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Sensitivity Analysis Using a Symbolic Computation Technique and
Optimal Design of Suspension Hard Points

Hung-Ho Chun*, Tae-Oh Tak**

ABSTRACT

A general procedure for determining the optimum location of suspension hard points with respect to kinematic
design parameters is presented. Suspensions are modeled as connection of rigid bodies by ideal kinematic joints.
Constraint equations of the kinematic joints are expressed in terms of the generalized coordinates and hard points. By
directly differentiating the constraint equations with respect to the hard points, kinematic sensitivity equations are
obtained. In order to cope with algebraic complexity associated with the differentiation process, a symbolic computation
technique is used. A performance index is defined in terms of static design parameters such as camber, caster, toe, etc..
Gradient of the performance index can be analytically computed from the kinematic sensitivity equations. Optimization
results show the effectiveness and validity of the procedure, which is applicable to any type of suspension if its
kinematic configurations are given.

Key words: Sensitivity Analysis(317H= 3] 4), Suspension System(& 7} 4 A]), Optimization(Z & 3}),
Kinematic Analysis(7] 78} 3l 21), Symbolic Computation Technique(7] 3. A 4H4)
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Table } Computation time of composite joints and

simple joints

Type , Computation
e P Body | Constrant | Equation m?
Joint time™
Simple 4 24 24 %24 1.12sec
Composite 1 6 6x6 0.38sec
* Average of | step computation
Table 2 Compasite joints
. . Number of
Type of joint Constraint constraint
Distance
. 1
constraint
Revolute- 5
spherical -
Cylindrical -
-spherical -

Table 3 Constraint equations

Type Constraint equation
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D=_(-pow{-ssix + ssjx,2) - pow(-ssiy + ssjy,2) - pow(-
ssiz + ssjz,2) + pow(rjx — ssix + 2.%((-1.)/2. +
pow(e0,2) + pow(el,2))*(-issx + ssjx) + 2.*(el*e2 -
e0*e3)*(-issy + ssjy) + 2.*(e0*e2 + el*e3)*(-issz +
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ssjx) +  2.*((-1.)/2. + pow(e0,2) + pow(e2,2)y*(-issy +
ss)y) + 2.*(-(e0*el) + e2*e3)*(-issz + ssjz),2) +
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Fig. 5 Design of Macpherson suspension

Table 4 Initial values and upper-lower boundaries

F

A A A | 271 | AAA
X 1485.75 1490.75 1495.75
A Y -316.15 -311.15 -306.15
Z 425.00 430.00 435.00
X 1486.21 1491.21 1496.21
B Y -716.70 -711.70 | -706.70
Z 461.33 466.33 471.33
X 1821.50 1826.50 1831.50
C Y -380.60 -375.60 -370.60
Z 390.00 395.00 400.00
X 1582.75 1587.75 1592.75
D Y -315.71 -310.71 -305.71
Z 392.00 397.00 402.00
X 1615.95 1620.95 1625.95
E Y -660.04 -655.04 -650.04
z 406.95 411.95 416.95
X 1651.90 1656.90 1661.90
F Y -509.80 -504.80 -499.80
Z 971.95 976.95 981.95
X 4583.41 4588.41 4593.41
G Y -630.32 -625.32 -620.32
Z 500.98 505.98 510.98
X - 1622.93 -
H Y - -757.86 -
Z - 500 -

32

AALAS Al dAMA e FHHAJNRE
hulate] el ok 4 A AN ] o
8td  Fig. 77 Zo] FHAF L XH(accumulated
squared error) & ©| &3l A5 48 A

