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COMMON FIXED POINTS FOR COMPATIBLE
MAPPINGS OF TYPE(A) IN 2-METRIC SPACES

WEN-ZUuo WANG

Shenyang Science and Technology Cadres’College,
Shenyang, Liaoning, 110013, People’s Republic of China.

Abstract. In this paper we obtain a criterion for the existence of a common fixed
point of a pair of mappings in 2-metric spaces. Qur result generalizes a number of fixed
point theorems given by Imdad, Khan and Khan [1], Kahn and Fisher [2], Kubiak [3],
Rhoades [5], and Singh, Tiwari and Gupta [6].

1. Introduction

Rhoades [5] and Singh, Tiwari and Gupta [6] obtained a few fixed
point theorems for contractive type mappings in 2-metric spaces. Murthy,
Chang, Cho and Sharma [4] introduced the concept of compatible map-
pings of type(A) in 2-metric spaces and proved common fixed point theo-
rems for compatible mappings of type(A) in 2-metric spaces. Imdad, Khan
and Khan [1], Khan and Fisher [2] and Kubiak [3] established some neces-
sary and sufficient conditions which guarantee the existence of a common
fixed point for a pair of continuous mappings in 2-metric spaces.

In this paper we establish a criterion for the existence of a common fixed
point of a pair of mappings of 2-metric spaces. Our result generalizes the
corresponding results of Imdad, Khan and Khan [1}, Kahn and Fisher [2],
Kubiak [3], Rhoades [5], and Singh, Tiwari and Gupta [6].

2. Preliminaries

Throughout this paper, N and w denote the sets of positive and non-
negative integers, respectively. Let Rt = [0,00) and & the family of all
functions ¢ : (R*)® — R* with the following properties:

(i) ¢ is upper semicontinuous, nondecreasing in each coordinate vari-
able.
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(i) a(t) = max{p(t,0,0,t,t), (¢, t,¢t,2t,0),(t,t,t0,2t)} < t for all
t>0.

DEFINITION 2.1. Let f and g be mappings from a 2-metric spaces
(X,d) into itself. f and g are said to be compatible of type(A) if

nl—i-)r{)lo d(fgxm 99%n, a) = nlggo d(gfzn, ffTn, a)=0

for all a € X, whenever {z,}nen C X such that lim,,_,o fT, =
limy, 00 9Ty = ¢ for some t € X.

DEFINITION 2.2. A mapping f from a 2-metric space (X, d) into itself
is said to be continuous at € X if for every sequence {z, },en C X such
that lim,_ oo d(zn,z,a) =0 for all a € X, lim,, o0 d(fZp, fr,a) = 0. fis
called continuous on X if it is so at all points of X.

LEMMA 2.1([4]). Let f and g be compatible mappings of type(A) from
a 2-metric spaces (X,d) into itself. If ft = gt for some t € X, then

fgt =ggt = gft= fft.

LEMMA 2.2([4]). Let f and g be compatible mappings of type(A) from
a 2-metric spaces (X, d) into itself. If f is continuous at some t € X and

iflimp o0 fZn=limy, o0 gZn = t, then limy, oo gfTn = ft.

LEMMA 2.3([7]). Foreacht >0, a(t) < t if and only iflim,, 4o a™(t) =
0, where a™ denotes the n-times composition of a.

3. Characterization of common fixed points

Our result is as follows.

THEOREM 3.1. Let (X, d) be a complete 2-metric space with d contin-
uous on X and let h and t be two mappings of X into itself. Then the
following conditions are equivalent:

(1) h andt have a common fixed point;
(2) there exist p € @, f : X — t(X) and g : X — h(X) satisfying
(al), (a2) annd (a3):
(al) the pairs f,h and g,t are compatible,
(a2) one of f,g,h and t is continuous,
(ad) d(fz,g9y,a) < p(d(hz,ty,a),d(hz, fz,a),d(ty, gy, a),
d(hz, gy, a),d(ty, fz,a))
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for all z,y,a € X.

Proof. (1) = (2). Let z be a common fixed point of h and ¢. Define
f:X-otX)and g : X — h(X) by fr = gz = z for all z € X. Then
(al), (a2) and (a3) hold for any ¢ € &.

