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Recurrence Relation and Characterization of
The Rayleigh Distribution Using Order Statistics !
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Abstract

In this paper the single and product moments of order statistics of the
doubly truncated Rayleigh distribution are studied. Some recurrence relations
of order statistics are derived. Using order statistics, also characterization of
the Rayleigh distribution are derived.
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1. Introduction

Order statistics and their moments have assumed considerable interest in recent
years and the moments of order statistics have been tabulated quite extensively for
several distributions, for example see Arnold, Balakrishnan and Nagaraja (1992).
Also Khan, Parvez and Yaqub (1983) and Balakrishnan and Malik (1985) etc have
studied several recurrence relation for the some distribution. That is, Balakrish-
nan, Malik and Ahmed(1988) and Malik, Balakrishnan and Ahmed (1988) reviewed
several recurrence relations and identities for single and product moments of order
statistics for specific distributions. Mohie El-Din, Mahmoud and Abu-Youssef(1991)
derived the single and product moments of order statistics from doubly truncated
parabolic and skewed distribution. Rita and Balakrishnan(1996) derived recurrence
relations for single and product moments of order statistics of truncated exponential
distribution.

On the other hand Lin(1988) and Mohie El-Din, Mahmoud and Abu-
Youssef(1991) have obtained the Characterization same distribution by moment of
order statistics
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Now we consider a p.d.f. f(z) of doubly truncated Rayleigh distribution. Then

(2/6%)ze(=/6)*
P-qQ

where P; and )y are arbitrary constants and

f(:L‘) = Q1 <z < P, 6 >0, (1.1)

P=1-—¢®R/M" ang Q=1-e @/
Letting

1-Q 1-P

% Pyp=—. )
P_ Q, and 2 P Q (1 2)
Then the cumulative distribution function is given by F(z) = Q2 — % f(z). That is,
1-F(z)=—Py+ % (””

Q=

. Hence we have the relation that

2r 2z 2z 2z
f(@) = Prgg + 55 (1 = F(2)) = Qegz — 55 F(@)-
Also we have easily obtain that the kth moment

((:Crﬁz))[ P(k+2 0, Q(k+2 p2)7,

where P, and @ are given in (1.2). From (1.1) we also have the mean of the
distribution to be

VIR, . V3Q:
) ¥

1D = Q1Q2 — PPy + 0+/7[&( Ik (1.3)

where ®(-) is a standard normal c.d.f.

In this paper, we study for the single and product moments of the order statistics
for the doubly truncated Rayleigh distribution. Also characterization of the Rayleigh
distribution are derived.

2. Moments of the Order Statistics and
Relations for Single Moments

Let x;n < Tri1n, T =1,2,...,n~1, be the order statistics from random sample
of size n from the doubly truncated Rayleigh distribution (1.1), then

Frn(@) = CrinF(2) V(1 = F(z))" f(=). (2.1)
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Expanding (1 — F(z))™® ") binomially in powers of F(z), we get

n—rn~j-1

. 6%
frn CE) Crnz Z an—r,jan—j“l,iQé('é;)(l l)f(z)l’

7=0 =0

where Cp., = —% aap = (—1)@F) (3 and n—j—-i=k

T=Di(n—r)
From (1.1) and (2.1), we can obtain the following moment p.,,.

B
Hrn =/ xfr:n(m)dm
1
n—r n~j-1

|
=Crn Y Y Gn_rjan-j-1; Q 7 [@:Q5 — PP,

=0 =0

o1
. \/; 0 p=g (B(PVE/) - 2(Q1VE/0))].

Theorem 2.1 Forn>1 and 1<z, <P

k 2n k+2 k42 k42
u = m[ﬂgn )+ Pt — Q1) (2.2)

andfor2<r<n

() 2" (642 _ p i) 3 AR D g 2

T —*—P“rn— r—1n—~1 T: ~1nj-
Hra = (k + 2)6? [ 1 (k + 2)62 n r—ln (2.3)

Proof By (2.1)

® _ [P k (n=1)
) = /Q Cin @ (1 = F(2))™) f(z)da

2nPy k+2 k42 2n k+2 k+2)
=m[‘Q(+)+ §:I~3]+m[ Q) 4y

Simplifying the resulting expression, we have the relation (2.2). For2<r <n

uh) = / " Gt P(a) (1 = F(2))"7) f () de

2P n (k+2) (k+2) 2 (n—r—1)
=Cengr e yor, L~ Hr-tne1 + i) + Crngg (e
k+2
[~ W2 )

Hence, we obtain the relation in (2.3).

