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ABSTRACT : The curing process is the final step in tire manufacturing whereby a green tire
built from layers of rubber compounds is formed to the desired shape and the compounds are
converted to a strong, elastic materials to meet tire performance needs under elevated pressure
and temperature in a press. A numerical optimization procedure was developed to improve prod-
uct quality in a tire curing process. First, a dynamic constrained optimization problem was for-
mulated to determine the optimal condition of the supplied cure media during a curing process.
The objective function is subject to an equality constraint representing the process model that
describes the heat transfer and cures kinetic phenomena in a cure press and is subject to ine-
quality constraints representing temperature limits imposed on cure media. Then, the optimiza-
tion problem was solved to determine optimal condition of the supplied cure media for a tire
using the complex algorithm along with a finite element model solver.
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I. Introduction

Tire curing process is one of the most important
steps in tire manufacturing whereby a green tire
built from layers of rubber compounds is formed
to the desired shape and the compounds are con-
verted from a weak fluid material to a strong,
elastic solid one to meet tire performance needs.
The curing process usually takes place under ele-
vated pressure and temperature in a press (also
called mold). In the press, heat is transferred to
the green tire from the mold and the bladder,
which are kept at higher temperatures by circulat-
ed cure media like steam, nitrogen gas, hot water,
etc. The major operating variables of the curing
process are the conditions of the supplied cure
media, which are to be varied according to pre-
scribed cure steps. It is desirable to adjust the tem-
perature and pressure of the cure media as a func-
tion of time so that the rubber compounds may at-
tain specified levels of the state of cure (SOC).
But in practice the distributed nature of heat
transfer mechanism makes it difficult to have
every compound reach the respective target level.
Inside layers of a tire cannot be fully cured with-
out causing the over-cure of surface layers and
the consequent reversion of vulcanized cross-links.
Accordingly, there arises a need to make trade-
offs between different parts of the tire with
respect to the attainable SOC levels and other
product quality measures like temperature history
during cure.
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To optimize the cure steps for different com-
pounds of various dimensions requires proper eval-
uation of the time-dependent temperature distribu-
tion in the tires. The conventional method to set
up cure steps is to directly measure the tempera-
ture-time profiles using the thermocouples inserted
into various parts of a green tire and then to con-
vert the measured profiles to the SOC on the basis
of some assumed cure kinetics.! This procedure has
to be repeated several times with the cure steps
altered each time until reasonable trade-offs are
made. Thus, there has been a need to develop an
alternative method that would replace the costly
and time-consuming thermocouple experiments.

The purpose of this study is to develop a
systematic optimization procedure for determining
optimal cure steps for product quality in a tire cur-
ing process. A dynamic optimization problem is
formulated to optimize a measure of product quali-
ty in terms of the final state of cure and the tem-
perature history at selected points in a tire. The
optimization is carried out with the process model
and the temperature limits of cure media as con-
straints. The time-varying profile of cure media
temperature is discretized using B-splines2. Then
the optimization problem is solved using the com-
plex algorithm along with a finite element model
solver. Numerical simulations are presented to
demonstrate the procedure of determining the opti-

mal cure steps for a tire.
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. Formulation of a Dynamic
Optimization Problem

1. Cure Optimization Problem

The state of cure represents the single most im-
portant measure of tire product quality as far as
the curing process 1s concerned. The optimal prod-
uct quality postulated in this study is to make the
final states of cure of the selected rubber com-
pounds approach their respective target values in
a coordinated fashion. Another factor that affects
the product quality is the temperature history ex-
perienced by heat-sensitive materials within tire
during the cure: the temperature of composite lay-
ers should not exceed respective prescribed limits
in order not to cause the deterioration of adhesion
force. Now the problem of determining optimal
cure steps for product quality in a curing process
can be formulated as an optimization problem as
follows:

Minimize J= lz (z.(t) -z’
70 niny 0/

n {
L3 [ tmax(T (0)-T5, 0T dr - ()

mi
Subject to flx, T, T (£))=0 for 0<t<t, (2)

T, <T O<T,, for0<t<t (3)
where,

J = objective function

7 = welght factor

z = state of cure

7 = number of state of cure observation points

2§ = desired state of cure at observation point i

T = Temperature
m = number of temperature observation poi-
nts
$¢ = upper temperature limit at observation

point j
Az T, T (T)) = process model

Tm( t) = cure steps (temperature profile of cure

media)
T,, = lowerlimitfor T,(f)
T,, = upper limit for T (1)
f, = final time
t, = curing time(mold opening time)

The equality constraint of equation (2) repre-
sents the process model which relates the state of
cure and temperature to the cure media tempera-
ture, and the inequality constraints of equation
(3) represents the operational limits of cure media
temperature. In practice, the SOC observation
points are mainly placed in the parts of a tire
where either overcure or undercure is likely to
occur while the temperature observation points are
placed onto thermally sensitive layers like belt,
steel and nylon chafer, bead wrap, and ply. The
weight factor » provides additional flexibility to
adjust relative significance between the two mea-
sures of product quality.

