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Some Limit Theorems for Fractional Lévy Brownian
Motions on Rectangles in the Plane!
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ABSTRACT

In this paper we establish some limit theorems for a two-parameter frac-
tional Lévy Brownian motion on rectangles in the Euclidean plane via es-
timating upper bounds of large deviation probabilities on suprema of the
two-parameter fractional Lévy Brownian motion.
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1. INTRODUCTION AND RESULTS

We are interested in studying limiting behaviors for the increments of a two-
parameter fractional Lévy Brownian motion on rectangles in the Euclidean plane,
whose increments are composed of such a type that two sides of the rectangle
increase to infinity as time passes by infinitely.

The starting point of this work was some limit theorems on the increments
of a two-parameter Wiener process in the books of Csorgd and Révész (1981,
pp. 57-87) or Lin and Lu (1992, pp.40-51). Our results for the two-parameter
fractional Lévy Brownian motion in this paper are different from those results
in the previous books, because the structures of two processes differ from each
other. Also the methods of their proofs are completely different from each other.

Let {W(z,y),0 < z,y < oo} be a two-parameter Wiener process on the
probability space (2, S,P), i.e., for the rectangle R := [z}, 3] X [y1,y2] C R% :=
[0, 00) x [0,00), the W-measure

W(R) = W (z2,y2) — W(z1,y2) — W(z2,31) + W(z1,11)
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satisfies the following conditions:

(1) W(R) has a centered Gaussian distribution with variance A(R) := (z2 —
z1)(y2 — y1),

%

(2)

(3) {W(z,y)} has independent increment process, that is, W (R1), W(Rz), ---,
W(R,) (n =2,3,--) are independent random variables, if Ry, Ry, -+, Rn
are disjoint rectangles,

(0,y) = W(z,0) =0forall 0 < z,y < o0,

(4) the sample path W (w;z,y) is continuous in (z,y) € R? with probability
one, where w €  is fixed.

For our purpose we shall first quote one of the results in Csorgd and Révész
(1981): Let a7 be a nondecreasing function of T(0 < T' < oo) for which

(a) 0<ar<T,

(b) T/ar is nondecreasing.

Let Rt = R(ar) be the set of rectangles
R=[z1,70) X [yr,y2] (0 <71 <22 SVT, 0<y1 <2 <VT)

for which A(R) = (22 — #1)(y2 — y1) < ar. Let R} = R*(ar) C Rr be the set of
those elements R of Ry for which A(R) = ar.

Theorem A. (Csorgd and Révész (1981)) Let {W(z,y), 0 < z,y < oo} be a two-
parameter Wiener process, and let ar be a nondecreasing function of T satisfying
above conditions (a) and (b). Then

limsup sup Br|W(R)| = hmsup sup Br|W(R)| =1 a.s.,
T-—scc RERT T—oo RER}

where By = (2ar(log(T/ar) + loglog T)) /2.
If aT also satisfies the condition

(¢) lim 10g(T/aT)/log log T = oo, then
T—o0

lim sup Br|W(R)| = hm sup BriW(R)| =1 a.s.
T—o ReRy
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In this paper we intend to study such a limit theorem as Theorem A type for
the increments of a two-parameter fractional Lévy Brownian motion with more
general sets of rectangles. Instead of Ry, we consider the set Cr of rectangles
R = [z1,22] X [y1,y2) with 0 < z; < z9 < ap and 0 < y; < y2 < hr, where ar
and hr are nondecreasing functions of T'.

Throughout this paper we shall always assume the following statements: Let
{X(z,y), 0 < z,y < oo} be a two-parameter fractional Lévy Brownian motion
of order 2a with 0 < o < 1 on (2,8, P), that is, let {X(z,y), 0 < z,y < oo}
be an almost surely continuous, real-valued Gaussian process on (£2,S,P) with
mean zero, X (0,0) = 0 and stationary increments

E{X(z1,51) — X(22,y2)}* = {(z1 — 22)> + (11 — 12)*}° (1.1)

for all distinct two time points (z1,y1) and (z2,y2) in R%Z. Then the process
{X(z,y)} is a general form of the two-parameter Lévy Brownian motion with
a = 1/2, which is defined as follows: A two-parameter Lévy Brownian motion on
R? is a stochastic process L :  x RZ — R (R is a set of real numbers) such that

(a) L(0,0) =0,
(b) L(z,y) has a centered Gaussian distribution,
() E{L(z1,y1) — L(z2,¥2)}* = {(z1 — 22)* + (1 — y2)2}/2,

(d) the sample path (z,y) — L(w;z,y) is almost surely continuous in (z,y) €
R?, where w € Q is fixed.

