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WEAK COMPACTNESS AND
EXTREMAL STRUCTURE IN L?(u,X)

Cuun-KEE PARK

ABSTRACT. We characterize the compactness, weak precompact-
ness and weak compactness in LP(u, X) and in more general space
Pe(p, X). Moreover, we present this characterization in terms of
extremal structure in X.

1. Introduction

Let (2, %, 1) be a finite measure space, X a real Banach space, X*
the dual space of X and Bx the unit ball of X.

Denote by LP(u, X )(1 < p < oo) the Banach space of all equivalence
classes of X-valued Bochner integrable functions f defined on 2 with
Jo IfIIPdp < 0o . The norm || - ||, is defined by -

11l = ( /ﬂ I7IPdu)?, £ € LP(u, X)

Denote by £!(u, X) (resp. P.(u,X) ) the space of all strongly mea-
surable Pettis integrable (resp. Pettis integrable)functions f : Q@ — X
(resp. having an indefinite integral with relatively compact range)with

the Pettis norm || f||,, = sup [q |z* fldp.
:L'*Eme

Denote by K(u,X) the space of all u -continuous vector measures
G : ¥ — X whose range is relatively compact with the semivaria-
tion norm. Notice that Lq(u,X) C £}, X) C P.(p, X) C K(p, X).
Diestel, Ruess and Schactermayer [5] and Diaz [2] presented characteri-
zations of weakly compact subsets of L (i, X). Brooks and Dinculeanu
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-[1] and Emmanuele [6] characterized weak compactness (resp. precom-
pactness) of subsets of £!(u, X)(resp. P.(u, X) ).

THEOREM 1.1([7] COROLLARY 3.4). A sequence (f,) C L'(p, X)
converges weakly to zero if and only if [ 4 fndp — 0 weakly for each
Ael.

If m = (A;)ier be a finite partition of 2 , we define the conditional
expectation E.f of f by

Eef =3 (A0 fA Fdpxa

iel

It is well known that the family of finite partitions is directed by
refinement, that ||E,f|| < ||f|| and that |E-f — f|| = 0 for all f €
PC(H‘J X)

THEOREM 1.2([6] THEOREM 1). Let H be a bounded subset of
P.(u, X). Then the following facts are equivalent :

(1) H is precompact,
(2) (i) {[, fdu: f € H} is relatively compact in X for all A € %,
(ii) lim E. f = f uniformly on f € H.

We shall denote by ext Bx- the set of all extreme points of the dull
ball Bx. and we shall denote by ¢, the weak topology on X generated
by ext Bx+. Observe that the o, -topology on X is Hausdorff and that
the closed unit ball Bx is also closed in the o, -topology. Moors (8]
presented a characterization of weak compactness in Banach spaces in
terms of o, -topology.

THEOREM 1.3([3]. Let X be a Banach space and (z,) be a bounded
sequence in X. Then (z,) converges weakly to x € X if and only if
(z,,) converges to x in the o. -topology.

In this paper, we characterize compactness of subsets of L!(u,X)
and weak compactness of subsets of P.(u, X) in terms of conditional
expectation and o, -topology.
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2. Results

Notice that a subset K of a Banach space is relatively norm compact
if and only if it is totally norm-bounded.

THEOREM 2.1. Let K be a bounded subset of L'(y, X). Then K
is relatively L'(u, X) -norm compact in L (i, X) if and only if
(1) {[, fdu : f € K} is relatively norm compact in X for all A € %,

(2) for each € > 0, there is a finite partition = of Q such that
|Exf — fll1 < f uniformly on f € K.

Proof. Suppose that K is relatively L'(u, K) -norm compact in
L*(u, X). Then (1) follows from the continuity of the mapping f —
[a fdp of L'(p, X) into X. Let € > 0 be given. Then since K is
totally bounded in L!(u,X) there are fi, fa, -+, fn € K such that

K c () N¢(f:) , where N(f:) is a e neighborbood of f; .
=1

Notice that lim ||Erf — f|l1 = 0 for each f € L'(u,X), and so

we can find a finite partition 7 of Q such that ||E.f; — fill1 < § for
i=1,2,-- 0. :

Fix f € K. Then there is i(1 < ¢ < n) such that f € N¢(f;). Hence
we have

|Exf — flls £ |Exf — Exfills + || Exfi — fillh + 1fi — flla
L2 f — Kl + | B=fi —~ filh < €

Conversely, suppose that the conditions (1) and (2) hold. Let € > 0
be given. Then there is a finite partition m = (A4;)1<i<x of {1 such that
|Exf — fll1 < § uniformly on f € K.

