
this paper assumed that the second crack
does not take place even when the tensile
stress has reached the fracture envelope. The
cracking criterion for the second crack is
assumed to be same as the first crack.

2.2 Modeling of cracked concrete

2.2.1 Modeling of concrete normal to crack

An anisotropic property becomes significant
after the crack has taken place in concrete
and the stress-strain relationship takes on an
orthogonal anisotropy in the direction normal
to crack. This means that the stress-strain
relations have to be modeled in the direction
parallel as well as normal to crack and in
the shear direction, respectively. The cracked
reinforced concrete element can be modeled
using the tension stiffness model representing

the tension stiffening effect of concrete caused
by the bond effect between the concrete and
reinforcing bar. Okamura ef. a? have developed
an average stress-average strain relationship
of concrete normal to crack from the test result
for monotonic loading. But they overlooked
the fact that the tensile stress resisted by the
concrete results from the bond effect between
the concrete and reinforcing bar and tried to
express the tension stiffening effect of concrete
as simple as possible.

Hence, it may cause an inaccuracy of the
analysis results under the complicated stress
distribution, especially when the reinforcing
ratios in orthogonal directions show a signifi-
cant discrepancy. The tension stiffness model
proposed by Okamura et. al. has been modi-
fied in this paper. The bond model has been
used to obtain the tensile stresses of concrete
in each direction of the reinforcing bar, and
then the tensile stresses of concrete has been
transformed to those in the directions of rein-
forcing bars. Using this process, the tension
stiffening effect of concrete could be con-
sidered more realistically.

For unloading and reloading, the model
proposed by Tamai et al. was basically used.?
They performed a reversed cyclic loading test
to present the tension stiffness model - regarding
the stresses in concrete as the sum of the
stresses from the bond action with reinforcing
bars and those from the contact at crack plane.

The unloading process brings about clo-
sing of crack that has taken place. But it
should be noted that the two surfaces of
crack start contacting each other even before
the average strain ey of concrete becomes
zero. Hence, 150x10° has been given as the
strain when the crack surfaces start contacting

(Fig. 2).
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Fig. 2 Tension stiffness model for unloading and
reloading

2.2.2 Modeling of concrete parallel to crack

The Modified Elasto-Plastic Fracture Model?”
was used in this paper as a model for concrete
under the compressive stress. This model des-
cribes the degradation in compressive stiffness
by modifying the fracture parameter in terms
of the strain perpendicular to the crack plane.
The main reason for the degradation in the
stiffness of cracked concrete may be attributed
to the fact that the ability of concrete carrying
a compressive stress is degraded in the vicinity
of crack on account of the roughness of crack
surfaces. This effect cannot keep increasing
for every large cracks. Therefore, the value
of degradation factor has a minimum limit.
The ratio of the fracture parameter K for
the cracked concrete to K, for the uncracked

concrete is given as
K=wkK, (1)

where K’ : fracture parameter of the cracked
concrete
K, : fracture parameter of the uncracked

concrete

w : function of the strain perpendi-
cular to the crack plane
€x: strain perpendicular to the crack

plane

Therefore, the compressive model for the

cracked concrete is given as
0y=EK'(ey— €5) v

where E, : secant modulus of concrete(kg/cn)
gy : strain parallel to the crack plane
€p: plastic strain parallel to the crack
plane

For unloading and reloading, the same
model based on the Elastic-Plastic and Fracture
Model was also used. Since the fracture in
the inner part of the envelope, in other
words, at unloading and reloading is not
progressive when referred to the basic concept
of the Elastic-Plastic and Fracture Model, the
fracture parameter and plastic strain show a
linear behavior. This means that the energy
is not consumed during unloading and reloading
process. Hence the calculation procedure
becomes simple if assumed that the energy
consumption by the compressive deformation
of concrete is much less than the total energy
consumption. But it should be noted that in
case of high compressive stress acting on
the concrete, the energy consumption by the
compressive deformation of concrete can not
be neglected when compared with total energy
consumption.

It is necessary to model the damage of the
inner concrete under the cyclic loading to
reasonably consider the energy consumption
during unloading and reloading. This paper
assumed for the simplicity that the energy
consumption is considered by modifying the
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stress-strain curve at unloading to an arc shape
whose tangential stiffness becomes infinite
and passing through the point of residual
strain (Fig. 3).104
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Fig. 3 Equivalent stress—equivalent strain relationship

2.2.3 Modeling of concrete in shear direction

In order to consider the effect of shear stress
transfer due to the aggregate interlocking at
crack surface, the shear transfer model based
on the Contact Surface Density Function Z
(0,8,0)™ was basically used (Fig. 4). Since
this model defines the form of the crack
surface in terms of three parameters (crack
width, slip and its ratio) and assumes the
contact surface to respond -elasto-plastically,