Let us consider the rectangle R := R(s,t,u,v) := [s,s + t] x [u,u +v] C R%
for all s,u > 0 and t,v > 0, and define the increment X (R) of a two-parameter
fractional Lévy Brownian motion on R by

X(R) = X(R(s,t,u,v))
= X(+tutv)—X(s,u+v)— X(s+1t,u)+ X(s,u).

Using the property of (1.1), it is easy to see that the standard deviation of X(R)
has the translation invariant with respect to s and wu, that is,

S(t,v) == {E(X(R(s,t,u,v)))*}/* = {E(X(R(s + h1,t,u + ha,v)))*}"/*

for all hy,hy > 0.
For 0 < T < 00, let ar and hr be nondecreasing functions of T' for which
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0<hr<ar<T,

)
(i) T/ar and T/hr are nondecreasing on T,
) there exists 0 < p < 1 such that limy_, hr/ar = 4,
) limp,o by = oo.

For convenience, we denote;:

Br = (V1) (V)

where m V n = max{m,n}, and fore < T < o0
Br = {2(log Br + 10glogT)}1/2.

Set

D(ar,hr) = sup sup |X(R(S’ it hT))|
' 0<s<T—or 0<u<T—hy  S(ar,h7)Br
The main results are as follows:

Theorem 1.1. Let X(R) and S(t,v) be as in the above statements. For 0 <
T < oo, let ar and ht be nondecreasing functions of T for which

) O0<hr<ar<T,

(i) T/ar and T/hr are nondecreasing on T,

) there ezists 0 < p < 1 such that limp_,o0 hr/aT = p,
) limre hr = oo.

Then we have

limsup D(ar,hr) <1 a.s. (1.2)

T—o00

Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Further assume
that

(v) limye log Br/loglogT = oo.
Then we have

liminf D(ar,hr) > 1 a.s. (1.3)
T—o0
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Combining Theorems 1.1 and 1.2, we immediately obtain the following limit
theorem:

Corollary 1.1. Under the assumptions of Theorem 1.2, we have

lim  sup sup | X(B(s, ar, u, hr))|
T—00 0<s<T—ar 0<u<T—hy  Slar,hr)Br

=1 a.s.

Remark 1.1. The most important difference point between Theorem A and
Corollary 1.1 is that the variance A(R) of W(R) in Theorem A represents an
area of R itself, but the variance S*(ar,hr) of X(R) in Corollary 1.1 is not its
area but 2[ar®* + hr®® — (a7? + hr?)®], because our construction of X (R) was
originated from the two-parameter fractional Lévy Brownian motion {X(z,y)}
of order 2a.

Now we shall show a simple illustration of Corollary 1.1 :

Example 1.1. Let {X(z,y), 0 < z,y < oo} be a two-parameter Lévy Brownian
motion with @ = 1/2 in (1.1). For T > e, let ar = \/T/2 and hr = ar — %
Then all conditions of the above Corollary 1.1 are satisfied, and g = 1 in (iii).
Thus we have

X h
lim sup sup | X(B(s, a7, v, hr))| =1 a.s.

T—=00 0<s<T—ar 0<u<T—hyp 28(at, hr)y/log (gﬁ)

2. PROOFS

For proving the theorems, we first need the following Lemma 2.1. Let D =
{t:t=(t1,---,tn), ai <t <b;, i=1,2,---, N} be a real N-dimensional time
parameter space. We assume that the space D has the usual Euclidean norm || - ||
such that ||t —s||? = Zf\;l(ti —s;)2. Let {X(t), t € D} be a real-valued separable
Gaussian process with E X (t) = 0. Suppose that 0 < supyep E{X (t)}? := I'? <
oo, I'>0,and E{X(t) - X(s)}* < ¢%(|lt —s||), where () is a nondecreasing
continuous function which satisfies f0°° <p(e‘y2) dy < oo.

Lemma 2.1. (Fernique, 1964) Let {X(t), t € D} be given as the above state-
ments. Then, for A\ >0, z > 1 and A > /2N log2, we have

Plop () 2 o0+ vE+2A [ VA 22 ") dy)}

teD
N a bi — a; —z2/2
(2 +¢)(H( 5 Vl))e /2,

1=1

IA
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where ¢ = %0 exp{—2""1(A? — 2N log2)} < oo.