(2) = (1). Let z¢ be an arbitrary point in X. Since f(X) C t(X)
and g(X) C h(X), there exisit sequences {z,}necw and {Yn}neo in X
satisfying yan = tTony1 = fZ2n, Yont1 = AZoni2 = gZap4r for n € w.

Define d,,(a) = d(yn, Yn+1, ) for a € X and n € w. We claim that for any
i,7,k€w

(3.1) d(ys, yj,yx) = 0.

Suppose that dzy,(y2n+2) > 0. Using (a3), we have

d(fTan+2, 9Zan+1, Y2n) < P(d(hZan+2, tT2n+1,Y2n), A(hZ2nt2, fT2n42, Y2n),
d(tZan+1, 9Ton+1, Y2n), A(AT2n+2, 9Z2n+1, Y2n), A(tT2n+1, fT2n42,Y2n)),

which implies that

dan(Yan+2) < @(0,d2n(Y2n+2),0,0,0) < a(dan(y2n42)),

which is a contradiction. Hence da,(yan+2) = 0. Similarly, we have
don+1(Y2n+3) = 0. Thus dn(yn+2) = 0 for all n € w. Note that

(3'2) d(yn, Yn+2, a) < dn(yn+2) + dn(a) + dﬂ+1(a) = dn(a) + dn+1(a)-
It follows fom (@3) and (3.2) that

dant1(a) € p(d(hzani2,tTant1,a), d(fTont2, BTont2,a),
d(9Z2n+1, tZ2n+1, a), d(hT2n+2, 9T2n+1, @), d(hT2n 42, 9T2n41, @)
< @(dan(a), don+1(a), dan(a), 0, d2n(a) + d2ny1(a))
< a(max{dzn(a), dzn+1(a)})-
Suppose that day,+1(a) > don(a). Then dypti(a) < a(dan+1(a)) < danyi(a),

which is a contradiction. Hence day,1(a) < dan(a) and so dan+1(a) <
a(don(a)). Similarly, we have da,(a) < a(dzn-—1(a)). That is, for alln € N

(3.3) dn+1(a) < a(dn(a)).
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Let n,m be in w. If n > m, then 0 = dm(Ym) 2 dn(ym); if n < m, then

dn(ym) < dn(ym-l) + dm-»l(yn) + dm«-l(yn+1)
S dn(ym—-l) + dn(yn) + d‘n(y‘n+1)
< dn(ym—d) < dn(ym*Z) <AL dn(yn+1) = 0.

Thus, for any n,m € w

(3'4) dn(ym) = 0.

For all 4, j, k € w, we may without loss of generality assume that i < 7. It
follows from (3.4) that

d(ys, ¥5> yx) < di(y;) + di(yr) + d(Wirr, ¥5, ¥&) = dWis1, 95, i)
< d(yit2, Y5, yx) < A < d(yj-1,¥5, yk) = dj—1(yx) = 0.

Therefore (3.1) holds. In view of (3.3) and Lemma 2.3, we have

(3.5) nli’r{.lo dn(a) = 0.

In order to show that {y, }new is a Cauchy sequence, by (3.5), it is sufficient
to show that {ysn}new is a Cauchy sequence. Suppose that {y2n}nco is
not a Cauchy sequence. Then there exist ¢ > 0 and a € X such that
for each even integer 2k, there are even integers 2m(k) and 2n(k) with
2m(k) > 2n(k) > 2k and d(Yam k), Yan(k), a) > €.

For each even integer let 2m(k) be the least even integer exceeding
2n(k) satisfying the above inequality, so that

(3.6) d(Y2m(k)-2) Y2n(k)» @) L € d(Yam(k), Y2n(k), @) > €
For each even integer 2k, by (3.1) and (3.6) we have

€ < d(Yam(k)» Y2n(k), @)
< d(Y2m(k)-2; Yan(k): @) + A(Y2m (k) Yom(k)~2, @)
+ d(Y2m(k)» Y2n(k) Y2m(k)—2)
< €+ d(Y2m(k)-2) Yam(k)> Y2m(k)-1) + AY2m(k)-2> Yom(k)~1, @)
+ d(Yam(k)~1> Y2m (k) @)
= € + dam(k)-2(a) + dam(k)-2(a)



Common Fixed Points for Compatible Mappings of Type(A) in 2-Metric Spaces 95

which implies that
(3.7) kl_lfgo d(Y2m(k)» Y2nik)» @) = €.
It follows from (3.6) that

0 < d(Yan(k)s Y2m(k)> @) — A(Y2n(k)> Y2m(k)-2> @)
< d(Yom(k)-2: Yom(k)> @) < dam(k)—2(a) + dam)—1(a)-

Using (3.5) and (3.7), we have
(3.8) kli{go d(y2n(k)1 Yom (k)2 a) = e.

