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ABSTRACT

We study semiprime fuzzy ideals, semiprimary fuzzy ideals, and their properties. We investigate that if a
fuzzy ideal is semiprime and semiprimary, then it is prime.

1. Introduction

Much interest has been shown in fuzzification of the
concepts of prime and primary ideals{8,10,12], and the
same attempts have been made to fuzzify the concept of
semiprime ideals[11].

Kumbhojkar[10,11] has shown that every prime
fuzzy ideal is primary and every prime fuzzy ideal is
semiprime, but the converses are not true. The purpose
of this paper is to find a condition that a fuzzy ideal is
prime. Also, we find that every prime fuzzy ideal is
weak primary and is semiprime. And then, we show
that if a fuzzy ideal is weak primary and semiprime,
then it is prime.

In particular, we observe some characterization of
semiprimary fuzzy ideals. We show that if a fuzzy ideal
is semiprime and semiprimary, then it is prime.

Throughout this paper, R stands for a commutative
ring with identity and L stands for a lattice with the least
element 0 and the greatest element 1. Unless otherwise
stated, L is complete and completely distributive in the
sense that it satisfies the following law:

(VA i€ERYA(VH | JES) =V {a, Ab | iEL jE
J} for all a, bEL.

By[1.,4], every distributive upper continuous lattice
has this property, and every complete totally ordered set

has this property. In particular the closed unit interval
[0,1] has this property.

2. Preliminaries

In this section, we recall basic definitions and known
results which we shall need in the later sections.

Definition 2.1{11] An L-fuzzy ideal is a function J

509

: R— L satisfying the following axioms:
() J&x +y) = Jx) A J),
(2) J=x) = Jo),
(3) Jxy)=Jx)V A).

Since we are considering L-fuzzy ideals over a fixed
lattice L, we shall call them by fuzzy ideals only. We
shall call J by a properly fuzzy ideal if it takes more
than two distinct values.

Definition 2.2{2] Let./: R—L bé a fuzzy ideal and
o &L. Then the set J,=xER | J(x)=a} is called a
level cut of R with respect to J.

Proposition 2.3[11] (1) A function J:R—L is a
fuzzy ideal if and only if J(x —y)=J(x) AJ(v) and J(xy)
=2 J(x)VJy).

(2) If J : R—L is a fuzzy ideal, then

(a) J0)=J(x)=J1), for all xER;

(b) J(x —y) = J(0) implies J(x) =J(y) for all x, yER,

(c) the level cuts J,= {xER | J(x)= a} are ideals of
R for all <L, conversely, if each J, is an ideal, then
J is a fuzzy ideal.

Definition 2.4{10] A fuzzy ideal P : R—L is called
prime if for all x, yER,
P(xy) = P(x) or Pxy) = P(y).

In[8,10], there are several definitions of prime fuzzy
ideals. And the relation among the definitions is shown
in[10], but we will use the above definition of prime
fuzzy ideals.

Proposition 2.5{10] A fuzzy ideal P:R—L is
prime if and only if every level cut P, = {xER | P(x)
=a}is prime for all o> P(1).

For a = P(1), P, = R.
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Definition 2.6[10] A fuzzy ideal Q : R—L is called
primary if Q is nonconstant and for all x, yER,
O(xy) = O(x) or Q(), for some positive integer z.

Proposition 2.7[10]
primary.

Every prime fuzzy ideal is

Definition 2.8 [11] IfJ: R—L is a fuzzy ideal, then
the fuzzy set vJJ : R—L, defined as vJ(x) = V {J(x") |
n>0} is called the fuzzy (nil)radical of J.

Proposition 2.9[11] If J:R—L is a fuzzy ideal,
then »J is a fuzzy ideal.

Definition 2.10[9] Let A4: X—L be a fuzzy
subset of a set X, where L is a complete lattice. A is
said to have the supremum property if for every
subset S of X, there exists x,<S, such that V {4(x) |
xES}=A(x)-

Proposition 2.11[11] If J : R—L is a fuzzy ideal
with the supremum property, then W) = J_TD!_

Proposition 2.12[11] For any 0<oa<1, and a
fuzzy ideal J : R—L, (vJ )o =,[J,, where L is totally
odered set, J, = {xER | Jx) > o} and (JT )o = {xER
| V7T (x)>o.