For some 0 < p < 1, set T, = exp(kP),k € N, where N is the set of positive
integers. Throughout this paper, we shall simply denote as follows:

ar = Op, hk:th’ ﬁk:ﬁTk’

Sy = sup S(t,v), Sx= inf S(tv),
ap_1<t<ag ag—1<t<ag
hg—1<v<hg hp_1<v<h;

Sk = sup  S(t,v), Si=_ inf  S(tv),
hg—1<t,v<hy hg—1<t,u<hy

B = sup fBr, Byp=_ inf _PBr.

T1 ST<T Tye-1<T<T},

In the proofs we shall let c and C denote positive constants changing in lines if
necessary.

2.1. Proof of Theorem 1.1.

The proof of (1.2) is mainly based on the following Lemmas 2.2~ 2.4:

Lemma 2.2. Under the assumptions of Theorem 1.1, we have

B Y S O

S s T 1)
) Sy . 5,2

lim ——— = lim - = 20,0 and 0<Cpua <1, (2.2)

k—c0 (hk)2°‘ k—co (hk)2a

where Cpo = 1— {(1+p?)* -1} p=2 for 0 < p <1, and Cy o =1, also we have

. §k2 . Sk2 ’ 2 2
= 1 2k = 2{1+p2-(1 «y o<u<l, (23
Jim G~ A () {14+ p* = (1+4%)%} <p< (2.3)
e _
lim Sk = lim Sk = lim P _ 1. (2.4)

kooo 8y koo SF koo By

Proof: Using the condition (ii) and the mean-value theorem, it follows that

1< % < T < exp(p(k —1)P"') — 1 as k— oo,
ag—1 = Tk

1< hﬁ—k—— < exp(p(k—1)P7') — 1 as k— oo
k-1
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So we get (2.1). As for (2.2), using the relation ab = 1(a? + b2 — (a — b)?), it is
easy to see that, for all t,v > 0,

S%(t,v) = 2[t** + v®* — (2 +0?)?] > 0. (2.5)

First consider the case 1 = 0. Then

/\/t§+vi d(m2a)
t dz
Vizga? 20 2 2\a
= / 2a% dz < 204(—t——i_i--v——)—-(\/t2 +v2 ~1)
t
2 2\a 2 a2 (42 VAV
a(t + v°) v a(i) (t* +v%)

= 2
t V2 t+ei4t T ¢ {2

and by (iii) and (2.1)

dz

(t2 + ,U2)a _ t2a

b

(t2 + ,U2)a _ t2a

£CN 2 t2 2ya
S sup a(v ) L__*_-.,li

sup 2a fa 2a
ax—1 <t<ayg v a.-1<t<ay tv t
hi—1<v<hy hig—1<v<hg
h 2—-2a h 2\ &
< a(———k ) (1+( £ ) ) (2.6)
Qk—1 Ak -1
hi_ h 2-2a ha_ h 2\ a
:__a(kl k) <1+(k1 k))
ag-1 hg-1 a1 b1
— 0 as k — oo
From (2.5), we note that
512 2t201+,02a___ t2+,u2a_ h 2a
k2 2+ sup { ( i )* — (i) }
(h'k) @ ap-1<t<ag (hk) @
hp—1<v<h;

It follows from (2.1) and (2.6) that, for 4 =0,
‘t2a + ,U2a _ (t2 + ,u2)a _ (hk)2a|

sup
ap_1<t<ap (hi)2e
hp-1<v<hg
< sup (#2 + B> — 2 (hg)?® — (hg_y)®®
T o1 <t<ag vla (hi)2e
h—1<v<hy

—0 as k — oo.

Thus limg_,c0 Sk2/(hx)?® = 2 for p = 0. Next suppose that 0 < z < 1. Then by
(iii), (iv) and (2.1)
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I S 2(%)20‘ + (hi)>* — (af + h})®
(hi)?® (hi)?e

(ak)?* = (ax-1)** | (he)* = (hx_1)*
s 2( (hy)2e + (he)% (2.7)
(k2 + he?)® = (a1 + hg_12)®
N (R )2 1 )
— 0 as k- oo,
. (he)?% + (ar)?®® — (ag? + hi?)®
klgrolo (hi)2e
. (ar)?® (1 + (hi/ax)?)® — (ak)?® /ag\20
B klggo{l B (ag)2@ (h—:) } (2.8)