G'

> T

©, = 3sin6-WCcoso

Fig. 4 Shear transfer at crack surface

it is applicable to the arbitrary loading history.
This model defines the shear and compressive

stress at crack surface as

+ /2

= f— 7/2 [Z(w’ 6’ 65) sin Hs]des (3)
+ /2

o= f_ I [Z(w, 8,8, cos 8,1db, @)

Li et. al. have obtained the integral solutions
for the monotonic loading from the above
model, ignoring both the elastic components
in total deformation at crack plane and the
effect of crack width. And Shin et. al. have
developed a simple shear transfer model for
unloading and reloading by performing the
parametric numerical analysis for the various
loading history.(w)

2.3 Modeling of reinforcing bar

The stress acting on the reinforcing bar
embedded in concrete is not uniform, but it
takes the maximum values where the bar is
exposed to a crack plane. The constitutive
model can be set equal to that for the bare bar
if the stress-strain relation is elastic. However,
the elastic relationship between the average
steel stress and steel strain is lost as soon as
the bar yields at crack plane, even if it
remains unyielded elsewhere. And the average
steel stress at that instance is lower than its
yield strength® In this paper the bilinear
model™® derived for the post-yielding model
of a bar was used in the formulation under
the state of loading.

An elastic relationship still holds between
the average steel stress and steel strain through
any unloading and reloading operations before
the bar has yielded, since the bar remains in
an elastic range. However, an elastic relationship

KA Mz (S Me=) 1999.3
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is lost when the bar has yielded, and the
average steel stress-average steel strain relation-
ship also becomes nonlinear.

The average steel stress-average steel strain
relationship at unloading or reloading can
be determined if the stress distribution of bar
between the cracks and the stress-strain relation
for the bare bar has been determined for
that mode of loading. Kato’s model™ for
the bare bar under the reversed cyclic loading
and the assumption of stress distribution
expressed by a cosine curve were used in
calculating the mechanical behaviors of rein-
forcing bars in concrete under the reversed
cyclic loading.

This method required a great deal of compu-
tation time. Hence he developed a simpler
mode] for the average stress-strain relation
of post-yielding steel by taking the stress
and strain of Kato's bar as the average
stress and strain of steel, respectively.”” In
this paper, Modified Kato’s model was used
as a post-yield steel model for unloading
and reloading loops.

2.4 Modeling of confining effects

A transverse reinforcement is provided to
confine the compressed concrete within the
core region and to prevent buckling of the
longitudinal reinforcement. The reinforced
concrete column confined by the transverse
reinforcement shows an improved ultimate
strength and strain capacity.?™ It also has
a superior ductile capacity to the unconfined
concrete. This paper has taken the confining
effects of the transverse reinforcement into
account by modifying the compressive stress-
strain model of unconfined concrete. It was
formulated in terms of the amount of the

longitudinal and transverse reinforcement,
and the yield strength and distribution type
of the transverse reinforcement. In order to
consider the confining effects, the effective
confining stress and effective confining coefficient
have been evaluated for the arbitrary cross
sectional shape. The spalling of the cover
concrete and the buckling of the axial
reinforcement have been neglected in this
paper.

In this model, the compressive strength
fc of the confined circular or rectangular
sections with equal effective confining stress
fI' in the orthogonal directions is related to
the unconfined strength fc" by the relation-
ship.

K. ff - (—1.254+2.254\/ 1+7'?$—%)
©)

and the peak stress is attained at a strain of

Eee™ 0.002[145( £’/ £~ 1)] (6)

3. Finite element analysis with large
displacements

In addition to the material nonlinear pro-
perties in the previous sections, large displace-
ment problem that may be significant in the
case of long column has been taken into
account in the nonlinear finite element
analysis based on total Lag-rangian formu-
lation. It makes use of Green-Lagrange strain
tensors and the second Piola-Kirchhoff stress
tensors.

The basic equilibrium equation including
the large deformations and material nonlinearity
takes on nonlinear relationship and its solution
cannot be solved directly. An approximate
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solution can be obtained by referring all
variables to a previously calculated known
equilibrium configuration and linearizing the
resulting equation. This solution can then be
improved by iteration.

Fight-node and twonode isoparametric plane
stress element with two-degree of freedom
in each node were used in the displace-
ment-based element formulation of the reinforced
concrete and reinforcing bar, respectively
(Fig. 5). They have been rmumerically integrated
using 3-and 1-point Gauss rule, respectively

and all finite element matrices have been
)

defined at Gauss Integration point."