AAM B 5742 FALAR]IA BEE &
#EAo HZA717] As Zzre] oA sHE
AE 2RI F 4eAFE HY z@stq 4

Qash 2ol EASASE Yoo,

[‘IJ multi = 1.0 q’ toe +2.0 ll)camber +1.0 (‘p caster

24
+2.5¢kp +0.0002 ¢ gy 4

A7 e AHEAAR B} & FAEolY 7}
FTAL WS e AL B 5 e, ojde &
SAEolY AFAS7 e ol ula uwj$ A7)
g A4y =Z71E FIEA 87l el
EF B9 A2E Ho fgue AW bzt
o 2 7HEAE FAEd, olv A AW AL
7+ o2 FAALAAARY 48] EFe A
TA717] delnt. ofjgp Zo] HiEA 59 7HEXA
£ 2Ase EAE AR S84 add o3|
A B ¢ gl
Aol A AHeojgt oF AR5 e HHsg
T3t ADS HAH3 T2 IR00G ALE
on, 3" ZHaFA  dE E2 o] o (augmented
Lagrange multiplier) #'8-Z0] &3l 1, 3=
BFGS(Broydon-Fletcher-Goldgarb-Shanno) %< A}
S, 1 2 gL e o3 iy
< AHg3tY

HHsglsle AAHNAM AAPF FEARES
gelst7] fste zH7] ohe HAMSo z7) gkl
hatel HH3ts +aqs Bk Fig 8 & thE A
AT A8 Jle By BAFEY), ta
27130 3 AEAFE $U3 goz Has)
HE AL 7t AAHAARIA} dete x| o
28t A& ovl g} Fig. 9 ~ 12 ZF A Ao
FHA 7te AE BAFEY 27 dANRSE
27 dHes HAsE AANSE e Hoz
T3 Ng HAgE,

Fig. 13& E32 3 A AAAQAe} 4H
L& T3 $o Y HAUAE RYFY &
A AAAA AY FRA ) H2d AL B

o},

i

I det

x2



o HEe ;3T AU A] A6 A4

Tow lovgiee)
——Dosign
— sget
'
Whee travel §mm)
® e a0 26 20 %0 &0 140
-0
-1
Camger toearce
zs
Besign

w1 a0get

Wnoel bavel (mm

10 &0 80 4o

(b) Camber

Caster \degree!

-

—Gesan
—Target

Whee| travie tmm

(c) Caster

£ 60 80 109

3

KP1ioegree)

a
6
L .
-100 8ac -~ 60 -0 -2C c 20 4t
(d) Kingpin inclination
200
100
90 BC ~60 40 2 20 A ) Al
100
-
N
\ J
“

(e) Roll center hight

Fig. 6 Target and initial static design factor

F(z)

.-
-
4

F

== ="F

Fig. 7 Accumulated squared error

wheel travel

»



2
ot
}o{:

Hee  d3HYF3A A6 AMa4z

Muii-performance index

g

g

&

Dasign variable

Design vanable

LI

o

6 " 16 21 % 31 % a1 % 51 56 61 3 n
Iteratuon

Fig. 8 History of multi-objective performance index

Hecaton

Fig. 9 History of design variable Az

65 |-

4

&
g

462

1 " 2 3 a1 51 61 7
lteration

Fig. 10 History of design variable Bz

34

Design vanable

8

1619

1618

1617 p——

1816

Design vanable

1851

1650

1649

1648

Hesation

Fig. 11 History of design variable Ex

Htaration

Fig. 12 History of design variable Fx

Toe (degree)
1
05
Wheel travel (mm
=80 -60 -40 ~20 40 80 i
-5
-1

(a) Toe



HEs

EHEe  FFPYTHIA A6 H A4z

a0 60

(d) Kingpin inclination

(e) Roll center hight

Fig. 13 Static design factors closed to target

5. @ B

ZNEAMEE o] 8% 7| TEA URE MME
S8 A7MgHe AY AR wig dAES
o MAEE A, olF o]&dlq HAZE
Fatgtt. GEFOE thal EFRIIEE AL
ste] 7)¢etd Bds deE3AA, 7FE 2 Rl
Ax MM ANEE 70~80% ARG H
Ay 7|78 T4 2AAL AAEFd g
2y ol FagEd, oW F& F7 A
s vl #AE B3 ALAAHE VS AL
71¥e HEIn2A A AT dAAAN o7
oz wWrE HI/MRA ¥ oolym gEHAE, E
Byas BEERAEY F&xA4 0] dEA o
2 B dpe AR Wilez nugm: 4 3
HAH3E I 5 Uk

W s 7o) diste] glel AR o
o] E, AW, 2H, P¥AAL, EFAE
5o #% 5719 deAeE JYgsn oS F
Aol HAast Al7le dAAE FEI5Y o 2
o2 MSA = Pig 83 Zo] 37094 1022
a8ty APHEARJIAEE HHI}E FH3
¥ Fig. 6 9l A Fig.13 & Zo] EFX R I3t
ELd A2HE EEANE FA40E giFoz o
Zslgion, AW PAFALL EZX G +F
sl i, EFAEelE A 10mm 2 LAE 1A

W 2g o] Posdch



AL FEHR] A 16A A45

10.