301



302 In Suk Lee - Sang Moon Kim

3. Product Moments of Order Statistics and
Recurrence Relation for Product Moments

It is well known that the joint density function of z,., and Zen(l <r<s<n)
is given by

fron(,9) = CranF (@) V(F(y) — ()01 - F(y))"9) f(z) f(y), o
3.1

;vhere Crsn = = oG 17771 - Also the Equation (3.1) may be take the following
orm

e—(y/o)z

1 2
fr,s:n(-’”y ) :Cr,s:n(Q2 ~P_ 0 e~ (/) )(T—

1

e~ W/Oy(n=s)

—(2/6)?\(s—r—1)_ 1
+ P e ) ( Py + P

By binomial expanding we have

~1s5—-r—1n—s - .
Frsm(@,y) = Z Z Z( 1)(3 i jm 2+m)(7"2—1) (s—; 1)( -s)Qz2 P

1=0 j=0 m=0

1 Cimivny, 1 i
x (=g e @M p=g eIV (@) ().
Let i =r+35—1%, b=n—-m-r—j, L=4L+l=n—m—i and A(d, 5,m) =
(=D 2m T (T (%) Q4 By Then

r—1s~r—-1 n-s

Fran(@y) =" Y 3 AG, J,m)(——)’3 ~@/OM=1) =D £ () £y,
1=0 j=0 m=0 (3 2)

Hence we can obtain the product moments. That is,

P P
Hr.s:n =/ / xyfr,s:n(m,y)dwdy

T
r—1s5-r~1n—s

—Crsnz Z ZA(Z ]’m)( 3‘D(m’y)7

i=0 j=0 m=0

where

Py P 1 — lo—~
Diz,y) = [ [ ape el Ve 6 1) 4y

2\2
(g/ec;)Z / 22eh(w/0)? 291 [ze™1(=/0" _ pe~hlPIOF 4 @) (2))dx
) 1 (8:3)
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In (3.3), define Gy(z) = ff 1 e~2W/6’gy  Then, by trasformation, we get the
following result

Gi(z) = \/go[wwl/o) — 3(/25Q1/9)],

where the ®(-) is a c.d.f. of standard normal variate. Hence, by several calculation,
we have

r—1s—r—1 n—s 2
.u'rsn—‘Cran Z ZA i .77m) Q)ls (2{20)

=0 j=0 m=0
x [Hy — Pi(1 — P)yH, + \/—11;9{‘1’(\/272P1/9)H2 - Hs}],  (34)
where
92 62
H, = [Ql(l— Q)+ P(1 —P)13+E{(1—Q)ls—(1—P)l3}],
= @1- Q- PP+ JFOEVERPL6) - 8(21 /0)}),
1 1
2
3 (011~ Q) 8(/351/6) — Pi(1 - PYea(VELP,/0)
. ﬁg QP - (1= PPl (35)

In (3.5)
7.1 52
I = FOLB(VERL/6) - 3(/3H@y/)} + V (VL /6, 2 VAP /6)
V@, VT, (36)
and V(h,k) = L [* [,  ¢=3= ") dzdy. Therefore

H; =20;Z[Q1(1 - Q)"®(V21:Q1/8) - Pi(1 — P)"&(/21,P1/6)
+{y FO0 @(VERPL/6) — B(VEQ1/6)) + V(VELP./0, \/AF1/6)

~V(VER@/6, VERQi/O)}} - {2 5 (1~ @) - (1 - P
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Hence we have

r~18~r—1 n—s

Krsn —Crsnz Z ZA (i .77m)

=0 j=0 m=0

(K~ PP LKy ¢ \/Ze@(\/z'zzpl/ox—ﬁ—f—cz)’wz LI

where
Lenzot o pepts L 8 ni p
:—[Q1Q23+P1P23+_(Q3“P23)]
K> = QuQ} —PPg’l\/— U p—g) [B(VELP/6) ~ B(/250./6)]
K= [ () @ue) <1><\/‘ @/6) = PPPR(VALF:/0)} + (55)"
{[ (5 (@(VILP/6) - (v/2501/6)) + V(I P16, /35 Py 6)
= V(V2hQu/8, V25Q:/6)} - Qs -Pp)].
The quantities V(h,k) of (3.6) have been very extensively tabulated by Nichol-

son(1943), and Yamauti(1972).
Theorem 3.1 For1<r<n-1 and 4,7 >0

2nP2 42 i 42 2(77, _ 7,) 42
”glr]ll m = (.7 ¥ 2)92 [ f‘fr]+1:7)1——1 - /*"1(}:7.31-1)] + m[ :::11)1 “gzg+2)], (3 8)
and for I<r<s<m,n—-r>2 and 0<j
2P i) _ G2 L 2n=st D) e )
ug‘ﬁ’ :(J + 2)92 [“r?s:n—l - /‘rjs—l:n—l] + (J ¥ 2)02 [ ;(wfsjn ) — ur,sJ—I:n] . (39)