Configuration
. attime 0

Configuration
at time £

Iys 'Ky p 1
L="L+AL 1

/ \/ Configuration at time t

Node 1 s
2
—

Fig. 5 Isoparametric finite elements representing rein—
forced concrete and reinforcing bar element

A truss (or line) element is a structural member
capable of transmitting stresses only in the
direction normal to the cross section. Thus,
in total Lagrangian formulation only the
corresponding longitudinal strain needs to be
considered. Since all derivatives of interpolation
functions are with respect to the initial coordi-
nate system in Total Lagrangian formulation,
they are calculated only once in the first

load step, and stored on back-up storage for
use in all subsequent load steps.

The equilibrium equation of the system at
each load step requires iterative procedure
to obtain the solutions within convergence
tolerance. The Newton-Raphson, Modified Newton-
Raphson and Initial Stiffness method have
been used appropriately as an iterative pro-
cedure. And the Crout’s decomyposition algorithm
has been used to obtain the solution vectors
of the system.

The analytical program developed in this
paper is composed of pre-processor, DRPR
and main-processor, DRPT that are the modified
version of RCSDA and RCSDC, respectively.(w)
The program DRPT has been developed for
material and geometrical nonlinear dynamic
analysis of RC structure modeled as two-
dimensional plane stress element under in-
plane loading state. But the dynamic analysis
option is currently under development. It
has been devised for users to select an analysis
option corresponding to the type of analysis,
for examples, static or dynamic and geometrically
linear or nonlinear analysis, etc.

The pre-processor DRPR reads input data
and to make skyline index, restraint factors,
linear strain-displacement matrix, and restart
preparation. All data needed to execute a
main analysis are restored to external files
using the technique of dynamic data allocation.
The main processor DRPT reads nodal forces
or nodal displacements, incremental loads
and indices for structuring the total matrix,
and performs the analysis using the element
data stored in external files. The stored data
including stress and strain history of each
element are also necessary for restart function
in which is convenient for nonlinear and
dynamic analysis.

X3 1S (EH M9o%) 1999.3
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4. Verification of present analytical
method oo /
152.4 cm
. : & by
The ten full-scale column specimens with 15.24 71
cm
square cross sections’” were analyzed for L L4 Colum A
verifying the analytical method of this Beam Stb—y 3
paper. Fig. 6 and 7 show overall dimensions ]
37.16 cm

and reinforcement arrangement on the test
specimens, respectively. Each complete column
has a cross section 457x457mm and a height
of 350.52cm. The beam stub is provided for
application of lateral load and strengthening
of the joint region. The height of the upper
column is larger than the lower column, and
additional reinforcement is provided in the
lower column except in specimen NC-1.

Design compressive strength of concrete is
433.2kg/cm’ and yield stress of vertical and
transverse reinforcement is 4221.6kg/crn2, Tes-
pectively. Details on the test specimens are
described in Table 1. Vertical reinforcement
consisted of eight bars with 254mm diameters
providing a reinforcement ratio of 0.0195.

Fig. 8 shows a loading arrangement. Applied
vertical load Pv is listed in table 1 and kept
constant during the entire loading cycles.
Then the lateral load is applied with hydraulic
rams pushing against reaction frames.

Test specimens was modeled using the
plane stress element with 8-node and the
truss element with 2-node in the finite
element analysis. And the vertical reinforce-
ment was modeled using the truss element
and the transverse reinforcement was modeled
in RC element with distributed reinforce-
ment, respectively. It was assumed in this
paper that the element loaded is not failed
by compression.

Fig. 9 shows load-displacement relation of
specimen NC-2 from test and analysis of

Loading

X

15.24 cm%/
/' 45.75 cm

45.75 cm

Surport

Fig. 6 Overall view of test specimen

)
15.24 cm _[=———— _Uper Support
4372031 ¢cm
142.24 cm . [20.32 cm
‘ ¥
65.88 ¢ T |0.16 cm|
. K
\
T 1 508cm
60.96 cm #3 of 4 Closed
Hgops sets
IR 17 *10.16 cm
121.92¢em |
o 3*20.32 cm
15.24 em [ T
45.72 cm

Fig. 7 Reinforcement details

Loading Rods

.-

Frame
—

Load
Cell

I

Fig. 8 Loading arrangement
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Table 1 Details of test variables

Vertical load | Transverse reinforcement
Specimens PR | ton |Diem) ﬁ; kg/gmz (%)
NC-2 | 02 |1724] 127 |4387| 4216 | 219
NC-3 | 04 |3538] 1.27 |4.387| 42216 | 219
NC-4 | 03 | 2631|095 |2451| 42216 | 1.26
NC-5 | 03 | 2608 1.27 |4.3687| 42216 | 219
NC-6 | 03 |2359] 127 [2580| 42216 | 1.29
NC-7 | 03 | 24491 127 |2580| 42216 | 1.29
NC-8 | 03 12540 | 1.27 |4387| 4216 | 2.19
NC-9% | 03 |2404| 127 |2580| 42216 | 1.29
NC-10% | 03 | 2495 095 |1.419| 42216 | 1.9
NC-12 | 03 | 2513|095 [1.935] 42216 | 1.29