=1-{(1+p* —1}p2

Thus (2.7) and (2.8) imply (2.2) for 0 < u < 1. Using the mean-value theorem,
it is easy to prove that 0 < C,q < 1. (2.3) follows by the same way as in (2.7)
and (2.8). As for (2.4), we shall verify only two limits:

(ﬂ)z _ 22— 2%)(he)*
Sk 2(2 — 2%)(hg—1)*®

— 1 as k— o0,

<

ISR

( (Bt v 1) T

1/2
Tkl—akl ) —1 as k— oo. O
( Vl)Tk 1

Lemma 2.3. Under the assumptions of Theorem 1.1, we have

lim sup D(ar, hr) < limsupD(ag, hx) a.s. (2.9)

T—o0 k—o00

Let the assumptions of Theorem 1.2 be satisfied. Then we have

lim inf D(ap, hr) > hmme(ak,hk) a.s. (2.10)

T—o0

Proof: Let us first prove (2.9). Let T be in Ty_y < T < T, k € N, where
T, = exp(kP) for some 0 < p < 1. Then the condition (ii) implies that

T—ar <Ty —ar and T — hy < Ty — hg-
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We denote Ay = {(s,t,4,v) : 0 < s < Tpx —a, ap_ <t < ap, 0 < u <
T — hg, hp1 <v < hk}. Note that, for Tp_; < T < T,
D(a‘TahT)

< 1D(ak, hx) +  sup
{ (k k) (s,t,u,v)EAL S(ak,hk)ﬂk

|X(R(37 t,u, U)) - X(R(Sv Af, U, h’k))l } SkBk‘
SkBr

Using Lemma 2.2 (2.3), the inequality (2.9) immediately follows if we only show
that

lim sup I (R(S’t’u’v)) - X(R(saa’kau,h’k))l
k—o0 (stuv)EA\k S(akvhk),ﬁk

=0 as. (2.11)

In order to prove (2.11), we shall make use of Lemma 2.1. Set

X(R(Sa t,uv U)) - X(R(S,ak’ u, hk))
S(ax, hi) ’

Sy B
S(a’ka hk) ’

Clearly, E Z(s,t,u,v) = 0. Using the relation (A + B — C)? < 4(A? + B? + C?),
it follows from (iii), (iv), (2.1) and (2.3) that, for all large k,

Z(S,t,u,'U) = (S,t,U,U) € Ay,

w > 0.

rz .= sup E(Z(s,t,u,v))2
(s,t,u,'u)EAk
1
= sup g E{[X(s +t,u+v) — X(5 + ar,u + hy)]

(s,t,u,v)€AL S2(akahk)
+[X (s + ak,u) — X(s + t,u)] - [X(s,u+v) — X(s,u+hk)]}2

4
< sup w1 EX(s +t,u+v) — X(s+a,u+ hg))?
(s,tu,v)€A 52 (a'ka hk){ ]
+E[X(S + ag,u ) - X(S + ta’u,)]2 + E[X(S,U + 'U) - X(S,U + h’k)]Z}
4 0 na
- su ot —aE)+ (v—h
(s,¢u,0) vpeAk SZ(ak,hk) {(( lc) ( k) )
+(ak - t) + ( hk)Qa}
< {(ak ag.. 1 (hk - hkal)z}a

S2(ak’ 2 /h h
= @WV"{(“ ) () (-2 Y

< of(1- “Z;l)Q +(1- h}’;;l)z}“ < ()2 Ve >0,
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where ¢ > 0 is a constant. Setting t = (s1,t1,u1,v1) and s = (s2,t2,u2,v2) in
Ay, we analogously get

E{Z(t) - g(S)}2
S mE{[X(R(Sl,tl,ul,Ul)) - X(R(Sz,tg,ﬂg,vz))]2
+[X (R(s2, ax, ug, hx)) — X (R(s1,ak,u1, )]}

64 .
81— 8o+t — t2)2 + (u1 —ug + v — ’U2)2)a

Sag, o) (
(f It — s> = @2(lIt — sl). (2.12)

IN

<
On the other hand, it follows from (2.2) that for any &' > 0 there exists a small
¢ = c(¢') > 0 depending only on ¢’ such that

(2vV2+2)A / ” 0(2chi27") dy
0

[0
< 4(2v2+ 2)A(2\/§Ch’“) <
Sk alog?2

for all large k, where A is a constant such that A > 24/2log2. For any given
¢ > 0 and large k > 0, we set

z = e{2(log By, + loglong)}l/Q/(I‘ +¢)

Choosing ¢’ = €2, we have

z > {2(log By, + loglong)}l/?/(Qe).