2. Dynamic Model for a Tire Curing
Process

The process model f in equation (2) consists of
heat transfer mechanisms and curing reaction ki-
netics. First, heat transfer taking place in a tire
curing process can be described by the following
second-order parabolic partial differential equa-

tions:®
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AT =4k +Q in @x(0,1) ()
where, Q=o(-4H) % (5)
IC.: T(2 0)=To(2) in (6)
BC.: T2 )=T(1) on 32 )
HL - T0)) o 00, (8)

In the above equations, p denotes the density, Cp
the specific heat, % the thermal conductivity, / the
convective heat transfer coefficient. § represents
the rate of heat generation which depends on the
rate (dz/dt) and heat (4H) of vulcanization of
rubber compounds. £ is the analysis domain in the
spaces of z with the boundary segments 92, and @
£ where an essential and a natural boundary con-
dition is prescribed, respectively.

The heat equations in equations (4)-(8) have
several characteristics associated with tire curing
processes. First, since the cure reactions of rubber
compounds take place not only during the heating
stage in a press but also during the cooling stage
out of the press, one must solve the equations in
two separate stages with the change of domain Q
in-between. Next, the equations are nonlinear due
to the dependence of the rubber compound proper-
ties on temperature and the state of cure. Finally,
since the conditions of the cure media supplied to
a bladder side or a mold side are changing accord-
ing to predefined cure steps, 1t is necessary to
model such conditions in terms of time-varying
boundary conditions as shown in equations (7)

and (8).
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The other component comprising the process
mode] fis the kinetic model for the cure reaction
which 1s a process of chemically producing net-
work junctures by the insertion of cross-links be-
tween polymer chains. The state of cure denotes
the extent of the reaction and is determined by
measuring the rubber properties dependent on the
cross-link density. The most popular and practical
method of measuring SOC is based on rheometry
whereby time-varying torque required for main-
taining a given dynamic strain on a vulcanizing
rubber specimen is recorded.

In this study, a cure kinetic model proposed ear-
lier by the authors*is used to explain the reversion
and the induction period that are commonly found
in the vulcanization of rubber compounds. The
model postulates a reaction mechanism with the

three reaction paths as shown in Fig. 1. Where s
denotes the current amount of sulfur, ¢ the

strong and stable cross-links, ¢, the weak and un-
stable cross-links. Once destroyed, the weak cross-
links cannot participate in the vulcanization again,
thus being responsible for cure reversion.

After defining the amount of each species
agamst the imtial amount of sulfur s
N _a G

==, e 9
SO‘ 1 SO’ 2 SO’ ()

“

one can easily obtain the following rate equations:

e
T
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N
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Fig. 1. Schematic of the cure reaction paths.
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5=0, z1=1,=0 for t<t;

%fz-(kﬁkz)g

(10)
%zk{f for >4
%=kz§—k3xz

where f; denotes the induction period. Now the
sum r=xi+x2 represents the state of cure corre-
sponding to both the strong and weak cross-links.
The temperature dependence of kinetic parameters
are described by the following Arrhenius type
equations;

ki=kio exp[- E/RT(1)}, i=1,2,3 (11)

ti=tio exp| - B/ RT(t)] (12)

3. B-Spline Representation of Cure
Steps

The optimization problem stated in equations
(1)-(3) is an optimal control problem in nature
where the control function T»(f) that minimizes
the given objective functional Jis to be found. The
solution of an optimal control problem is usually
constructed on the basis of the Pontryagin’s mini-
mum principle’ derived from variational calculus.
But it is simply impractical to apply the minimum
principle to the distributed parameter system like
ours because the partial differential heat transfer
equation will result in too many state equations to
handle even after rough, approximate discretizat-

ion. An alternative method will be to represent the

control function a priori as a linear combination of
appropriate basis functions. This control vector
parameterization renders the optimization problem
finite-dimensional where a vector of coefficients
that minimize the objective function 1s to be found,
and thus allows the use of well-established
multivariate optimization techniques no matter
how complex the process model may be. In this
study the control vector Tw{t)is parameterized

using B-splines as follows;