We will first show that {E, f : f € K} is relatively L'(y, X) - norm
compact in L!(u, X). Consider a sequence (Er f,) in {Ef: f € K} .
From (1) we can obtain a subsequence (fn,) of (fn) and z4,, -+ ,z4, €
X such that jli)rgo | [4, frsdp—za,l| =0fori=1,2,--- k. So we have

k k
TA; T A, fA.fnJ‘du
: '_E‘JT n; = e - d
I3 agca — Befoslh =2 [ 1~ A
k

= loa = [ dndull 0355 > .
A;

=1
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This implies that {E.f : f € K} is relatively L!'(u,X) -norm
compact in L(u, X ) Hence there are fi,---,f, € K such that

1B fi T K} € UNe( E.f;). Now fix f € K. Then there is
an i(1 < ¢ < n) such tha.t Exf € N<(Exf;). We have

\f = fills £ f = EBxflls + | Bxf — Bxfills + | Bxfi = fillL < &

Thus K C |J Nc(f:). Hence K is totally bounded in L!(p, X). This
=1
completes the proof. O

The next theorem is a generalization of Theorem 1.2
THEOREM 2.2. Let K be a bounded subset of P.(u,X). Then K is
weakly precompact in P,(u, X) if and only if

(1) {[, fdu : f € K} is weakly precompact in Xfor all A€ ¥,
(2) limE, f = f weakly in P,(u, X) uniformly on f € K.

Proof. Assume that K is weakly precompact in P.(u,X). Con-
dition (1) follows from the fact that the mapping f — [, fdu of
(Pe(p, X),3¥) into (X, %) is continuous.

Now we note that K is totally bounded in (P.(u, X),$“). For each
g € P.(un,X)*,goE is also in P.(u, X)*. Let € > 0 be given. Then the

set N(O; 9,90 Er; §5) = {f € Pe(p, X) : |9(f)| < § and |(g0 Er)(f)]| <
£} is an open neighborhood of O in (P, (,u,X) $¢“). Because K is
totally bounded in (P (u, X), %), there are fi, fa, -, fm € Pe(u, X)

such that K C U [fi + N(O;9,9 © Ex;§)]. For any f € K, there

iganf (1 <% < m) such that f € f; + N(O;9,9 o Ex;%). Since
lim E, f = f in norm for all f € P.(u, X), we have limg(E.f) = g(f)

for all f € P.(u, X). Hence there is a 7’ such that

m> 7' = g(Bef) = 9(fi)| < 5 fori=1,2,-,m
Hence

7> 7' = |g(Exf) — g(f)| < |9(Exf) — 9(Exfi)| + |9(Ex fi) — 9(fi)|
+1g(fi) —9(f)l < e
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Thus lifrrn E.f = f weakly in P.(y, X) uniformly on f € K.

Conversely, assume that conditions (1) and (2) hold. Let (fn) be
any sequence in K and let g € FPc(u, X)* be arbitrary. Then given
€ > 0, by (2) there is a finite partition 7' = (4;);cr of Q such that
l9(Er f) — g(f)| < § uniformly on f € K. So E.(K) is contained in

the set Y, u(A;)"{[, fdu:f € H}xa,, which is weakly precompact
i€l i

by (1). Hence (E, f,) has a weak Cauchy subsequence , say (E, f, )-

Therefore there is a N € N such that

€
k,k' >N = |g(E1\"fnk) kg(Eﬂ"fﬂy)l < g

Hence we have

k’k’ >N= {g(fﬂk) _g(fnk:)l
& |g(fﬂk) _g(Eﬂ’fnk), + Ig(Eﬂ"fnk) - g(Eﬂ"fﬂ.kr)l
+|Q(Ew'fn,,,)—9(fnk,)f
£ €

Thus K is weakly precompact in P.(u, X). a

THEOREM 2.3. Let K be a bounded subset of P.(u, X). Then K is
weakly precompact in P.(u, X ) if and only if
(1) {f, fdp : f € K} is weakly precompact in X for all A € X,
(2) for any sequence (fr) C K there is a sequence (m,) of finite
partitions, cofinal to the net (w), such that limE, fi = fx

weakly in P.(p, X) uniformly on k € N.

Proof. Assume that K is weakly precompact in P.(y, X). Then it
is clear that condition (1) holds.

Now let (fx) be any sequence in K. It is well known that there
is a sequence (7,,) of finite partitions cofinal to the net () such that
lir{n”Efrnfk — fkllp, = 0 for all k € N. Notice that the set {fx : k € N}

is totally bounded in (P.(u, X),3“). Using the similar method in the
proof of Theorem 2.2, we have lim E,_f; = fr weakly in P.(u,X)
n

uniformly on k € N.
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Conversely, assume that conditions(1) and (2) hold. Using the simi-
lar method in the proof of Theorem 2.2, we can show that K is weakly
precompact in P.(u, X). O

Notice that the mapping T : L'(p,X) — K(u, X),T(f)(A) =
[4fap, f e LM, X),A€X, is linear and isometry [4].