Now applying Lemma 2.1, it follows from (iii)~(v) and (2.1) that there exists a
constant C(g) > 0 such that
R(s,t -X h
P sup |X( (S’ 1“7”)) (R(S’akvua k:))l > 6}
(s,t,u,0)EAR S(ak, hx)Bk
< P sup | X (R(s,t,u,v)) — X(R(s, ag, u, hi))|
(s,t,u,v)EA S(aka h'lc)

> a:(F +(2v2+2)A /000 (2chx27Y") dy)}

1
< C(e)Br, eXp(—@log(BTk log Tk)) < O(e) K7/,

provided k is big enough. Hence the series

ZP sup | X (R(s,t,u,v)) — X (R(s, ak,u, hg))| S 6}

(5,t,u,0)EAE S(ak, hi)Bk
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is convergent, and using the Borel-Cantelli lemma, we obtain (2.11). This proves
(2.9).

The proof of (2.10) is the same technique as that of (2.9): For T < T < Tk41,
we denote:

By = {(s,t,u,v) 1 0<s<Tht1 — aks1, 0k <t < agyr,
0<u < Ty~ hky1, he S v < hpyar )

Then we have

plar. ir) | X (R( )) — X(R( hi))1\ SkBx
s,t,u,v - S, 0k, U, N Dk

> <Df(ag,hx) — su —— .

B { (k. he) (s,t,u,vl))GBk S(ak, hi)Bx SkBr

In terms of Lemma 2.2 (2.4), the proof of (2.10) is completed only if we show

that
| X (R(s,t,u,v)) — X(R(s, ak, u, he))|

lim  sup =0 as,
k=00 (5,t,u,v)€By S(ak, hi) Bk .
and this proof is the exactly same as that of (2.11). Thus we have (2.10). a

Lemma 2.4. Let the assumptions of Theorem 1.1 be satisfied. Then for any
e' > 0 there ezists a positive constant C.» depending on €' such that the inequality

P{ sup sup |X(R(37ak,uv hk))l

0<s<Th—ax 0<u<Ti—hy S(ak, hi)

> 'w} < CE/BTke”wz/(”E')

holds for all w > 0 and large k > 0.

Proof: Let C; = {(s,u) : 0 < s < Tp —ag, 0 < u < T ~ hi} be a two-
dimensional space. In order to apply Lemma 2.1, we set

X(R(S, Ak, U, h‘k))

Yieu)= S(ag,hg)

(S,U) € Ck:
4z*

)= Sae )

Clearly, EY (s,u) =0, I'? := SUP(s,u)€C, E{Y(s,u)}2 =1 and

’ — 3 P 5 120
B{Y(s1,w1) = Y(s2,u2)}* < st szia:ék)l =)

= (pz(\/(sl - 82)2 + (uy — ug)? )

z2>0.
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On the other hand, it follows from (2.2) that for any given £ > 0 there exists a
small constant ¢ = ¢, > 0 such that

(2v2 +2)A / ” 0(V2chi 27V dy
0

(V2 chy)® T e
< 4V2+1 =
- (\/—+ )4 Sk alog 2 < 8

for all large k, where A is a constant such that A > 2v/log2. Let w = z(1 +
(¢/8)), © > 1. Then it follows from Lemma 2.1 that there exists a constant
Cy > 0 such that

iX(R(svak7u7 hk))'
P su su >w
{ogngE—ak OguSTI:—hk S(ak, hx) - }

< 2P{ sup Y(s,u) > x[l +(2V2+ 2)A/000 o(V2chy 2_y2) dy]}

(s,u)ECk
T. —a T — h
4 k k k k —x2/2
e (i) (gt
< Cgl BTk e~w2/(2+6/)

IN

for all large £ > 0. In case 0 < w < 1, Lemma 2.4 immediately follows if we take
C¢ big enough. a

Proof of (1.2): For any given small £ > 0, take ¢’ < 2¢. Then it follows from
Lemma 2.4 that

2+2
P{D(ak,ht) > V1+¢e} < CoBrp, exp(——g;:_—e—f(log Br, +log long))
Cur(log Te) 557 .