Ta()= 6B(1) (13)

II. Numerical Algorithms

Our numerical algorithm for solving the optimi-
zation problem in equations (1)-(3) using the B-
splines parameterization of equation (13) consists
of two major modules: 1) a solver that computes
the solutions of the heat transfer equation and the
cure rate model for a given vector f of B-spline
coefficients, and 2) an optimization algorithm that
finds the optimal vector that #* minimizes the ob-
jective function [

The solver for the process model was construct-
ed on the basis of the finite element method
(FEM).%" The numerical algorithm, code develop-
ment and execution procedure are presented in de-
tail in our previous study® which aimed at develop-
Ing a rigorous dynamic simulator for tire curing
processes. A major change introduced in the pres-
ent study is the fourth-order Runge-Kutta method
for solving the reversion type cure model of equa-
tion (10) that replaces the non-reversion type
cure kinetics employed in the previous study®

The constrained optimization problem with
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respect to § was solved using the complex method®
which extends the simplex method to problems
with inequality constraints. The complex method is
a direct method that only uses the function values
and does not require the gradients of an objective
function. Although direct methods are generally
believed to be less efficient than gradient-based
methods like quasi-Newton or successive quadratic
programming methods, the complex method was
found to outperform the latter methods for our
problem. This is because the objective function Jis
not differentiable at some values of § due to the in-
duction period # in the cure kinetic model and
thus the gradient-based methods fail to provide re-
liable improvement of § in the neighborhood of
such singular points.

IV. Estimation of Rubber Compound
Properties

The three thermal properties (&, 0, Cp) of rub-
ber compounds appearing in equation (4) are de-
pendent on temperature and/or the SOC. First,
these properties of rubber compounds were mea-
sured at several temperature points using the de-
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vices listed in Table 1. Then, the coefficients of the
properties were determined from regression of the
experimental values assuming that these proper-
ties have linear dependencies on the temperature
and/or the SOC as shown in Table 1. The values
or the regressed coefficients of the properties of
rubber compounds comprising a tire were deter-
mined in our previous work.

The frequency factors and activation energies
appearing in equations (11) and (12) were esti-
mated on the basis of rheometry experiments. The
measured torque curves were related to the SOC
profiles as follows:

T(®y=To+(Ty—To) x(t) (14)

where o denotes the mitial torque, and I'n the
hypothetical maximum torque that would be ob-
tained at the fully cured state. First, the least-
squares method was used to find the three
rate constants (%1, k2, k3) and the induction period
(#) along with I'o and I'n that best fit an isother-

mal rheometer curve:

M
Min;mizeg=§l [Fj(lp')*l"?bs]z (15)

Table 1. Measuring Devices, Conditions, and Dependency Expressions for Rubber Compound Properties

Property Device

Condition Dependency expression

Monsanto MDR-2000 and
R-100

Rheometer curve

At 1307, 145°C, and

160°C

Thermal conductivity(4) Thermal conductivity tester

(Model TCHM-LT)

At 4 temperatures
between 50°C—100C

K T)=atbT

Density(p) Mettler AE 240

At room temperature

p{x)=(1—x)put xpoc

Specific heat C, Perkin Elmer DSC-7

Range : 20°C~300C
Scaling rate : 20°C/min

Co(T, x)=(1=2)Cou(T)+ 2Cpc (T)
where Cpu(T)=aut buT
Cpc(T) = ac+ bcT

Heat of vulcanization(-4H) |Perkin Elmer DSC-7

” b

% the subscript u indicates and “uncured” state (x=0) and ¢ indicates a “fully cured” state (x=1)
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Table 2. Cure Kinetic Parameters of the Rubber Compounds for a Tire