Note that

|d(Y2n(k)> Y2m(k)—1) @) = A(Yan(k)> Y2m(k)> @)| < dam(x)~1(a)
+ dom(k)—1(Y2n(k))»
[d(Y2n(k)+1> Yzm(k)s @) — A(Yan(k)> Yam(k)> @)| < dangk) (@)
+ don(k) (Y2m (k)
ld(Y2n(k)+1> Y2m(k)~1: @) = A(Y2n(k)s Y2m(k)-1, 8)| < don(k)(a)
+ dan(k) (Y2m(k)—1)-

It is easy to see that

59) khm d(ygn(k),ygm(k)-—laa) o d(an(k)+1ay2m(k)’a)
= klim d(y2n(k)+la Yom(k)-1» a’) = €.
—00

It follows from (a3) that

d(Y2m (k) Y2n(k)+1> @) = A(fTam(k), 9T2n(k)+1, @)
< o(d(hZam(k)> tTan(k)+1, @)s A(AT2m(k)s fT2m(k), 0),
d(tZon(k)+1) 9T 2n(k)+1,G),
d(hyfam(kyr GY2n(k)+1> @), A(Y2n(k)+15 FY2m(x), )
= @(d(Y2m (k) 1> Y2n(k)» @) d2m(k)—1(a), d2n(x) (@),
A(Yam (k)= 1> Y2n(k)+1> @) EY2n(k)» Y2m(k)> @))-
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Letting k — oo, by (3.9),(3.7) and (3.5) we have
€ < p(6,0,0,¢,€) < ale) <k,

which is a contradiction. Therefore {yan }neo is a Cauchy sequence in X.

It follows from completeness of (X, d) that {yn }ne. converges to a point
u € X. Now, suppose that ¢ is continuous. Since g and t are compatible
of type(A) and {gZ2n+1}new and {tT2n41}new converge to the point u, by
Lemma 2.2 we get that gtZon41, tZ2n4+1 — tu as n — o0o. In virtue of
(a3) we have

d(fZan,9tTon+1,0) < @(d(hxon, ttT2n41,a), d(AT2n, fT2n, a),

d(tthn-(-la 9t$2n+1, a’); d(thrn gt'1:2n+1a G,), d(ttm2n+17 fx2'm a))

Letting n — oo, we have
d(u, tu,a) < ¢(d(u,tu,a),0,0,d(u, tu, a), d(tu, v, a)) < a(d(u,tu,a)),
which implies that u = tu. It follows from (a3) that
d(f22n, gu, @) < @(d(hTan, tu, a), d(han, fTon, @), d(tu, gu, a),
d(hzan, gu, a),d(tu, fran,a).
Letting n — oo, we have
d(u, gu,a) < ¢(0,0,d(u, gu, a), d(u, gu, a),0) < a(d(u, gu, a)),

which implies that u = gu. It follows from ¢(X) C h(X) that there exists
v € X with u = gu = hrv. From (a3) we get that

d(fv,gu,a) < ¢(0,d(hv, fv,a),0,0,d(tu, fv,a)) < a(d(u, fv,a)).

Therefore u = fv. Lemma 2.1 ensures that fu = fhv = hfv = hu. By
(a3) we obtain that

d(fu,gu,a) < p(d(fu,gu,a),0,0,d(fu, gu, a), d(fu, gu,a))
< a(d(fu,gu,a)).
Hence u = fu. That is, u is a common fixed point of f, g, h and {. Simi-

larly, we complete the proof when f or g or h is continuous. This completes
the proof.

REMARK 3.1. Theorem 3.1 generalizes Theorem 3.3 of Imdad, Khan
and Khan [1], Theorem 2 of Khan and Fisher [2], Theorem 1 of Kubiak
[3], Theorem 4 of Rhoades [5], Theorem 1 of Singh, Tiwari and Gupta [6].
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