AN

As in the earlier statements of section 2, we set T = exp(kP), where (2+¢')/(2+
2¢) < p < 1. Then

P{D(ak,hi) > V1+e} < Ce,k—f'(%i%) _
The Borel-Cantelli lemma implies that

limsupD(ag, hy) < 1 as.

k—o00

Lemma 2.3 (2.9) completes the proof of (1.2). 0O
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2.2, Proof of Theorem 1.2.

The proof of (1.3) is mainly due to the following Lemmas 2.5~2.7:

Lemma 2.5. Let p > 0 and let m, N be positive integers and a (# 0) be a real
number. Then there exists a constant ¢ > 0 such that

‘/\/m ) v/ a?+(Nm)?p?
d() - /

z
{a2 + (Nm + 1)2p2}0‘p2
= Ty (Nm — 1)2p?

d(x2a)

Proof: Set b= (Nm —1)p, c= Nmp and d = (Nm + 1)p. Then

a*+d a‘+c
/ d((l)2a) _/ d(m2a)
VaZ+c? VaT¥b?
/W+m_m

d((y + Va2 + ¢ — Va2 + b2)??)
a’+b

a‘+c
- / d(z2a)
Va1l

e e (d((m +VaZ+ 2 — Va1 17)%) d(xz")) 4
B /a +b dz de ’
Va2 rd? 4/ 157 —a?+c? d(x2°‘)
e dz
Ve ¥ d24+va? 16— Vai+c? z+vaZ+E—va?+b dz(ym)
_ —=—=—dy ) dr
/a +b </3: dy2 )
VaZ X dZ 4+ v/aZF67 - val {2 d(x2°‘)
+/ dr
a‘+c- dz
= 1+ J, say.

Let us estimate an upper bound for I. Then, for some constant c, > 0,

VETEETEVETE | patVad T~ T
x

y2a
20(2a¢ —~ 1)%=5-) dy ) dx
VaZ¥b? ( ( ) y2 ) )
/W+¢a§+b§~¢a?+c5 (z + Va2 + 2 — Va2 + b2)2
&

VaTTh x?
x(\/a2+02—\/a2+b2)da:

<
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(a2 + d?)@

CE T (Va+ @ -V + &) (Vo + & — Vat + )

(az + d2)a(d2 _ c2)(02 _ b2)

C2

= c
2(a2—i—b2)(\/a2—+—d2—i—\/az—i—cz)(\/cﬂ—i—cz-}-\/(ﬂ-%—bz)
(a® + d%)° _ ((12-¥—(Nm+1)2p2)°‘p2

= 2TaTR (d=c)lc-b)=c a? + (Nm — 1)?p?

As for J, we have, for some constant c; > 0,

VaZ+d?+va? +b2 Va2 +c? e
J = / (2a————) dz
VaT¥e? z
(1 /a2 + d2 )2(1 5
< YL T2l (Va4 d-Vat+c - (Val+c? - Va+b?
e (Ve v Vet )
B c(a?+d2)a< 2Nm + 1 2Nm — 1 )2
Va2t \Wal+E+vVat+ & VaZ+ I+ Va2 + b2 P
. (a® +d®)* 297 . (a2 + (Nm + 1)2p? )p?
Vet vate aZ + N2m?2p? :
Comparing upper bounds of I and J, we have Lemma 2.5. a

Lemma 2.6. (Leadbetter et al. 1983, pp.81-84) Let {&j, 4,7 =1,2,---, n}
be jointly standardized normal random variables with covariance (&5, &irj1) = Azljj
such that

§:= max AT < 1.
(i,j);é(i',j')l i |
Then for any real number u and integers 1<l <lp<- <l <n and

1<li<lyg < <lg <n with g,k <,

P{ max max & < u}
1<i<k 1<j<g

< {a@}+c 3 D len(-
(0,4)#(#5")

2
1 + |Ai]:7 ‘

ey Ll ; 3
where X = Al:l;/ and ¢ = ¢(6) is a constant independent of n,u,g and k, and

®(u) = [*,, 75 exp(—y*/2)dy.

In order to estimate the upper bound for the second term of the right hand
side of the inequality (2.13), we establish the following lemma:

Lemma 2.7. Let {{;;},6,9,k and )\:’jjl be as in Lemma 2.6. Assume that

INT| < (i=d|li =3 i G# T
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and set u = /(2 — n)log(kg), where v and n are positive constants such that
0<n<(1=90v/ (1+v+46). Then we have

Z - Z I)\':Ij/ exp(——uz.—,—) < c(kg)™%
i 1+~ ’

(%.5)#(.5")

where &g = {v(1 = 8) —n(1 + 6+ v)}/{(1 +v)(1 + 8)} > 0 and c is a positive
constant independent of g and k.