Proof By (3.1)

P P ..
i, /Q Crrs1a2'y F(@)D(1 = ()™ f(2) f(y)dwdy
1 T

P
= T’,Hm/ 1:L'ZF(:c)("—l)f(:c)Ml(a:)da:,
()
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where
P
(@) = [ (1= F@)" S )y
:G%%?f [— 2042 (1 = F(2))"D 4 (n~r 1) / "y

(1= F(y))™2 f(y)dy] + — 20+ (1 — F(z))"

2
(7 +2)0? [
P
+(n=r) [y~ F) DS )]

Therefore (3.8).
On the other hand,

() = / / Cr 'y’ F(z) T D(F(y) - F(z))* D1 - F(y))" f(z) f(y)dedy

= Crom / F(z)" Y f(2) Ma(x)de,

where

M@= [ Y (FG) - F@)e (1~ FE)™ f(w)dy

o= = =1) [ W) - P~ F) " Sy

n—s) /,Pl Yy (F(y) = F@) (1= F)*V f(y)dy]

2 B e L
+ m [ —(s—r~— 1)/2 y(]+ )(F(y) - F(m))(s—-r—-Z)(l _ F(y))("“”‘ )

P
x f(y)dy + (n~s+1) /z y I (F(y) - F(2))*7 V(1 - F(y)™ ) f(y)dy).
We have conclusion (3.9).

Theorem 3.2 Forn>2 and 4, j>0

L R R
3.10)
and for2<r<n-1 andij>0
Gj) _ 2nQa (44D _ | +23) ]
rr+ln — (Z + 2)92 TN—T ur—l T N—T
2r 2, D
+ m[ﬂ&ﬁfﬂ i), (3.11)
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Proof First we consider, ugzj)n Then

. P .
P = /Q /Qy Cranz'y’ (1 = F(©))"2 f(2) f(y)dzdy.

Integration about z and spliting the integral accordingly into four, we get

i, 2Q A it n—
ui,ﬁil =n(n — 1)(74_—2%[/62 yHI*2(1 — F(y) =2 f(y)dy

_ A i+2) A i1 (n-2)
Qf /Q (1 - F) " fw)dy]
2 P
—nln =Dl [ v IF) 0 - F)™ P )y
-/ i [ 0y (1 = Fla)®-2(2) f(y)dzdy]
2 (i+5+2) +§+2) +u(z’+2,j)] _ Q2Q§i+2) G)

:m [nQ2“'1:n—1 - p’g:n 1,2:n Hin—1-

Therefore we obtain the Equation (3.10).

Next we consider uﬁ'ﬂlln Then

L. P .
/"s;‘]—?—l:n = /Q1 /;: Cr,r+lmxzy]F(x)(r_l)(1 - F(y))(n—r—l)f(m)f(y)da:dy
P
= Crratn [ 9(1= F)™ "D () Ma(u)dy,
Q1
where
M) = [+ F @) (@)do

2 1 — v i r—
~ A WP~ =) [ O D) f(a)aa]

2
(i + 2)62

[y(i+2) Fly) —r /Qy £+ p(g)r-1) f(z)dz].

We obtain the equation (3.11).

Theorem 3.3 For1<r<s<n, s—r>2 and i, >0,

42, v25) |, ((+2)6% o Qa2 42,
/‘g;r%d) ='“£1+1,s]:2z + T#T(",Z.;J:r)z + e [ﬂil—l,sj—)l:n—l - #»(—?s~ 1]:2¢—1]-

(3.12)



Recurrence Relations and Characterization of The Rayleigh Distribution 307

Proof By (3.1)
i = / /Cm Y F@) " D(F () - F2)¢7 01 - Fu)) £(2) f(y)dedy

~Cham / W (1= F(y))™) £ (y) Ma(y)dy,
Q1

where
M) = [ #'F (@) EQ) - Fe) e f()da
~rrag = =) [ S PFE)D(E )~ P f(ada

+(s=r=1) [ DP@)EQ) - Fe) 7 f(e)ds)

+ gl [ e P F@ I EG) - F)* Y @

~(s=r=1) [ oS D) (F(y) - F@)*" - (2)da).