Define T : P.(u, X) — K(u, X) by T(f)(4) = J4 fdp for each
f € P(u,X) and A € ©. Then T is also well-defined, linear and
isometry.

The next lemma is an extended version of Theorem 1.1.

LEMMA 2.4. Let (f,) be a sequence in P.(p,X). Then (f,) con-
verges to 0 weakly in P.(p, X) if and only if [, fodp — 0 weakly in X
for each A € %.

Proof. Suppose that (f,) converges to 0 weakly in P.(u,X), and
let A€ X. Then Ty : Pe(p, X) = X,Ta(f) = [, fdp , is a bounded
linear operator. For each z* € X* , we have

< m*,f Fatdp =< 2, Talf) >= [ o Til(f,) — 1 a8 n—0.
A

Hence [, fndp — 0 weakly in X.

Conversely, suppose that [ 4 fndp — 0 weakly in X for each A €
Y. Let (fn) be a sequence in P.(u,X). Then there is a sequence
(G¢,) in K(p,X) such that || fullp, = |Gy, |ls.v for each n € N. Be-
cause £!(p, X) is considered as a dense subspace of K (11, X )[4], for each
n € N thereis f;, € L (p, X) with ||Gy,/ —Gy, ||ls.v < L where T(f),) =
Gy:. Hence ||f}, — fallp, = |Gs.r — Gy, |ls.v < £ for each n € N. We
can show easily that [ 4 fndp — 0 weakly in X for each A € . By
Theorem 1.1 , (f!) converges to 0 weakly in £!(u, X).

Now let g € P.(u,X)*. Then g € L' (p, X)* . Hence g(f.) —
0 weakly as n — oo . We have |g(fn) — 9(f)| < llgllllfn — fallpy <
||g||% — 0 as n — oo. Thus nan;o g(f) = nILn(}og(f;I) = 0. This implies
that (f,) converges to 0 weakly in P.(u, X). a
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THEOREM 2.5. A bounded subset K of P.(u, X) is relatively weakly
compact if
(1) The set {u(A)~' [, fdu: f € K,A € B, u(A) > 0} is relatively
weakly compact in X,
(2) im E, f = f weakly in P.(u, X) uniformly on f € K.

Proof. For every A € ¥, we have
{/ fd;,L:fEK}C,u(A){L/ fd,u,:fGK,BEE],,u.(B)>O}
A u(B) JB

Hence by (1), { f gJdu:fe K } is relatively weakly compact in X.
By Theorem 2.2, H is weakly precompact in P.(u, X).

Now let (f,) be a sequence in K. Then (f,) has a weak Cauchy
subsequence, say (fn,). For every A € X, the sequence ([, fn,dpu) is
also a weak Cauchy sequence in {[, fdu : f € K} . Since {[, fap
f € K} is relatively weakly compact in X, there is an m(4) € X such
that < m(A),z* >= kli—ﬁ,lo J4 < Fri(s),z* > dp, for all z* € X*.

The set function m : ¥ — X is a p -continuous vector measure and
the average range {m(A4)/pu(A): A € Z,u(A) > 0} is contained in the
weak closed convex hull of {u(A)™" Jofdu:feK,Ae Y, u>0},
which is a weakly compact convex set in X. Hence the average range
{m(A)/u(A) : A € Z,u(A) > 0} is relatively weakly compact in X.
Thus there is an f € P.(u, X) such that m(A)'= [, fdu for all A € X.
Hence [, < f(s),z* > dp = klirﬂo i < fr(s),z* >dpforall Aec =

and z* € X* . By Lemma 2.4, klim fn, = f weakly in P,(u, X). Thus
—00
K is relatively weakly compact in P.(u, X). O

We obtain the following corollary from Theorem 1.3 and Lemma 2.4.

CoroOLLARY 2.6. Let (f,) be a sequence in P,(u,X). Then (f,)
converges to 0 weakly in P,.(u, X) if and only if fA fndp — 0 in the o,
-topology for each A € L.

We obtain the following corollaries from Theorem 2.2, Theorem 2.5
and Corollary 2.6.
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COROLLARY 2.7. Let K be a bounded subset of P,(u, X). Then K

is weakly precompact in P.(u, X) if and only if

(1) {[, fdu : f € K} is precompact in the o, -topology for each
Ael,

(2) lim [, Exfdu = [, fdp uniformly on f € K in the o, -topology
for each A € %.

COROLLARY 2.8. Let K be a bounded subset of P.(p, X). Then K

is relatively weakly compact if

2.

(1) {w(A)™* [, fdp: f € K,A € Z,u(A) > 0} is relatively com-
pact in the o.-topology,

(2) lim [, E.fdu = [, fdp uniformly on f € K in the o, -topology
for each A € %.
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