Proof: Let a be such that 0 <a= (1470~ §8)/{(1+v)(1+6)} <1. We split
the sum Y into four parts as follows:

L w2
Z = Z Z l)‘:j] eXP(‘"l_'nT>

i'j
1<i,i' <k 1<.7] Y + IAij
o<i-#|<[k%] 0<|i—31<[°]
2

it u
XY Wes(-r—)
1<i3,3'<k 1<” <g +1 j

li=v/i>Tee] 15=71>Te°)

2

st Uu

Y Wles(~re)

1<i,i'<k  1<j5,5'<g 'H)‘ij
o<li—¥1<[ke) 15 1>Te?]

2

) u

f YT W)
1<i,i'<k 1<5,5'< 1 +I/\‘ij
li=¢'{>Tke} 0<|7=71<[6°]

Z(l) N 2(2 2(3 2(4)7 say,

where [ - ] denotes the integer part. Now let us estimate each upper bound of the
above four sums:

1) . (2= o
S < clkg)+ exp(~ 1o log(kg) ) = clkg) +em {2/ 140}

= C(kg){n(1+6+u)—u(1—5)}/{(1+u)(1+§)} = c(kg) ™,

2(2) < c(kg)Q—au exp(-—(l _ I/\:;-')I l)u2)

< c(kg)*™* exp(—(2 — n) log(kg) + (kg)~* (2 — n) log(kg))
< c(kg)™ W = c(kg) ™%,
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2(3) Eltag2-av oy (_ (2-n)logg +(2—1n)logk
- g p iljl
1+ |2
9 _
1+a _ n 2 e —av ~
< k exp( 1+6logk)g exp(—(1 — g~*)(2 — n)logg)
< Ck1+a"{(2—ﬂ)/(1+5)}g—au+n - c(kg)_,go
and
@ < ot {@-m/(40) gmavtn _ (k)P0 .

Proof of (1.3): The condition (v) of Theorem 1.2 implies that for any B > 0
and one can find integer N > 0 large enough such that the inequality

() (B

holds for all large T' > 0. For such given T > 0, we define positive integers krp
and gr by

) > (log )% > N? (2.14)

sz[T—aT T—hT],

d =

Nhr ] and g7 = | Nhr

where [ - | denotes the integer part. By (2.14), it is clear that there is a constant
¢ > 0 such that

krgr > c(logT)? (2.15)

for large T. For i =0,1,--- ,kr and j =0,1,--- ,gr, we also define incremental
random variables on rectangle R such that

XT(R'LJ) = X(R((N'L - l)hTa ar, (N] - 1)hT, hT))

Then X7(Ri;j)/S(ar, hr) are standard normal random variables. It follows from
(v) that, for any 0 < ¢’ < e < 1 and large T,

P{D(aT,hT) <V1- E}

X(R(S,CLT,U, hT)) / 1/2
s P S < {(2 - 26" log(k
B {OssssléP—aT oguglép_hT S(ar, ht) {( )log(krgr)} }
XT(R"J) ! 1/2
s P {og%%’k‘To;’}%’g‘T Slarihr) {(2 - 2¢') log(krgr)} } (2.16)

Define the correlation function of Xr(R;;) and X7(Ry ;) as follows:

>\T(i7i,ajajl) = Corr (XT(Rij)vxT(R‘i'j’))) 1 :I'é i’-) .7 '7'/" j,a
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andset! =i — 4| > 1, m = |j — j'| > 1. By therelation ab = $(a®+b%—(a—b)?),
it follows that
Cov (XT(R ), X7 (Ryjr)
= { (V2 + mZ Nhp)*® + ((Nlhy + a)? + N?m2hp?)°
+ (\/NZl2 (Nm +1)2 hy)?® — ((Nlhr + a1)? + (Nm + 1)2hg?)®
+ ((Nlhy — ar)? + (Nmhr)2)® — (V2 + m? Nhy)2®
((Nihr — a7)® + (Nm + 1)*h7?)® + (v/N2I2 + (Nm + 1) hy)2®
+ (VN2 4+ (Nm —1)2 hr)*® — ((Nlhr + ar)® + (Nm — 1)2hp?)®
(
(

