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Abstract. After considering an equivalence relation on a directed preordered set,
we construct an isomorphism between derived limits of inverse systems indexed by the
directed (pre)ordered sets.

1. Introduction

The derived limit functor lim" (—),n > 0 was defined by J. E. Roos and
G. Nébeling independently and simultaneously. The first derived limit is
an important algebraic tool in the computation of phantom maps. C. A.
McGibbon [6] wrote a good book on derived limits and phantom maps.
C. A. McGibbon and R. Steiner [7] introduced some questions about the
first derived limits of inverse limits and phantom maps. Mathematicians
have studied the properties of the derived limits and found the desirable
exact sequences with respect to several functors {2,3]. S. Araki and Z. L.
Yoshimura [1] showed that if H is an additive (reduced) cohomology theory
on arbitrary CW-complexes, then E3}'™ = lim"(H™(X,)). M. Huber and
W. Meier [2] proved that ker(6 : H*(X) — lim®(H"™(X,))) is isomorphic
to the group Pext(F,,_;(X), A), where F, is a homology theory of finite
type and lim"(H™(X,)) = 0 for all n > 2. In 1993, L. Mdzinarishvili and
E. Spanier [8] established the long exact sequence for the derived limit
functor lim™(—),n > 0 with respect to a cohomology module H*(X; A).
S. Mardesié [4, Section 10] proved that there is an isomorphism between
strong homology groups of inverse systems over a directed preordered set
and an ordered set.
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The purpose of this paper is to apply those results to the derived limits
of inverse systems indexed by the directed (pre)ordered sets.

2. An isomorphism between derived limits

Let & = (G4,gyy,T") be an inverse system of abelian groups G. and
group homomorphisms g, : Gy — Gy, v £ 7' over a directed pre-
ordered set I Let I'", n > 0 be the set of all increasing sequences
Y= (07" W) <N < < nyy €T and let 55 = (v, -+,
Yi-1sYj+1, ** »¥n) € ™1 0 < j < n be obtained from 5 € I'* by
deleting the j-th coordinate ;.

Throughout this paper, [ means the direct product. And for each
¥ = (Y0, -+ ,n) € I'", we associate an object G5 by the object G, of the
first index 9 of 4 € I'" in a category of abelian groups, i.e., G5 = G.,,.

We define n-cochain groups C™(®) of & by

C™(®) = 11 G+, n> 0.
¥= (Y0, yn)E I'"

Let pry : C™(®) — G5 be a projection. If y is an element of C™(&),
then we denote the element y; of G5 by

yy = pry(y).
The coboundary operator 6" : C*~1(8) — C™(8)(n > 1) is defined by

(6"¥)5 = Grom (¥30) + D _(=1)ys,
=

where y € C™~}(8). For n = 0, we put 6° = 0 : 0 — C°(®). Then we
have a cochain complex

(C*(8),8) 10 5 CO(B) 2o CH(B) = - = " 1(B) 25 () — - -

DEFINITION 2.1. [9,10] The n-th derived limit im" (&) of & is defined
by
lim™(®) = ker(6™*!)/im(6™).

We can see that lim®(®) is equal to the inverse limit lim(®) of the inverse
system &.
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Let & = (Gy,9yy,T) and % = (Hy, hyo,2) be inverse systems of
abelian groups and group homomorphisms, where 2 is another directed
set. We say that f = {p, fu 1w € Q} : & = § is a rigid system map [5,10]
from & to Hif ¢ : 2 — I'is an increasing function, f, : G,y = H,,w € Q
is a homomorphism and the following diagram

o (w)p(w')

Gow) ¢ Gyw)

fu l fur l

W“I’

H, +— H,

is commutative for any w < w’ in Q2 . We can make a category inv-€ of
inverse systems and rigid system maps in a category €. The rigid system
map is called a level system map provided I' = 2 and ¢ is an identity map
on I'. It is easy to see that the category €T of the inverse systems and the
level system maps is not full subcategory but subcategory of inv-C.