1.

12.

13.

HI1E#

Haug, E.J., Wehage, R.A,, and Barman, N.C,
"Design Sensitivity Analysis of Planar Mechanism
and Machine Dynamics," Journal of Mechanical
Design, Vol. 103, No., 3, pp. 560-570, 1981.
Haug, E.J., and Wehage, R.A., and Mani,
"Design Sensitivity Analysis of
Constrained Dynamic Mechanical Systems,” ASME

NK,
large-scale

J. of Mechanisms, Transmissions, and Automation
in Design, Vol. 106, June, pp. 156-162, 1984.
Sohoni, V. and Haug, E.J., "A State Space Method
for Kinematic Optimization of Mechanisms and
Machines," Journal of Mechanical Design, Vol. 104,
pp. 101-107, January 1982.

Neumann, C.P,, and Murray, J.J., "Linearization and
Sensitivity Functions of Dynamic Robot Models,"
IEEE Trans. Systems, Man, Cybernetics, Vol. SMC-
14, pp. 805-818, 1984.

C.A.,, Misra, P, and Patel, RV,
"Recursive Evaluation of Linearized Dynamic
Robot Models,” 1EEE J. of Robotics and
Automation, Vol. RA-2, No. 3, pp. 146-155,
September 1986.

Bele, "IAEHME o] & HrHEAY F
e HAHHA) dFAFA T A, A2
A Al 3%, 1994.

SAA, g2, s ALEE ol &% st
Fxe 7178 ngn A AFAFAF
g3l =w3, A4P A6Z, pp. 247-259, 1996.
Kreuzer,E., Computerized Symbolic Manipulation

Balafoutis,

in Mechanics, Springer Verlag, 1994.

Fletcher, R., Practical Method of Optimization, John
Wiley &.Sons, New York, 1987.

Haug, E.J. and Arora, J.S., Applied Optimal Design,
John Wiley & Son, New York, 1979.

e, AAF, A, AgALYE o] 83
7M1 aAAEA ST AEAETI

1994 FA g3 =&, pp. 3-9, 1994

J. S. Kang, JR. Yun, J. M. Lee, T. O. Tak,
“Elastokinematic Analysis and Optimizaion of
Suspension Compliance SAE
Paper NO. 970104, 1997.

Wolfram,S., Mathematica, Addison Wesley, 1991.

Characteristics,”

36

14.

15.

16.

17.

Fig. 5914 B nls} Zo] F=
of d24He e FE2 AFol,

_g] )izo

AN

Haug, E.J, and
Dynamics of Mechanical Systems Vol.
Method, Allyn and Bacon, 1989.

G. N. Vanderplaats, Copes/ADS — A Fortran

Control Program for Engineering Synthesis Using

Computer-Aided Kinematics
I: Basic

The ADS Optimization Program, Engineering
Design Optimization, Inc. , 1985.

Haug, E.J., Choi, K.K., and Komkov, v., Design
Sensitivity Analysis of Structural Systems,
Academic Press, New York, 1986.

Bae,D.S., and Haug,E.J., "A Recursive Formulation
for Constrained Mechanical System Part 1I-Closed
Loop Systems,” Mechanics of Structures and
Mechanics, Vol.15, No.4, 1987.

L
A4 2 A AR )

AWrHE L AANF 4B BA

1 €€, +ege;

2

Toe=Tan 5
€ +e; —=0.5

1 eze3 €€

-05

Camber =Tan"
eo + e3

1Ex=Cx
Fz-Cz

Caster =Tan

1 Fy—Cy
Fz-Cz

KPl=Tan

£l 8o dd: Au=
Ao AutaEel P52 EEET

‘
C=r, +A,sc