Therefore, we can obtain

2nQ; i+2,7 +2, 2r (i+2,
H$ s]1)1 = m(ﬂgs—ﬂi 1 N&Z 1 sj)ln—l] + m)—g“g‘[uyj?z]) Kri, ﬁl .

Hence we have

+2, (i +2)0% o nQa. (24 ir2,
ng;.gj) _ ”gz J) + TMS‘T"S‘J% + —7,_ [“5-1_.1,;7_)1;"_ #’ﬁ's ljn—-ll'

4. Characterization of the Rayleigh Distribution

We well known that the unconditional p.d.f. of (s — r)th order statistics in a
sample of size (n-r) is given by, z,., = < 24, =y, [ see David(1981) ]

f(ms:nlxr:n = -77)

- (n—r)(F(y) — F(x))(s-r—l)(l _ F(y))("‘s)f(y)
= (n—=8)l(s—r— 1)1 - F(x))n-1) ,

(4.1)

where f(2s.,|2,., = ) is the conditional density of x;., given ., = x and the sample
drawn from 1—% x < y, which is obtained from the truncated parent distribution
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on the left truncated at x. Therefore, from the left truncated at x, it can be seen
that

lex,Plzoo,P=1,Q=F(m),P2=0,andQ2=1. (4.2)

Then (4.1) can be written as

(0= )1 = F@))"r-Df(y)
- F@)r “

Similarly, if the parent distribution truncated from the right at y, (z < y and r < s),
then

f(x‘l'-}-llnlwr:n = (I)) =

(s = DIF (@) V(F(y) - F(z))* f(z)

rn|lsn = = 4
f(@rnlsn =) (r— 1D —r - 1)IF(g)e-D (44)
In the case of the right truncated at y, we have
1-F 1
Ql=0>P1=y7P=F(y)7Q=07P2:———(£)'v and sz——-——_
F(y) F(y) (4.5)
Hence (4.4) takes the form
f)
. oy = 1Y) = ——= <
f(xl.nIxZn y) F(.’D), rsy
Theorem 4.1 If F(z) < 1, (0 < z < o) be a c.d.f of the random variable X,
E(X*) <o and F(0) =0, then F(z)=1-¢C/%" 2>0,0>0.
if and only if
2 (k+2) _ (k + 2) (k) — _?_x(k+2) (46)

9'_2 lin—r n—r lin—r 92
for the left truncated at x.
Proof By (2.3) and (4.2), we have

k+2) « 2 (k42 2
En —_ T’; g:‘r)l—r = @Ngrj—l - gﬁ_m(k+2)‘

Hence we can obtain the Equation(4.6).
Assume that equation (4.6) hold. Then

(=g [ ¥ 21 - P f(w)dy

~(k+2) [0 - F@) D)) = a1 - F(@)e.
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Differentiating both sides with respect to x, then
[~ 5= a1 - F@)"D f(a) + (k+ 2)ah(1 - (&))" (z)]
= [ (E+ 21— F(&))7=) 22t 5 (1 - F@)tD(n - 1)f(a)].
Therefore
(21 ~ @)Y (@)~ 5 (n— r)a? + (k + )]
= [t (= F@)™D{(k+ 221 - F(z)) — (n 1) (@)}
Hence
F(@)=gp(n = r)a® + (k + 2] = 2 {(k+ 2)a(1 - F(2) = (n — r)a?f(a)].
That is,

fz)(k+2) = (1c +2)z(1 = F()).

f(z) __ 2z
Hence we have =57 = 5%.

Theorem 4.2 If F(z) < 1,0 < z < 0o be a c.d.f of the random variable X,
E(X*)<oco and F(0) =0, thenF(z) =1—e"@®"  £>0 6>0.

if and only if
2 (ev2) _ 2 ki)l — F(2)

(k)
(k+ 2)# 92/‘1 1 = 92 (:I:)

(4.7)

for the right truncated at x.
k) _ P(k)

nn—-1 =

Proof From (2.3) and the assumption u
relation (4.7).

Let (4.7) hold. Differentiating both sides with respect to x, by (2.3) and (4.5),
we have

n > 1, we have easily the

[(k+2)w’°f(w)—— 1) = [ 2 (k+22(1 - F(a) - 549 f(a)}).
Therefore

[ £}k +2) ~ a?)] = [o* (& + 2)(1 - F(@)) - 2 ()}

309
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Hence
fl@)[(k+2) - —$2f(:1:)] [(k +2)z(1 - F(z)) — bgz-xzf(x)].

That is, %)—7 = gg.’ﬂ.
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