Proposition 2.13[11] If P: R—L is prime, then ./P
=P

3. Weak Primary and Semiprime
Fuzzy Ideals

In this section, we study the concepts of weak
primary fuzzy ideals and semiprime fuzzy ideals, and
their properties. We investigate that if a fuzzy ideal is
weak primary and semiprime, then it is prime.

Definition 3.1{10] A fuzzy ideal J : R—L is said
to be weak primary or in short w-primary if , for all
X, VER, J(xy) =J(x) or Jxy)<J(") for some integer
n >0.

Proposition 3.2[10] Every primary fuzzy ideal is
w-primary. In particular, every prime fuzzy ideal is w-
primary.

Proposition 3.3[11] A fuzzy ideal is w-primary if
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Jp'p

and only if each of its level cuts is primary.
The fuzzy ideal given below is w-primary but not

primary.

Example 34 LetJ: Z—[0,1] be defined as follows

0 xe {p),
Jx) =1 xe =), n=12.08,
1 xe{p%.

This fuzzy ideal is finite-valued, it may be observed
that x&<p™> —<p" 1> if and only if x = ap” where p X
|a, a&Z, n=1,2, -+, 5. Let x = ap" and y = bp",
where a, b, m, n€Z p X a,pX b, 1<n<5 1<m=<
5. Let xy = abp™™, then J(xy) = Jabp"t™).

Casel. If 1=m+n=<, then

JO) = Habp'™") = S < () J(bS ) = 1.

Case2. If m+n=6, then J(xy) 1=J(). Hence J is w-
primary. But J is not a primary. For, J(p°p®) # J(p?) and

N#Jp*) for any n = 1, 2, -+

Definition 3.5[11] A fuzzy ideal S : R—L is called
semiprime if S(x*) = S(x) for all xER.

Proposition 3.6[11]
semiprime fuzzy ideal.

Every prime fuzzy ideal is a

Theorem 3.7[11] If §: R—L is a fuzzy ideal, then
the following are equivalent:

(1) S is semiprime,

(2) each level cut of S is semiprime,

(3) S(x")=S(x) for all integers n>0 and x<R,

4) FSS5= JES for all fuzzy ideals J: R—L,

(5) <S8 for n >0=J<S, for all fuzzy ideals J : R
%L’

(6) S=+5 where /S is the fuzzy nilradical of S, when
L is totally ordered, each of the above statements is
equivalent to the following:

(7) S coincides with its prime fuzzy radical,

(8) S= N{P | PE ( where Cis a class of prime
fuzzy ideals.

Example 3.8 An infinite valued semiprime fuzzy
ideal is defined as follows: Let R be the ring of integers
and L =[0,11 . Let Cbe an ordered set of distinct prime
numbers say C= {p,, p2,""", P, " }. Let K* be the ideal
generated by the integer p; p,** pi. Then we have an
infinite chain of ideals K' DK* D« CK"D---, Define
a fuzzy ideal S : R—L as follows:
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I x=0,

n xe Kn,_Kn# 1
n+l

S(x) =
0 xeKl

The level cuts of S are 0, R and K" = <pp, - p,>, for
n=1,2, . Let pyp.--- p, | x* for all ¥ EK” and then
il ¥, pal ¥*, -+, p,) ¥°. Since R is a unique factorization
domain, p|| x, ps| x, -**, p, | x. Thus every level cut of
S is semiprime, and then S is semiprime fuzzy ideal by
Theorem 2.7. But since prime ideals of R are precisely
the ideals generated by prime numbers, S is not prime.

Therefore every prime fuzzy ideal is semiprime, but
the converse is not true.

4. Semiprimary Fuzzy Ideals

In this section, we study the concept of semiprimary
fuzzy ideals and its properties. Also we investigate that if
fuzzy ideal is semiprime and semiprimary, then it is prime.