VI + m2 Nhr)?® + ((Nlhr + ar)? + (Nmhg)2)®
(Nlhy — a7)? + (Nm —-1)? hT *+ (VN22 + (Nm — 1)2 hy)%®
+ ((Nlhr — ar)? + (Nmhp)2)® — (V12 + m? Nhp) 20}

Hence we get

|Cov (XT(Rij), X7(Rijr))|
< |(VN2EF (Nm+ 1)2 hy)?® — (VN2 + N2m2 hp)2e
—{(VN22 + N2m?2 hy)?® — (\/N22 ¥ (Nm - 1)2 hy) )2}
+ % |(NIhr — ar)? + (Nm + 1)2h1?)® — (Nihr — ar)? + (Nmhr)?)®
—{((Nlhr — ar)? + (Nmhr)?)® — (Nlhr - ar)? + (Nm — 1)hr?)%}|
)? + (Nm + 1)2h7?)® — ((Nihr + ar)? + (Nmhy)?)®
—{((Nlhr + ar)? + (Nmhr)?)® - (Nlhr + ar)? + (Nm - 1)2h7?)%}|

1
+ 3 |((Nlhr + ar

/NI (Nmi1)2hy VNI NTm2hy
= ‘/ d(z®) —/ d(z**)
VNIZE N m2hy VNI (Nm—1)2hy
V(Nlhp—ar)2+(Nm+1)2hy2 V(Nlhr~ar)2+(Nmhr)?
+ ] / ) - [ d(z**)|
2V)/(Nihr—ar)i+(Nmh7)? v/ (Nthr—a7)2+(Nm—1)2hp?
\/(NlhT+aT)2+(Nm+1)2hT \/(NlhT+aT)2+(thT)2
. / d(z%) - / d(z%)|.
21J \/(NIhr+ar) e (Nmhp)? V/(Nihr+tar)2+(Nm—1)2hp?

Applying Lemma 2.5 for a = Nlhy, Nlhr —ar, Nlhy + a7 and p = hp, respec-

tively, we obtain

((Nlhg + ar)? + (Nm + 1)2hp?)2hp?
(Nlht —ar)? + (Nm - 1)2}I,T2 ’

|Cov (X7(Rsz), Xr(Rugr))| < c
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where ¢ > 0 is a constant, and further by (iii), (iv) and (2.2) we have

(s, 4,7,5")
((NIhg + ar)? + (Nm + 1)%hr?)%hr?
= “UNihr —ar)? + (Nm — 1)2h7?}S%(ar, hr)
. (ar?{((Nlhr/ar) +1)2 + (Nm + 1)2(hr/ar)*})*hr?
ar?{((Nlhr/ar) — 1)2 + (Nm — 1)2(hr/ar)*}(hr)?*
NI+ 12+ (Nm+1)2
ENl - %iz 1 ENm - 1;2 (VL 0 (N 17

¢ (N42 + N?m?) =179 < (12 4 m?)~ (=)
2im)~(1=%) < (Im)™Y,

C

IN A

where 0 < v =1—a < 1 and N is big enough. To estimate the upper bound for
the last inequality of (2.16), let us now apply Lemmas 2.6 and 2.7 for

X7(Rij)

o= 2Ty ke j=1,...,9m
Sual S(ar, hr)’ ’ n d
NI = Ap(,,d ) < Um)y T l=li-d 2L, m=]i-j] 21,
ij
_ — (o _ 1/2 =9 (A=
u ur = {(2 ~n)log (krgr)}"*, n=2€ <=,

g = 4gr and k‘=kT.

Then the last inequality of (2.16) is less than or equal to {@(UT)}kTg T +-c(krgr) .
Thus we have

P{D(aT,hT) <V1- 6}

< exp(—c(krgr)S) + c(krgr) %
< c(krgr)~®. (2.17)

For k € N, let T = exp(kP), 0 < p < 1. Note that the B in (2.15) can be taken
sufficiently large so that B > 1/(pdo) for given p and dy. Then, (2.17) and (2.15)
yield

P{D(ak, hx) < V1I-—¢€} < c(log Ty) ~B% = ck~Bro,

By using the Borel-Cantelli lemma, we obtain
liminf D(ag, hx) > V1 —€ a.s.
k—o00

Thus the result (1.3) immediately follows from Lemma 2.3 (2.10). a
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