Compound | (min1) | kptmin) | kytminty | F LB | By B
No. (cal/mole)|(cal/mole)|(cal/mole) (cal/mole)
1 (390037107 |1.28714x 101 |7.28365x 10" | 16268.72 | 2730062 | 23645.98 | 6.22571 % 10~"% 24970.34
2 |4.19658x10" |1.97614x 10° | 2.53045x 10% | 2381358 | 17643.10 |42326.41 |5.69591x 10~'% 23171.81
3 [1.03245x10° |1.03325x10' |3.70585% 10" | 17103.87 | 26998.55 |25578.70 |7.36992x 10”4 26810.24
4 |1.03245x10° |1.03325x 10" [3.70585x 10" | 17103.87 | 2699855 | 25578.70 | 7.36992 x 10| 26810.24
5 1419658 10" |197614x10° | 2.53045x 10 | 23813.58 | 17643.10 |42326.41 |5.69591x 1072 23171.81
6 |136842x10% |4.74034x10' |4.80945x 104 | 9695.75 | 28637.13 |29912.58 |7.86404% 107"°| 18866.59
7 |391349x10" |5.94700x 10° |2.89075x 10'° | 22165.80 | 20434.78 | 41555.77 | 1.04358 X 10~'7| 24431.78
8 |1.02745x10" |8.75372x 10' | 1.83135% 10'° | 22894.43 | 22752.03 |34726.80 |3.66778x10"""| 20974.18
9 |525279x10" | 2.49444x 107 |1.21786x 10% | 22412.35 | 16089.11 |47747.09 |1.50666% 10~ 22103.53
10 |1.02745x10" |8.75372x 10" | 1.83135x 10'° | 22894.43 | 22752.03 | 34726.80 | 3.66778 107" 20974.18
11 39134910 |5.94700x 10° |2.89076x 10'* | 22165.80 | 20434.78 | 41555.77 | 1.04358x 1072 2443178
12 [512783x10'% | 1.04109x 10° |4.48183x 10% | 33796.79 | 11709.37 | 58607.00 | 1.80519% 107" 22048.99
13 |271568x107 |8.62092 10" | 4.32487x 10™ | 16447.02 | 23233.00 | 20173.60 | 1.61173% 10~"| 22132.94
14 139709105 | 289628 x 10* |2.47935x 10 | 27338.14 | 10888.27 | 81702.84 | 4.40583 % 1072 23167.89
15 [391349x 10" |5.94700x 10° |2.89076x 10" | 22165.80 | 20434.78 | 41555.77 | 1.04358 % 1073 24431.78
16 |367054x10' | 403045 0 29830.58 1967284 | 0 | 2.67236x107'|22134.83

where ¥ denotes estimated parameters. ki, ks, k3,
I'o, I'm, and £;. Minimization of equation (15) was
carried out using the MINPACK-2 routine.' This
nonlinear regression step was repeated for several
temperatures. Then from the Arrhenius plot of the
estimated ks and #’s vs. temperature, the fre-
quency factor and the activation energy of each
parameter were determined. Table 2 lists the esti-
mated cure kinetic parameters for the 16 rubber

compounds comprising a tire.

V. Numerical Simulations and
Discussions

The optimization algorithm was applied to the
problem of determining optimal cure steps for a
tire in a dome type press. Fig. 2 shows a quarter
cross section of the axisymmetric press assembly
and the structure of the layers in the tire. Fig. 3

TIRE

N

= 3
Center
. Shoulder
3 poinis) (5 points) \\
Sidewall
i
i
14

==

MOLD

BLADDER

Hump
(5 points)

Fig. 2. A quarter cross section of the cure press.
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Fig. 3. Temperature profiles of the cure media dur-
ing a pilot test for a tire

shows the time-varying temperatures of the cure
media supplied to the dome side and the bladder
side, respectively, during a pilot test for determin-
ing the cure steps for the tire.® The initial two min-
ute period represents a shaping period du.ring
which the green tire is pressed against the mold by
high pressure steam to ensure the correct tread
pattern to be realized. The cure media are gradual-
ly drained with the temperature falling to 104°C
for several minutes before the mold is open at ¢5.
Here the optimal curing problem is assumed to
consist of determining the optimal temperature
profile of the bladder side cure media after the
shaping period until the mold opening time.

The objective function formulated in equation
(1) was used in our simulation with =18 and m
=30. The 18 SOC observation points were as-
signed to the center(5), shoulder(5), sidewall(3),
and hump(b) section, respectively, with z$% uni-
formly set equal to 1 (see Fig. 2). Six temperature
observation points were placed evenly along each
of the following heat-sensitive layers:belt(145C),
steel chafer(1457C), bead wrap/bundle (145°C),
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Fig. 4. Finite element mesh generated for the tire
cure press.

nylon chafer (193°C), and ply (152°C), where the
temperatures in parentheses denote the tempera-
ture limits for respective layers. The temperature
of the bladder side cure media was assumed to be
adjustable between 100 and 212°C.

