The Korean Communications
in Statistics Vol. 6, No. 2, 1999
pp. 397-401
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Abstract

We first derive the Fisher information identity in order statistics in terms of the
hazard rate by considering the Fisher information identity in terms of the hazard rate
(Efron and Johnstone, 1990). Then we use the identity and show an interesting and
useful result that some identities and recurrence relations for the Fisher information in
order statistics can be directly obtained from those between the c.d.f.s of order
statistics.

1. Introduction

Suppose that we have an independently and identically distributed (ii.d.) sample of size =
from a continuous probability density function (p.df.) Ax 8) where @ is a real-valued scalar

parameter, We will denote X (,, to be the trh order statistic, f,, to be its pdf. and
I,.,,(0) to be the Fisher information about & in a set of the first » order statistics. We

assume that Ax 8) satisfies some regularity conditions (Cox and Hinkley, 1974) such that the
Fisher information per observation exists. We have many situations where we need to
consider only a subset of consecutive order statistics (e.g. Type II censored data, trimmed

sample), then how much we lose the information is an interesting and basic question.
However, since I;..,,(#) is an » multiple integral, we had much difficulties in the calculation
of I.,,(8) in most cases.

Many authors have established lots of identities and recurrence relations between the
moments of order statistics, which can be easily obtained from those between the c.df.s of
order statistics. These results can be used in checking the accuracy of computation of the
moments of order statistics and reducing the amount of direct computation of moments of
order statistics. For the Fisher information in order statistics, Park (1996) recently derived
some recurrence relations whose primary advantage, other than checking or reducing the
computation, is that [7..,,(8) can be easily obtained as a linear combination of single

integrals.
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In this paper, we provide a more general result that some relations between c.df.s of order
statistics directly give some corresponding relations in the Fisher information in order
statistics. Thus some recurrence relations in Park (1996) at last become some examples of
this result. We provide some examples including those in Park (1996).

2. Main results

Efron and Johnstone (1990) studied an interesting identity,
[ (Z5 toafiz 0) A v = [ (5 logh(x 6)) *As O )

where h(x; 8) is the hazard function.

Its direct application to the case of X (1., is given as

I;.(0)= f_mw(-gg logh(x; 6)) 2dF 1,,(x 6).

We define I ,45,.(0x () to be the conditional information about 6 in X (,4+1, given

X (»m =% (rw. Then we define I,+y,,() to be the average of the conditional information
such that

Ir-le,n(g): f_oolr+1|r,n(0|x (r,n))fr,ndx (rn)-

We need the following lemma to prove our main results.

Lemma 2.1.
1. Markov property :

Iovtrn(O =1 ,41rn(8) for all i=1,-7. (2

2. Decomposition of the Fisher information in order statistics :

Ir,r+1;n(6)=Inn(0)+1r+1|r,n(‘9)- 3

3. I,4172(6 in terms of the hazard rate :

L ®= [ (25 10gh(5,6) % 115 ) . @

Proof. The proofs of the first two are in Park (1996), and the proof of the third one is as

follows. Since f,+1.n iS the density of the first order statistic of an $n-r$ i.id. sample from
Ax /(1 —F(x (4 8), X=X (5,», whose hazard function is (n— ) h(x 6), we have, in view

of (1),
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Ir+1lxn( lx (r,n)) = f (% IOgh(x’ ) 2fr+l|r.n(9dx (rn)> 6)dx.

X (r.n}

Then I,.,,.(6) can be obtained as

Lroinn 0= [ (25 togh(x.0) % i1 0) .

Thus we have the result. ]

Remark 2.1 Mehrotra et al (1979) have first considered I;..,,(d) where the direct
expression of [,..,,(8) contains the score functions and hazard functions. They tried to
remove the hazard functions in the direct expression and succeeded in expressing I;..,.,(8)
as sums of double integrals concerning only score functions. However, Lemma 2.1 says that
I,.,,(0) can be expressed as sums of single integrals concerning only the hazard function

as follows.

L@ = [ (-5 10gh(x.0) X(f1s (5.0) + -+ F (5 0))dix.

The following result is concerning relations for the Fisher information and those between
the c.d.f.s of order statistics.