Definition 4.1[7] A fuzzy ideal J: R—L is called a
semiprimary fuzzy ideal if, for allx, vER, either J(xy)
= J(x") for some integer n>0 or else J(xv)<J(/") for
some integer m>0.

Proposition 4.2 A fuzzy ideal J:R—L is
semiprimary if and only if each of its level cutsJ, = {x
€R | Jx)= ¢} is semiprimary.

Proof.  Assume that J is semiprimary. Let x, yER
and xy& J,,. If x"&J, for all integer n>0, then J(x")< a
<J(xy) so that J(xy) <J(™) for some m>0, so y"<Jo.
It show that the level cut J, is semiprimary.

Conversely, suppose that J,, &L, is semiprimary.
Let x, vER, choose o = J(xy) and let J(xv) > J(x") for
all integers »#>0. Since J, is semiprimary and xy&J,,, it
follows that y" <.J, for some integer m>0. Hence J(V"')
=>o = J(xy). Therefore J is semiprimary.

The fuzzy ideal given below is semiprimary, but it is
not prime.

Example 4.3 Let R be the polynomial ring Flx].

where F is a field and L = [0,1]. Define a fuzzy ideal J:
R—L as follow:

0.8 ae {x%,
J(@)=106 ae (x2—(x%,
0.2 aeR-{x3.
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Clearly its level cuts are <x*>, <x*>, and R. Since
JOb = Jx2) = (x) and <x> is prime, <¥*>, <x®> and
R arc semiprimary. Hence fuzzy ideal J: R—L is
semiprimary. But J is not a prime fuzzy ideal, for its
level cuts <x*> and <x>> are not prime.

Theorem 4.4 If a fuzzy ideal J : R—L has the
supremum property, then./ is semiprimary if and only if
JJ is prime.

Proof. Let J be semiprimary. Then J, is semi-
primary by Proposition 3.2 and ,\/J:( is prime fora<L.

Since J has the supremum property, JJTx =(J Ny by
Proposition 1.11. Hence (v ), is prime for any o< L.
Therefore +J is prime.

Conversely if v/ is prime, then (v.J ), is prime for
any o<L. And since A/.E:(A/._/)(,,A/JTX is prime so
that J,, is semiprimary. Hence J is semiprimary.

Remark 4.5 By the definition of w-primary fuzzy
ideal, we know that if a fuzzy ideal is w-primary, then
it is semiprimary. Hence every prime fuzzy ideal is a
semiprimary fuzzy ideal. But by Example 3.3, the
converse is not true.

Theorem 4.6 If any fuzzy ideal is semiprime and
semiprimary, then it is prime.

Proof. Let J : R—L be a fuzzy ideal which is
semiprime and semiprimary, and x, ¥y <R. Since J is
semiprime, J(x") =J/(x) and JO/") = Jy) for all n, m > 0.
And since J is semiprimary, either J(xy) < J(x") for
some n>0 or J(xy)<J(™) for some m>0. Hence either
Jxv) <J(x) or J(xy)<J(y). By the definition of fuzzy
ideal, J(xv) =J(x) or Jxy)=J(v). Therefore J is prime.

Corollary 4.7 If any fuzzy ideal is semiprime and
scmiprimary, then it is w-primary.

Proof. By Theorem 3.6 and Proposition 2.2, it is
obvious.

Corollary 4.8 If a fuzzy ideal is w-primary and
semiprime, then it is prime.

Proof. LetJ : R—L be a fuzzy ideal which is w-
primary and semiprime, and x, y €R. Since J is w-
primary, J(xy)=J(x) or J(x»)<J(3") for some n>0. And
since J is semiprime, J(") = J(v). Hence J(xy) = J(x) or
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Joy)<J(y). But J(xy)=J(y) for all yER by definition
of fuzzy ideal. Therefore J is prime.

Corollary 4.9 If a fuzzy ideal is primary and
semiprime, then it is prime.

Proof. Since every primary fuzzy ideal is w-
primary, every primary and semiprime fuzzy ideal is
prime by the above corollary.
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