To solve the heat transfer model shown in equa-
tions (4)-(8), a finite element mesh was generat-
ed for the analysis domain shown in Fig. 2. Fig. 4
depicts a finite element mesh which consists of
1001 axisymmetric quadrilateral elements, 36 tri-
angular elements, 1072 nodes, and 18 materials.
At the cooling stage after the mold is open, the
mesh for the tire section only was retained for
solving the model until ¢,=130min. The cubic
splines were used to represent the cure media tem-
perature Tw(f). It should be noticed, however,
that 61 and @ are constrained at 168 and 104C,

respectively, during optimization because of the
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Table 3. Results of the Cure Optimization Runs

tu(min) J(—) Jr(°C?%min) J-) # of function evaluations
50(Pilot) 1.8572 % 1072 9.6296 x 10" 9.6315 x 10 -
50(Optimal) 1.1781 x107* 2.0638x 1077 1.1781 x 1072 316
40(Optimal) 2.0454 x 1072 5.0948 x 1076 2.0459 x 1072 464
60(Optimal) 1.0670x 1072 1.0276 x 108 1.0671 x 1072 363
aforementioned shaping and drain conditions. 220
Table 3 summarizes the execution status of the 200k ——  shaping step
C . D s — pilot (50 min)
optimization runs carried out in this study. Jx de- %180’ —————— Spima (50 min)
notes the first term in the objective function of § gl | T RS
. £ e, K
equation 1 and Jr represents the second term eval- 2 ol B o
uated with all the weights 7; fixed at 1.0. The first 5 | . 5
1201 Ly
row lists the values of objective functions for the . @

pilot cure steps shown in Fig. 3, and the other
rows list those for the cure steps optimized with
different sets of curing time.

Fig. 5(a) compares the pilot cure steps with the
optimal cure steps for the same curing time of
50min, and Fig. 5(b) compares the respective final
states of cure at the observation points numbered
from the bladder side in each section of the tire.
Except for an initial 10 minute period, the optimal
cure steps show much lower temperature profile
than the pilot steps. The optimized profile led to a
higher SOC profile in each section than the pilot
steps in Fig. 5(b) and accordingly to a smaller J;
value in Table 3. The difference in the SOC values
between two cure steps is more salient at the ob-
servation points near the bladder than the mold
side observation points because only the bladder
side cure steps were optimized in this study. The
lower SOC values for the pilot steps resulted from
the overcure caused by the excessively high tem-
perature profile of bladder side cure media. Be-
sides the lower SOC values, the pilot steps must

have caused the heat-sensitive layers to violate

10 20 30 40 50
Curing Time {min}
1 T T
SIL center
0.9 a.

08 ' AN
"‘&:\gl_ e

T ™
shoulder

— e T T
i sidewall hump

o
™
o

el
1

State of Cure

e

B

o
T

07l ~o— npilot(50 min)
. ~g-~  optimal (50 min)

1 3 5 7 9 11 13 15 17
Observation Points

Fig. 5. Comparison of pilot vs. optimal cure steps
(a) Temperature profiles of the bladder
side cure media, (b) Final states of cure at
the SOC observation points.

the respective temperature limits to a considerable
degree as manifested by the much larger value of
Jrin Table 3.

Fig. 6 shows the effect of the curing time on the
optimal cure steps. When the mold was opened ten
minutes earlier than the nominal case, the optimal
temperature showed sharp increase as expected in
order to prevent the undercure of rubber com-
pounds. Although this elevated temperature of

Elastomer Vol. 34, No. 4, 1999
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Fig. 6. Effect of curing time in optimal curing of
the tire (a) Temperature profiles of the
bladder side cure media, (b) Final states of
cure at the SOC observation points.

bladder side cure media helped the adjacent layers
to reach SOC levels comparable to those obtained
at longer cure time, the innermost or mold side
layers suffered from undercure due to insufficient
curing time. When the mold opening time was pro-
longed o 60 minutes, the optimal cure steps
showed initial decrease until about 15 min fol-
lowed by a gradual peak. The lower curing tem-
perature for longer time was necessary to prevent
the overcure and, in fact, was more favorable to
higher states of cure as manifested by smaller [
values in Table 3 and higher SOC profiles in Fig. 6
(b). It should be noted, however, that longer cure
time means decreased productivity, hence trade-
offs should be made between product quality and
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productivity.
VI. Conclusions

A systematic procedure was presented to deter-
mine optimal cure steps for product quality in a
tire curing process. First, the product quality was
formulated into an objective function that mea-
sures the deviation of final states of cure from the
target values and the violation of temperature lim-
its prescribed for heat-sensitive composite layers.
Then, the objective function was minimized under
an equality constraint representing the process
model and under inequality constraints represent-
ing the operational temperature limits of cure
media. Next, the time-varying profile of cure
media temperature was discretized using B-
splines. The resulting dynamic optimization prob-
lem was solved using a complex algorithm along
with a finite element model solver. Finally, numeri-
cal simulation results were presented to demon-
strate the procedure of determining the optimal
cure steps for a tire.
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