Theorem 2.1.
If

22C pmf w6 0) =0,
where the summation is taken over all subsets m of {1,2,-,#n} and over r, then
2. romd Ar—1m( @) =0.
Proof. If we let g(X (,,5) be (0/300)1ogh(X (,n; 0), then I,,-1,(0) is E(g(X (,»)) by
(4). Thus the relation between c.df.s of order statistics directly holds for I ,,-,.,(8). []

The following corollary can be obtained by using the dual principle for the Fisher
information in (Park, 1996) and that between the c.d.f.s of order statistics (Balasubramanian
and Balakrishnan, 1993).

Corollary 2.1.
If

zc?ﬁm-fr,m(x) 6)209

where the summation is taken over all subsets m of { 1,2, ', #} and over r, then

ZC r,mIﬁr+ l;m( 8)= 0
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3. Some examples

For example, it is well known that
2 f il )= 1 11(50).
Then we directly have, by using Theorem 2.1,
gllﬂi—l;n( 6) = nl,(9),

which means the simple fact, Iy...(8)=nl;,(8). We provide the relations in the Fisher

information in order statistics corresponding to some relations between c.d.f.s of order
statistics.

Relation 3.1.

gzl..,mw): L= 11,40

This relation can be obtained from the relation,
-1
S (S 1a (B0 + 4 £ (5.0) = 5 nln= Df 155 0).
The following two relations, Relation 3.2 and 3.5, have been derived in Park (1996), while the
proof is different.
Relation 3.2.

Il"-r,n—l( 6) = L;;;L Il-“nn( 0) + ——’% [1~'r+ l;n( 0)

This relation can be obtained from the relation, established by Cole (1951),

n—r Y
frn1= n fﬁn+7fr+l;n-

Relation 3.3.

Ilmr,n( 8) = i nﬁﬂ-lc z'—2,n—r——1C n,i(_ ]-) 1'~n+r——111;i(0)

This relation can be obtained from the relation, established by Srikantan (1962),
fr,n: i=ni;r+1(— 1) zl_n'+_7_1Cz'Al_n—-rCn,ifl;i-
Remark 3.1. Relation 3.1 follows automatically if any one of Relation 3.2 and 3.3 is applied.
Similar argument for the moments of order statistics has been discussed by Balakrishnan and
Malik (1986). [J
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Relation 3.4.

Cn,mlln-r,m( 0): gcn—r~i*l,m—r—lc r+i—l,z'[1~--r+z';n( 6)

This relation can be obtained from the relation, established by Sillito (1964),

Cnmfrm(&)z gcn—r—i,m—rc r+i—l,{fr+z';n(0)-

Relation 3.5.

Zl%(lan(e) - 11.‘.1-_1;71( (9)) = ZI—LZ ]1;1,( 0)

This relation can be obtained from the relation, established by Joshi (1973),
'l'fz';n: gl%fl;i-

i=1 1

Remark 3.2. By the dual principle for the Fisher information in order statistics, we can

instantly derive some recurrence relations for I,..,,(6) from Relation 3.1-3.5. [

References

[1] Balasubramanian, K. and Balakrishnan, N(1993). Duality principle in order statistics,
Journal of Royal Statistical Society B, 55, 687-691.

[2] Balakrishnan, N. and Malik, H. J. (1985). Some general identities involving order statistics,
Communications in Statistics. Theory and Methods, 14(2), 333-339.

[3] Cole, R. H. (1951). Relations between moments of order statistics, Annals of Mathematical
Statistics, 22, 308-310.

[4] Cox, D. R. and Hinkley D. V. (1974). Theoretical Statistics, Chapman and Hall

[5] Efron, B and Johnstone, 1. (1990). Fisher information in terms of the hazard rate, Annals of
Statistics, 18, 38-62.

[6] Joshi, P. C. (1973). Two identities involving order statistics, Biometrika, 60, 428-429.

{71 Mehrotra, K. G., Johnson R. A. and Bhattacharyya, G. K. (1979). Exact Fisher information
for censored samples and the extended hazard rate functions. Communications in
Statistics. A, 15, 1493~1510.

[8] Park, S. (1996). Fisher information in order statistics, Journal of American Statistical
Association, 91, 385-390.

[9] Sillito, G. P. (1964). Some relations between expectations of order statistics in samples of
different sizes, Biometrika, 51, 259-262.

[10] Srikantan, K. S. (1962). Recurrence relations between the pdf's of order statistics, and
some applications, Annals of Mathematical Statistics, 33, 169-177.