If v < 7 and v1 < 7, in the directed preordered set I', then we
put yo ~ 1. We can easily check that ~ is an equivalence relation on
(', <). Let I be a subset of I' which contains only one element from every
equivalence class of I" with respect to ~. Then the set (I'V, <) is a directed
ordered set. We can construct an inverse system &’ = (G, gy, I"’) over
the directed ordered set I''. We now define a rigid system map r = (r,,,1) :
® — &' by the inclusion map ¢ : I' — I' and by the identity maps
ry = lg, : Gy = G. If we define maps

rt . CN(8) - CY(&)

and
st CHB') - CH(®)
by
(rnx)(’YO;"‘ In) = x('ﬁ),“- RIS L (707 e s’Yn) el "
and

(Sﬂy)('ro,'-'ﬂn) = o), (y(‘y(),“-,’v:.))v (Y0, -+, W) €T

respectively, where 7} is the only element of IV such that v ~ ¥;,i =
0,1,--- ,n, then we have the following:
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LEMMA 2.2. The maps r! and s are cochain maps.
Proof. If y € C*1(®') and ¥ = (v, -+ ,¥n) € '™, then

(53“3/)‘7 = Gyom (sﬂy)__m + Z("l)j(s“y)ﬁj
7=1

n
= Gvomn (It (U(r o vp))) + Z(’“I)Jg*fo% (3/'"7;-)
i=1

ki3
= oy Frrt Werg ) + D (=1) 9o (y51)
i=1
n

= Gromg 9 (w3g) + D_ (1) 5]
=1

= Grovy (0Y) (v 1)

= (s'6y)5
showing that s' is a cochain map. We can easily check that r! is also a
cochain map.

The following theorem is due to S. Mardesi¢’s result [4, Section 10,
Theorem 3] about strong homology groups. We apply the case of strong
homology groups to the one of derived limits of inverse systems.

THEOREM 2.3. The homomorphism r* : im"(®) — lim"(&') is an
isomorphism.

Proof. For all y € C™(&') and 7 = (70, -+ ,7n) € I'™, we have
(r's*y)5 = (s'y)s
= Gryoy (¥')
=y; (FET™).
Thus r¥s? = 1cw(e) (an identity on C¥(®’)). To construct a cochain
homotopy between s*r! and the identity 1cig) on CH(®), we define a

map
D : C™(®) - C™(®)

by

n
k
(Dm)(’fﬁ;""'hl) = Z(""‘l) x('YO!"'!"k)'Y‘""y'Y;)
k=0
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for z € C**1(®) and ¥ = (70, ,s) € I'™. In the case of n = 0 or 1,
we can easily check that D is a cochain homotopy. We focus on the case
n > 2. First we compute the following:

n
(A) (6D2)3 = gpom (D)3, + ) _(~1)(Da)s,
i=1
n
k+1
= Jvon Z(‘"’l) * Z(riy oY 7h)
k=1
n—-1 k
ki
+ ZZ ) +Jz(701"‘1'?)‘:“':7k+1:7:g+1:"',7:.)
k=1 j=1
n—-1 n—1
k+j
+ Z Z 1) Jx('YO»"‘:7&;7;,:"':'?;"":7;’;)
k=0 j=k+1
n—1
k
+ Z(—“l) +nx('70v"' :7’::’7;‘,"' 7'7:,..1)’
k=0

where 4; means the deletion of v;. Next, we obtain
(B)
(DOZ) (vo, - ;ym) = Z(——l)k(dx)(.m,,__ RV oY)

k=0

= ooty (T 1))

n
+ Z(—l)"g»,m, (1’(11,--' P F AR ,'ri.))

k=1
n ——
E :§ : k+_7
) x("o: "1'7_]1 o )’Yk)'yk) ’ :'Yn)
k=2 j=1
n n—1
+ LT R E T i eyt
('70, :’Yk—ly'Y},, )77;) (701 )7k17’,+17 :7,.)
k=1 k=0

n-1 n—
k+j .
Z Z 1) m('YO:"':"k;’Y)l.v”'1'7_;‘)"'77:;)
I=k+

n—1

§ : k+n+1
+ (—-1) x(’fﬁ”"v"k:";»"ﬁ“{;-;) —x(’YO""r‘Yn)'
k=0
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We see that the fourth term and the fifth term of (B) add up to 0. And we
also can check that the first, the second, the third and the fourth terms

of

(A) and the second, the third, the sixth and the seventh terms of (B)

add up to 0. Thus we have

(6Dz)5 + (Ddz)5 = o (5”(76,-‘- JL)) Lo, y¥n)

= (surum)('yﬂf v'yn) - x(')’o: ,’7")

which shows that D is a cochain homotopy between s*r? and the identity
1¢#(e)- So our proof is complete.
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