D P,=0.850, (A, — Ay)+Aga, ; Pv=Vertical load

@ specimen with no cross tie and continuous square
hoop at 100 mm pitch

® spedmen with no cross tie and continuous sguare
hoop at 57 mm pitch

this paper neglecting geometrical nonlinear
effect. The behavior after peak strength is a
little overestimated when compared with Fig. 10
in which geometrical nonlinear effect is included.
The maximum value of lateral shear force
obtained from analysis shows good agreement
with test result, as shown in Fig. 10, and the
overall behavior is also much closer to test
result. Fig. 11 shows a deformed shape in
the final load step and Fig. 12 is the failure
pattern by test and analysis.

Fig. 13 and 14 are load-displacement curves
of specimen NC4. The high axial force
corresponding to 30% of calculated ultimate
strength is acting on it.

It is well known that the lateral displacement
of the head of a column relative to its base
give rise to second order effect (P-A effect).
The post yield branch has a negative slope
due to the presence of P-A effect and is
more pronounced in the column with higher
level of axial loading. The rapid degradation
of strength after peak due to P-A effect by

Lateral Load (ton)

Lateral Load (ton)

150

120

150

120

G Test result

Analysis

L ! L ! L L L

-3 -20 -10 0 19 0 E 0

Lateral Displacement (mm)

Fig. 9 Load-displacement curve for NC-2

(Material nonlinear only)

©  Test result

Analysis

|
L 1 L ! L ! 1

-40

i

g

-30 -20 -10 0 i i 30 4

Lateral Displacement (mm)

. 10 Load-displacement curve for NC-2

(Material and geometric nonlinear)

(/
1

|
il

A

~J

Fig. 11 Deformed shape of NC-2

M3 M2 (SH MeZ) 1999.3

=RIETHE =2& 63



v=size we oEsels Jisey

of Tz 3 JI5HEel IME aHA

i

Fig. 7~ Test apecimer: NC-2 after fest comchusion

(@) Test (b) Analysis

Fig. 12 Failure pattern for Specimen NC-2

large axial force is shown in Fig. 14. Hence,
relatively low levels of axial loading have a
favorable effect on the seismic performance
of reinforced concrete columns as they increase
their energy dissipation capacities. However
high levels of axial loading may drastically
reduce the ductility of columns after peak
and they induce fajlure modes that may lead
to partial or total collapse of the structure.
The maximum lateral loads by test and
analysis of the total test specimens are compared
in Table 2 and the result by analysis shows
good agreement with test result.

Lateral Load (ton)

Lateral Load (ton)

Table 2 Comparison of maximum horizontal load (unit : ton)

150 T T T T T T

150 | | \ | | [

-0 -0 -10 0 10 0 3 4
Lateral Displacement (mm)

Fig. 13 Load-displacement curve for NC-4
(Material nonlinear only}

150

-40 30 -20 -0 0 10 M ki 40
Lateral Displacement (mm)

Fig. 14 Load-displacement curve for NC-4
(Material and geometric nonlinear)

Specimen | Calculated (1) Measured (2" e Thls( :)tudy e
NC-2 839 95.3 D1 95.1 0.96
NC-3 86.2 106.6 122.3 112.8 092
NC-4 89.8 102.0 102.0 959 0.94
NC-5 83.9 104.3 1130 105.0 093
NC-6 81.6 63.5 104.9 99.2 0.95
NC-7 84.8 975 105.4 100.4 0.95
NC-8 87.1 90.7 1116 104.7 0.94
NC-9 82.1 975 105.3 99.7 0.95
NC-10 84.8 95.3 107.3 100.6 094
NC-12 85.3 88.5 101.5 979 0.96

(D ACI318-83 neglecting P-4 effect ; (2) Test result

@ Material nonfinear only ; (4) Material and geometric nonlinear
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5. Conclusions

1. This paper presented an analytical prediction
for the behavior of reinforced columns
and the result was compared with test
result.

2. Modeling the axial reinforcement as an in-
dependent truss element resulted in better
overall behavior.

3. The maximum lateral strength was decreased
by 4 to 8 percents due to P-A effect and
this effect could be described by considering
large displacement problem based on total
Lagrangian formulation.

4. An analytical approach of this paper could
describe the overall behavior with high
accuracy, including the strength increase
due to the confining reinforcement and
the strength decrease due to the large
displacement effect.
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